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Abstract

I introduce a formalism for representing the syntax of recursively structured graph-like pat-
terns. It does not use production rules, like a conventional graph grammar, but represents
the syntactic structure in a more direct and declarative way. The grammar and the pattern
are both represented as networks, and parsing is seen as the construction of a homomorphism
from the pattern to the grammar. The grammars can represent iterative, hierarchical and
nested recursive structure in more than one dimension.

This supports a highly parallel style of parsing, in which all aspects of pattern recognition
(feature detection, segmentation, parsing, filling in missing symbols, top-down and bottom-up
inference) are integrated into a single process, to exploit the synergy between them.

The emphasis of this paper is on underlying theoretical issues, but I also give some example
runs to illustrate the error-tolerant parsing of complex recursively structured patterns of 50—
1000 symbols, involving variability in geometric relationships, blurry and indistinct symbols,
overlapping symbols, cluttered images, and erased patches.
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1. Introduction

The ability to represent and process recursive symbol structures is often seen as fundamental
to cognition, and its characteristic features of productivity, systematicity and compositionality
have been especially celebrated by the ‘classical’ school of cognitive science [24,51]; and yet such
symbolic processing is often brittle, i.e., unable to cope gracefully with noisy input, random
variation, contradictory or incomplete data, and unexpected input. In contrast, nonsymbolic
or subsymbolic methods [96], such as statistical pattern recognition and neural networks,
are much more robust but have great difficulty representing recursively structured data. In
the 1980s and 1990s this contrast was drawn in adversarial terms [51,53], but since then
much effort has been devoted to reconciling the two by implementing symbolic processing in
subsymbolic architectures [61,87,20].

I approach the problem from the other direction: the aim of my work is to make symbolic
processing more robust. I choose as a suitable problem domain geometric pattern recognition,
the problem of recognising structured spatial configurations. This is not computer vision:
we are not concerned with perspective, binocular vision, motion, occlusion, colour, texture,
shadow or illumination. We are concerned with issues that are common to pattern recognition
in general, not any particular sense modality. The raw data from which the pattern is
recognised I shall call the image, for want of a better word, although I intend it to be thought
of as a spatial domain, not necessarily a visual one; where necessary I shall assume that it is
two-dimensional.

Formal grammars will be used to specify the recursive structure of a class of patterns.
By a grammar I mean any formal system that specifies how patterns can be composed out of
parts, allowing for iteration and nested recursive structure; it may be expressed in the form
of a set of production rules, a transition diagram, an accepting automaton, or by any other
method. Since we are not limited to sequential patterns we need graph grammars rather than
string grammars. A graph grammar is a formalism for representing the syntactic structure of
systems of symbols connected by binary relations. The conventional type of graph grammar
generates patterns by repeatedly applying production rules; I shall review these grammars
and their difficulties in §2 and shall instead introduce a different kind of formalism that rejects
production rules and represents syntactic structure directly and declaratively using networks,
with parsing seen as a homomorphism between networks.

We begin by making a basic distinction between tokens and types. A symbol token is an
occurrence of a symbol somewhere in the image; every symbol token has a type. E.g., a page of
text may consist of hundreds of letter tokens, each with its own position, size, orientation, and
relations to nearby letter tokens, but there is only ever a fixed set of 52 letter types, which have
no position. The system of symbol tokens present in an image (with all their relationships) is
called a pattern; the grammar is a system of symbol types, specifying the permitted structural
and geometric relationships in patterns.

The grammars should be capable of representing complex patterns (of up to 1000 symbol
tokens) related by iteration (not just in one dimension but two-dimensional iterations such as
square grids), hierarchical structure, and nested recursive structure. Most syntactic pattern
recognition research uses extremely limited grammars: e.g., a fixed compositional hierarchy
(possibly allowing for absent parts) [68]; or AND-OR trees [81]; or special-purpose representa-
tions designed for a particular application, such as recognising the facades of buildings [93];



limited types of easy-to-parse graph grammars are used by [47,95]; specialised grammars are
used for music notation [42,83] and for mathematical formulae [66,64,15,22,104].
The recognition algorithm must be able to tolerate all kinds of error and variability:

e variability in the geometric relationships between neighbouring symbol tokens, or between
parts and wholes;

e blurry and indistinct symbol tokens, and cluttered images where the lowest-level symbol
tokens cannot be detected purely by bottom-up processing;

e overlapping symbol tokens (where the image cannot be segmented by tracing boundaries
or finding connected components);

e missing patches in the image, small blank regions where the recognition algorithm must
fill in the missing symbol tokens or parts of symbol tokens using top-down information.

These requirements are extremely challenging for any existing pattern recognition algorithm.
In my view the brittleness of syntactic pattern recognition is caused by the imposition of an
unwarranted sequential order on what is conceptually a parallel process. In the first place,
many graph parsing algorithms impose a sequential order on the graph and then traverse
it in that order (see [48, §2] for a survey); a single error at an early stage may cause the
whole parse to go astray. My algorithm will examine all parts of the image in parallel.
Secondly, recognition should not involve taking early irrevocable decisions: the algorithm
should generate alternative interpretations of (parts of) the image, which are then extended
and combined in parallel, with all but one eliminated by the end. Thirdly, most recognition
algorithms subdivide the task into a fixed sequence of phases. Recognising a pattern requires
decisions on how the image is segmented into symbol tokens, the type of each symbol token
present, which parts of the image are pixel noise (i.e., not part of any symbol token), the
structural relationships between the symbol tokens, and the position, orientation, size and
degree of stretching and shearing of each symbol token. It is widely recognised that these
tasks are inter-dependent and that the synergy between them should be exploited. Tu et al
[98] point out the need for segmentation, object detection and recognition, top-down parsing,
and bottom-up parsing to work together; Tombre [97] argues that segmentation, recognition
and higher-level semantic analysis need to interact; Casey & Lecolinet [21], in a survey of
character segmentation, point out the inter-dependence of decisions on segmentation, shape
similarity and contextual acceptability; see also [82,59]. Yet, despite all this, algorithms still
separate these tasks and perform them in sequence. Many image recognition algorithms
begin with a special segmentation method to identify the foreground object, find its bounding
box, and transform it to a standard position, before the main parsing (identification of parts)
begins, and there is commonly postprocessing after parsing [78,82]. For highly specialised
applications, where the structure present is highly predictable, such as recognition of music
scores, a top-down approach may be successful [83]. Other algorithms identify the lowest-level
features first, constructing a graph from them, and then parse the graph; for example, Celik
& Yanikoglu’s mathematical formula recognition system [22] achieves very low recognition
accuracy because any failure to recognise symbol tokens at the OCR stage cannot be corrected
at the parsing stage. As Flasinski et al. emphasise [46], the conversion of the numeric input
representation into a symbolic representation in terms of pattern primitives can lose essential
information. Better results can be achieved if the recognition of pattern primitives can be
guided by grammatical information from the higher-level stages [104]. Few algorithms can



cope with overlapping objects, because bottom-up approaches to segmentation are inapplicable
(a partial exception is [81]).

In my algorithm there is no division into phases; all aspects of recognition are integrated.
During the recognition process the pattern is built up incrementally; symbol tokens are created,
linked to other symbol tokens, merged, split and pruned; many rival pattern-fragments are in
play simultaneously, competing to attract parts and to grow at one another’s expense. Bottom-
up and top-down influences apply simultaneously; indistinct, missing or overlapping symbol
tokens can be ‘hallucinated’ using grammatical context.

The symbol tokens are arranged in spatial configurations, so some mathematical formalism
is needed for representing geometric relationships and how they are permitted to vary in a
pattern. In §5 I shall review the range of representational methods used and propose a
more general concept of a fleximap, an elastic affine transformation relating one symbol token
to another. The recognition process should be invariant under affine transformations, to
accommodate different points of view on the same pattern; most existing invariant pattern
recognition techniques assume that the image has already been segmented and apply only to
a single object (with little or no occlusion).

Finally, the recognition process must also cope with symmetry; this is a neglected topic
in the literature. A line segment has two-fold symmetry; the algorithm must understand that
it may occur either way round as part of a complex symbol token and that the two ways are
equivalent. A hexagonal grid has six-fold symmetry; the algorithm must recognise the six
symmetry variants of a pattern as equivalent, not as rival interpretations. The symmetries of
each symbol type must therefore be represented explicitly in the grammar.

This paper builds on my previous work [48], where regular graph grammars describing
two-dimensional geometric patterns were parsed and learned from positive examples. Here I
am using more powerful grammars, using the full geometry of the plane rather than a discrete
grid, and adding error-tolerance. However, this paper considers only recognition of patterns,
not learning of grammars.

The emphasis of this paper is on the new grammatical formalism. For reasons of space I
give only a summary of the mathematical theory; see [49] and [50] for full details and proofs.

Section 2 reviews graph grammars in general and my reasons for being dissatisfied with
the conventional approach based on production rules.

My new type of graph grammar is introduced informally in §3 and formally in §4, with
the spatial aspects covered in §5. The problem of pattern recognition is specified in §6. The
algorithm for recognition is developed in §87-9. The core parts of the theory are provably
correct, but peripheral parts rely on heuristic arguments (particularly in §7.4).

Three example grammars are constructed in §10, illustrating various types of iteration
and recursion. Example runs with these three grammars (combined into a single grammar) are
described in §11. These runs are intended purely as proof of concept and are not experiments:
the emphasis of this paper is on investigating fundamental qualitative issues underlying
all pattern recognition, in particular the difficulty of combining recursive representational
capabilities with error-tolerance; I make no claims of applicability. Conclusions are drawn in
§12.



2. Graph grammars

There is a well-established theory of grammars for representing ‘strings’ (sequences of sym-
bols). String grammars contain production rules of the form L — R, where L and R are
strings, called the left-hand side and the right-hand side of the rule. Define a relation =
between strings as follows: for any strings S and T, S = T iff S can be turned into T by
replacing a substring matching L in S by R; in that case we say that the rule L — R has been
applied to S to yield T. To parse a string S is to find a sequence of production rule applications
So=S81= 89 = --- =8, which is called a derivation of S (where Sy is the start symbol). The
language generated by the grammar is the set of all strings S that have derivations.

To generalise all this to non-sequential patterns we replace the strings L and R by graphs,
in which the nodes, and perhaps also the edges, bear labels. This gives us a graph grammar,
which generates a language of graphs. (The node labels are symbol types and a labelled node
in the generated graph is a symbol token.) However, several complications and perplexities
arise in doing so:

(i) the complexity of the concept of applying a production rule, i.e, the = relation;
(i) the lack of a well-defined Chomsky hierarchy for graph grammars;
(iii) the difficulty of combining good expressive power with the existence of parse trees;
(iv) the imperspicuity of graph grammars;
(v) the intractability of parsing;
(vi) the difficulty of coping with noise, i.e., errors in the graph to be parsed.

I shall take these issues in turn.

2.1 The complexity of production rule application

The concept of ‘applying’ a production rule to a graph is not as obvious as in the string case. To
apply the rule L — R to a graph G we must identify an isomorphic copy of L in G and replace
it with an isomorphic copy of R, giving a new graph H. This may be expressed mathematically
by graph endomorphisms (injective homomorphisms) g:L — G and A:R — H. Thus g(L) is
removed from G and replaced by A(R), giving H. But how exactly is h(R) to be joined to
G \ g(L)? This is called the embedding problem. There are three approaches in the literature.
(I shall consider only sequential grammars, not parallel grammars, here.)

First approach: the context subgraph. In this method there is a subgraph of L that is
shared with R, or in bijection with a subgraph of R; this subgraph is called K, the context
subgraph. This can be expressed by endomorphisms /: K — L and r: K — R. Often the bijection
between the subgraphs I(K) and r(K) is expressed by marking the nodes of /(K) and r(K) with
unique numeric labels. Then, when a rule is applied, g(L) is removed from G and A(R) is
added to G\ g(L) in such a way that h(r(K)) occupies the same position as its isomorphic copy
g((K)) did before.

This can be expressed neatly in category-theoretic terms as a pair of push-outs [35,36]:

L <+ K - R
le ld Ln
G <+ D = H
where all the arrows are graph endomorphisms. (Think of D as the part of G that is unchanged

by the rule application (either because it is not involved in the operation or because it is the
context part g(/(K))), and think of cq,cs as inclusion endomorphisms.)



Given a rule L — R and a graph G, the rule can only be applied to G if a D exists that
forms a push-out with K, L and G. This will be the case iff there are no edges in G \ g(L)
incident to nodes in g(L \ I(K)): this is called the dangling-edge condition.

In the most general formulation /,r,g,d, h,c1,ce are not required to be injective, i.e., they
are simply graph homomorphisms. In this case, the identification condition must also hold for
the rule to be applicable to G: this states that whenever two nodes or edges x,x’ in L have
g(x) = g(x’) then x and x’ are in I(K).

(I have been assuming so far that the rule L — R is applied from left to right, i.e., that
we interpret G = H as meaning that G is transformed into H; but it is also possible to
apply the rule from right to left, i.e., to regard it as transforming H into G; corresponding
dangling-edge and identification conditions must be imposed to guarantee the existence of D
forming a push-out with R, K and H.)

Examples of this approach are hyperedge replacement grammars [56,33]; positional gram-
mars [25], which use plex-like structures with attaching points; Lichtblau’s grammar [69];
reserved graph grammars [106] and variants of them such as spatial grammars [62].

Ferrucci et al. [44] consider this type of grammar restrictive, because the context subgraph
K is fixed. The dangling-edge and identification conditions are also restrictive. There are some
slight extensions that allow some variation in K. Layered graph grammars [84] and breeze
graph grammars [67] allow the nodes in K to have ‘wildcard’ labels, each of which stands for
one of a definite set of possible labels. In edge-based graph grammars [90,91], an edge in K
may bear an asterisk, meaning that it represents any number of edges. In Blosetin’s grammar
[15] K may contain ‘set nodes’, each of which matches against as many nodes in G as possible.
Other variants, which involve something similar to a context subgraph, are [101,102,25,88].

Second approach: connection relations. In this approach we still have the endomorphisms
g:L — G and h:R — H, but no context subgraph K. When g(L) is removed from G, edges of
G \ g(L) that are incident to nodes of g(L) must also be removed and replaced by new edges
incident to nodes of A(R). How this is done is specified by a connection relation.

The advantage of this method is that it gives more powerful grammars than the ‘context
subgraph’ method — at least, this appears to be true in general and has been proved for
particular classes of grammar [28].

A disadvantage is that descriptions of how the connection relation is used to connect the
new edges are complicated [60,86] and often informal and incomplete [102,66]. This does not
lend itself to a neat mathematical theory.

A second disadvantage is that application of a production rule may not be reversible, or
not reversible in a unique way. In [4] the rules can be applied left-to-right or right-to-left, but
the two directions are not inverses of each other. This is a problem for bottom-up parsing:
the definition of a language involves left-to-right application, but bottom-up parsing involves
right-to-left application.

The commonest type of grammar of this kind is the node-replacement grammar [41], in
which the left-hand side L of each production rule is just a single node, n. Most commonly the
nodes bear labels and the labels control the connection of new edges: this is called a node-label
controlled (NLC) grammar [40]. The edges may bear labels too and may be directed. Rule
application works as follows: g(n) is replaced by A(R), and if there is an edge e in G between
g(n) and a neighbour node u, it is replaced by new edges between A(v) and u, for some nodes v



in R, depending on the labels of u and v (and e’s label and direction if they exist), as directed
by the connection relation that is provided with the grammar.

A slightly more general type of grammar is the neighbourhood-controlled embedding (NCE)
grammar [41]. Here, the connection of new edges depends on the identity of the node v in
R, not just its label. Relation grammars [43,44] are essentially equivalent to NCE grammars,
presented in a different format. NCE grammars generate the same class of languages as NLC
grammars, but that is not true when they are combined with some other extensions [40].

Alternatives to node-replacement grammars are edge-label controlled grammars (where
the left-hand side L of a rule is one edge and its incident nodes) [75] and Adachi et al’s
context-sensitive NCE grammars, where L can be a graph of any size [4,5,3].

The most general type of production rule of this kind is Nagl’s set-theoretic approach [79],
in which new edges can be connected to G \ g(L), not just to neighbour nodes of g(L). A
further generalisation is [14], where more general types of graph operation are used in place
of production rules, the application of these operations being controlled by logical formulae
and a tree grammar.

The ‘context subgraph’ and the ‘connection relation’ approaches should be seen as alterna-
tives. Adachi et al. [4] use both in tandem, but in later work [5] abandon the context subgraph
without affecting the generative power of the grammars.

Third approach: implicit edges. The problem we are considering is how to connect A(R),
the new part of the graph, to G \ g(L), the old part, by edges. The simplest solution is to
do without edges entirely. The graph G is simply a set of nodes, with geometric attributes
such as position and size. The grammar contains ‘constraints’ between symbol types, which
are essentially edges; if two nodes in G are related in a way that fits the constraints, there
is implicitly a geometric relationship between them, but it is not represented explicitly as an
edge. In the production rules L is a single node. The geometric attributes of the node in g(L)
are related to those of the nodes in A(R); this means that new implicit geometric relationships
are produced when the rule is applied, but there is no need for a context subgraph or a
connection relation.

Examples of this approach are picture layout grammars [55] and constraint multiset
grammars [23,76]. They are described in terms of ‘multisets’, but they are best thought of as
graphs with implicit edges.

2.2 The lack of a well-defined Chomsky hierarchy

For string grammars there is a clear classification into levels according to generative power:
type 0 (unrestricted grammars), type 1 (grammars where the left-hand side of each rule
is no longer than the right-hand side, and parsing is guaranteed to halt), type 2 (context-
free grammars, expressing iterative and nested structure), and type 3 (regular grammars,
expressing iterative structure only). These types can be characterised in various ways (in
terms of production rules, recognition automata, or alternative notations such as regular
expressions), and are unaffected by minor differences in formulation.

Unfortunately the same cannot be said for graph grammars. One may still define type
0 grammars, having no restrictions on the production rules; there are inequivalent kinds of
type 0 grammar, such as context-sensitive NCE grammars [3], edge-based graph grammars
[90], reserved graph grammars [106], and the ‘set-theoretic approach’ [79]; reserved graph
grammars are more expressive than edge-based grammars [109], whereas the set-theoretic



approach seems to be the most expressive type. There are several concepts of type 1 grammar;
the aim is always to impose a restriction that ensures that parsing is guaranteed to halt. The
simplest restriction is that the number of nodes on the left-hand side of each rule is less than
or equal to the number of nodes on the right-hand side [4]; or alternatively that the number
of nodes and edges on the left is less than or equal to the number of nodes and edges on the
right [35]. Layered graph grammars [84,3] impose a more complicated condition of the same
kind, with node labels distinguished by ‘layer’. Reserved graph grammars did the same at
first [106], but more recent work drops the layering and reverts to the simpler condition [110].

There is a variety of inequivalent concepts of context-free grammar [39]. Some authors say
that a context-free grammar is one where each rule has a single (labelled) node as left-hand
side [60,106,102,91,52,72,25]. However Lange & Welzl [65] point out that this is not really
context-free in the full sense: “‘context-sensitivity” is hidden in the embedding mechanism
of NLC grammars’. Hence context-freedom is often identified with a confluence or finite
Church-Rosser property [16]. Definitions of this vary. The general idea is that ‘the result of a
derivation is independent of the order in which the productions are applied’ [40]. One version
is that if G =, Hy =4 K; and G =4 Hy =, K, (where ‘=’ means ‘derives by using production
rule p’) then K; is isomorphic to K. Another version is that if G =, H; and G =, Hy, where
p #q, then G =, H; =, K and G =, Hy =, K for some K. These are left-to-right versions;
right-to-left versions can be defined by reversing the arrows.

Courcelle argues from a more abstract perspective that ‘context-free’ should be defined to
mean confluent and associative [26].

These notions are heavily dependent on the surrounding formalism. In the ‘set-theoretic
approach’ [79] and boundary NLC grammars [86], the context-free languages coincide with
the context-sensitive ones, though this is not true for the grammars.

There are a few concepts of regular graph grammar in the literature [27,54,79,2,1,103,48].
These are heavily dependent on the details of the definition, especially on whether the right-
hand side is allowed to be disconnected. There is no unique notion.

There has been little work to characterise classes of graph language by accepting au-
tomata. Some classes of NCE grammars (linear NCE and boundary NCE grammars) can
be characterised by accepting automata, but this does not seem possible for arbitrary NCE
grammars [17].

There has also been a little work on algebraic characterisations of classes of graph lan-
guage. Courcelle [28] gives formal characterisations, using monadic second-order logic, of the
set of languages generated by edge-labelled edge-directed NCE grammars and the set of lan-
guages generated by hyperedge-replacement grammars. Bauderon et al. [6,9] claim to provide
an algebraic formulation of production rule application in NLC grammars as a pullback. But
this cannot be true, as their graphs have no node labels. There is a kind of node labelling
mechanism implicit in their ‘unknown’ homomorphisms [6, definition 3], but these labels are
freely changed every time a production rule is applied, so this is not at all like what is nor-
mally understood as an NLC grammar. In their later work [7,8] an elaborate mechanism is
specified for updating these labelling homomorphisms every time a rule is applied; this, along
with the pullback, specifies how rule application works. There is also an element of parallel
application of rules. It is now acknowledged that this generates a larger class of languages
than node-replacement grammars.



2.3 Perspicuity, parse trees, expressive power

In a context-free string grammar the production rules (e.g., Sentence — NP verb NP) express
something about the structural possibilities of the language. After parsing a sentence, a parse
tree is produced, which makes explicit the grammatical structure of the sentence. It is the
central function of grammars to do this. The parse tree provides a declarative view of the
structure of the sentence, abstracting away from the operational details of the derivation. A
parse tree may also be thought of as an algebraic expression that is evaluated to produce
the sentence [34]. Unfortunately, with more complex types of grammar, including most graph
grammars, the production rules are merely engines for generating sentences and do not convey
any grammatical information. Parse trees are often not possible, so there is no representation
of the grammaticality of the sentence more abstract than the sequence of production rule
applications.

When is a parse tree possible in a graph grammar? If the production rules have a single
node on the left-hand side then one may construct a tree of the nodes involved in the derivation;
however, the edges will cut across between the branches in a tangle [55,29]. Useful parse
trees can be produced if the grammar is confluent. This is done for hyperedge-replacement
grammars [33], constraint multiset grammars [23], and relation grammars [43,44]. In [60] no
confluence condition is imposed and the parse trees are dependent on the order of application
of the production rules, so they do not express the syntactic structure in a fully abstract way.
Parse trees are also possible for the graph expansion grammars of [34], which are essentially
an extension of hyperedge replacement grammars.

Sometimes a nested graphical representation of syntactic structure is used, which is
equivalent to a parse tree [102,17]. I believe this only works well if the grammar is confluent.

Thus it seems that parse trees are possible only for context-free graph grammars. Unfor-
tunately, these grammars are surprisingly weak in their expressive power. One would expect
context-free grammars to be able to represent iterative and nested structure, but, as Zou et
al. say, ‘context-free graph grammars have difficulty in specifying a large portion of graphical
VPLs [visual programming languages]’ [110]. Even in the weakest sense of context-free, ‘Not
all, nor even the majority, of VL [visual language] formalisms are context-free even in this
loose sense’ [102]. Even an iterative pattern in two dimensions, which one would expect to
be captured by a regular graph grammar, is beyond the reach of context-free graph gram-
mars: Schuster [89,16] showed that the set of quadratic graphs (rectangular grids) cannot be
generated by any graph grammar with the finite Church-Rosser property.

Bauderon et al.’s pullback grammars can generate the set of square grids [7], but this
is a very much more powerful type of grammar, with an elaborate mechanism for changing
labels at every derivation step, and depending essentially on parallel application of rules; so
the rules themselves do not fully express the grammatical knowledge.

This is the key limitation of graph grammars: to obtain decent expressive power we have
to go beyond the context-free grammars, but then we lose the ability to represent syntactic
structure through parse trees. Thus we have a purely operational concept of what it means
to belong to the language. There is no description of how the graph fits the grammar simpler
than the sequence of production rule applications.

2.4 Parsing algorithms



Graph grammars are very powerful mechanisms, and so parsing is necessarily intractable.
Type 0 grammars in the ‘set-theoretic approach’ [79] and the ‘algebraic approach’ [35] and for
edge-label controlled grammars [75] can generate any recursively enumerable set of graphs, so
the membership problem (deciding whether a given graph is in the language) is undecidable.

Type 1 restrictions, which all amount to saying that the left-hand side is no larger than
the right-hand side, make the membership problem decidable [35].

Even in the case of context-free grammars the membership problem is still intractable.
NLC grammars can generate PSPACE-complete graph languages [16]. Hyperedge-replacement
grammars [33], linear edge-replacement grammars [33], confluent edge-labelled edge-directed
NCE graph grammars [41], and even regular NLC grammars [1] can generate NP-complete
graph languages. This is unlike context-free string grammars, which can be parsed in cubic
time using the standard Cocke-Younger-Kasami algorithm. The reason is that a string has
quadratically many substrings, whereas a graph has exponentially many subgraphs [13].

Some improvement in efficiency is possible by clever optimisation to reduce backtracking
[111]; the worst-case time-complexity however remains exponential in the size of the input
graph, for a fixed grammar. Hence much research effort is devoted to identifying subclasses
of grammar that can be efficiently parsed. Polynomial-time parsing is possible if

e the grammar has the finite Church-Rosser property,
e the grammar generates only connected graphs,

e the grammar generates graphs of bounded degree.

If any of these three conditions is dropped then a grammar exists for which the membership
problem is NP-hard [16]. Note however that even where parsing is possible in polynomial time
the degree of the polynomial is very high, so tailor-made efficient algorithms are still needed
for particular classes of grammar [86,43].

If the grammar is confluent in the right-to-left direction then bottom-up parsing without
backtracking, called selection-free parsing, is possible; this gives polynomial time complexity
[110,106,72]. This is a very restrictive condition, however.

Precedence graph grammars can be parsed in linear time [35]. Graph languages generated
by evaluating algebraic expressions generated by tree grammars can parsed in polynomial time
if certain restrictions are imposed [14,12]. Other fast parsing algorithms for restricted classes
of graph grammar are [31,32,13,54,103].

2.5 Coping with noise

Graph parsing algorithms have little ability to cope with errors in the graph (false or missing
nodes, and errors in labels, edges or structure).

Many graph parsing algorithms are based on exhaustive enumeration of all possibilities,
either by backtracking or by carrying forward a set of possible parses, e.g., algorithms based on
the Cocke-Younger-Kasami algorithm [86,55,16] or on the Earley algorithm [43,101,18,19,69].
With noise the possibilities proliferate and become unmanageable.

Most algorithms work by traversing the graph, i.e., by visiting each node or edge one at a
time [69,1,25,101]. This is unsuitable for non-Eulerian graphs and is error-intolerant, since an
error in the first node visited may throw the process onto the wrong track, and the erroneous
node cannot be corrected later because it is never revisited.



In addition, many pattern recognition systems work in a fixed sequence of phases, or in a
fixed direction (top-down or bottom-up), where misinterpretations made in one phase cannot
be corrected in later phases.

Some systems have a limited ability to handle simple types of error. Error-correcting
grammars can, in principle, model the errors using production rules and make the correction
of error part of the parsing process; however, these have only been used for the simplest sorts
of error. Skomorowski’s grammar [95] can correct errors in the label of a node or edge, but
not structural errors. In Fahmy & Blostein’s music recognition system [42], the symbols can
have ambiguous labels; one node is created for each possible value of the label. Thus labelling
errors (and stray dots) can be corrected. Liu & Yang’s [72] production rules include ‘uncertain
edges’, which are excess edges that it is anticipated may occur in the graph. If such edges
occur they are removed during bottom-up parsing. Sanchez et al.’s grammar [88] recognises
tessellations of rectangles and octagons. There are production rules that add special ‘inserted’
nodes where rectangles or octagons are expected at the boundary of the tessellation; at the
end of parsing other production rules either remove each ‘inserted’ node or relabel it as a
‘cut’ symbol or a ‘split’ symbol. Mas et al.’s grammar [76] recognises hand-drawn diagrams;
it includes production rules for eliminating errors where one stroke has been misconstrued as
two.

Error-correcting grammars are only suitable for simple, explicitly anticipated types of
error. It would not be feasible to use them for general error correction, where any symbol
or relation may be spurious, missing, mislabelled, misinterpreted as two, or conflated with
another.

Instead of modelling the errors in the grammar, an alternative is an error-tolerant parser,
which finds the closest match between the graph and what the grammar would accept (for
example [74], which matches a tree against a tree automaton). There are also error-tolerant
parsing algorithms for matching a graph against a fixed set of graphs (rather than a grammar)
by building up partial matches or by using edit distance [77,85].

3. Networks and homomorphisms

3.1 Requirements

From the literature survey in the previous section I draw the following conclusions for my
own work.

e I require a grammatical formalism that can represent iterative and nested structure
(including iterations in two dimensions such as tessellations).

e The syntactic structure in an image should be represented explicitly and declaratively, in
a structure called a pattern, like the way a parse tree represents the structure of a string,
rather than by a sequence of production rule applications. I shall do this by abandoning
production rules altogether. The grammar and the pattern will each be a graph-like
structure called a network, and parsing will be a matter of constructing a homomorphism
from the pattern to the grammar.

e The grammatical formalism should be amenable to mathematical treatment. There should
be no complicated semi-formal prose definitions. All definitions will be expressed alge-
braically.



e All phases of pattern recognition should be simultaneous and interdependent. Pattern
recognition involves both constructing the pattern from the given image and parsing the
pattern. Top-down and bottom-up parsing occur simultaneously. We break free completely
from sequential ideas drawn from string parsing: there is no concept of traversal. Error-
tolerant parsing must work opportunistically, starting with the most clear-cut parts of the
image and recognising the ambiguous parts later in the light of top-down evidence. Many
alternative interpretations of the image will be held in the same pattern and worked on
in parallel, with one interpretation chosen by the end of parsing.

In this section I am considering only the structural aspects of the pattern: the geometric
relationships will be considered in §5.

3.2 Networks

Consider the example in figure 1. The raw data is called the image. The pattern recognition
system recognises the presence of one symbol token, called Al, of type A, and three symbol
tokens, linel, line2, line3, of type line, which are its parts.

pattern grammar

image

\Iinel\ \ Iinez\ \ IineS\

Figure 1. An image, the corresponding pattern, and the grammar against which it is
parsed. Rectangles are symbols, circles are nodes, small filled discs are hooks, and
black curves are edges. The W and P functions are depicted by green and blue arrows.

The symbol tokens are connected together to make the pattern. Part-whole relationships
are represented by node tokens. Whenever one symbol token, e.g., linel, is a part of another,
A1, there is a node n between them. Two functions W, P represent the relationship: W(n) = Al
and P(n) = linel. The node represents the role that the part plays in the whole; for example,
node 1 = left stroke, node 2 = cross-bar, node 3 = right stroke. (In all my figures, symbols are
depicted by rectangles and nodes by circles; the W and P functions are depicted by green and
blue arrows.) When two parts of a whole are related to each other they are called siblings,
and their relationship is represented by an edge token between the nodes. For example, the
left stroke of an A must be joined at its top to the right stroke, and so there is an edge token
between node 1 and node 3. In this example all three parts are one another’s siblings. (In the
figures edge tokens are depicted by black curves, sometimes directed.) Actually, an edge token
does not run between two node tokens but between two hook tokens, which are attached to
node tokens. (Hook tokens are depicted in the figures as small filled discs.) Note that there is
also an edge token between node token 1 and the symbol token Al.

The grammar is similarly constructed, except that it is composed of symbol types, node
types, hook types and edge types. Parsing consists of constructing a homomorphism p from



the pattern to the grammar, under which each symbol, node, hook and edge token maps to its
type, preserving incidence relations. The entire recognition process is, given an image and a
grammar, to construct the pattern and the homomorphism.

This illustrates the main features of networks, albeit in an uninteresting example. Fig-
ure 2 shows an example with iteration (the image is omitted). An alkane is a hydrocarbon
molecule consisting of a carbon chain of arbitrary length surrounded by hydrogen atoms.
Propane is the case where there are three carbon atoms. Diagrammatic conventions are as
before; under p, each symbol token or node token maps to the symbol type or node type with
the same alphanumeric label, except that propane maps to alkane. (These symbol and node
labels are just a diagrammatic convention for conveying how p works; they are not really there
in the network.)

D

propang

H W H

Figure 2. On the right, the grammar for alkanes. On the left, one possible alkane pattern.

There is a rule that each hook token in the pattern must have exactly one incident edge
token. As a consequence, the propane token must be connected to one 2’ node token, which
must be connected to one ‘1’ node token. Each ‘1’ node token must be connected to one ‘4’ and
one ‘5’ token, and to either a ‘2’ or a ‘1’ token (by its left hook), and to either a ‘3’ or a ‘I’
token (by its right hook). This permits unbounded iteration of ‘1’ node tokens, and hence any
number of carbon atoms. Thus, in the grammar, a hook with several incident edges represents
a one-from-n choice, and allows for grammatical alternatives and iteration, which can be in
one or more dimensions.

During the recognition process, while the pattern is under construction, there may be
any number of edge tokens incident to a hook token (either because no edge token has been
added yet or because several alternatives are being considered in parallel). Thus alternative
interpretations for various parts of the image may be entertained in parallel, in the same
pattern, without being confused. By the end, one incident edge token must be chosen for every
hook token.



3.3 Subsymbols

One further type of grammatical constraint is needed. Consider figure 3, which shows (a)
a hexagonal grid image, (b) part of the pattern corresponding to the portion of the image
encircled in red, with symbol tokens (the grid itself and the component lines) omitted, and
(c) the relevant portion of the grammar. (This is a simplified version of the hexagonal grid
grammar of §10.1.) As usual, each node and edge in the pattern is mapped under p to the
node and edge with the same label in the grammar.

Figure 3. (a) An image. (b) Part of the pattern (without symbol tokens). (c) The
relevant part of the grammar. (d) An unwanted pattern.

There is a problem with this. The grammar appears to allow ‘nonstandard models’,
unintended patterns that could map homomorphically to the grammar just as well (see (d)).
To cure this problem we need to treat a hexagon (i.e., the portion of the hexagonal grid shown
in figure 3(b)) as a symbol in its own right. The hexagon is said to be a subsymbol of the
hexagonal grid, meaning that all the parts of the hexagon (the six line symbol tokens) are
parts of the hexagonal grid. Figure 4 shows, in part (a), the relevant portions of the pattern:
the hexagonl symbol token and all its nodes, hooks and edges; the hex1 hexagonal grid symbol
token (only the relevant nodes, hooks and edges are shown); and the six parts of hexagonl,
the symbol tokens linel—line6, which are also parts of hex1. Part (b) of the figure shows the
grammar. As usual, under the parsing homomorphism p, each node and edge token in the
pattern maps to the node or edge type with the same label in the grammar.

To indicate the subsymbol relationship, hexagonl is ‘glued’ to hex1 by a gluing relation
G; formally we write G(hex1, hexagonl). We say hexagonl is a subsymbol of hex1 and hex1 is
a supersymbol of hexagonl. The corresponding nodes are also glued: G(1,1'),G(1,1"),G(2,2'),
G(2,2"),G(3,3),G(3,3"). We say node 1’ is a subnode of node 1 and node 1 is a supernode
of node 1’. Corresponding hooks and edges are also glued: G(a,a’),G(b,b’),... . This is done
in both the pattern and the grammar; the gluings in the pattern must match those in the
grammar. Some of the gluings are shown in red in the figure.

One final syntactic feature is needed. The grammar must specify where hexagon sub-
symbols should occur in a hex grid. This is done by giving some of the edge types one or
more facets (these are depicted as small red crosses in the figure). Some of the facets in the
grammar are glued together in pairs. The edge tokens in the pattern have facets similarly.
There is a new grammatical rule: in the pattern, each facet must be glued to one other facet
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Figure 4.(a) Part of a pattern: a hexagonal grid symbol token hexl and some its

nodes, hooks, edges; and a subsymbol hexagonl, with all its nodes, hooks and edges
and parts linel-line6. (b) The grammar, including the hexagonal grid symbol type
hex and its subsymbol type hexagon. Only a few of the W and P arrows are shown.
The gluing relation G is shown in red (only a few of the gluings are shown). Facets
are shown as small red crosses.

(in a way consistent with the grammar). When two facets are glued this forces their edges to
be glued, and hence their incident hooks are glued, hence the nodes to which they are attached
are glued, hence the whole symbol tokens above them are glued.

As another example, the three lines meeting at a vertex or junction of the hexagonal grid
also form a subsymbol. There are two sorts of junction subsymbol: those in which the three
lines are oriented towards the junction and those in which the three lines are oriented away
from the junction, so we need two subsymbol types, junctionA and junctionB. Figure 5 shows
the junctionA subsymbol type and one token junctionA-1 of that type. We give the edges a—f
in the grammar and pattern a second facet: this means that each such edge will be part of
two subsymbols: a junction and a hexagon. The junctionA edges a’,b’,c¢’ only need one facet.
As before, in the pattern each facet must be glued to one other facet (in a way consistent with
the grammar). This will force edge tokens a’,b’,¢’ to be glued to a,b,c, respectively, in the
pattern. This will force their incident hook tokens to be glued; this will force the node tokens
1/,2/,3’ to be glued to 1,2, 3; and so junctionA-1 will be glued to hex1.

Further example grammars are given in §10. In the next section the concepts of this
section will be defined formally.

4. The structural part of the theory

4.1 Preliminaries

We shall deal with sets, functions and binary relations. I use standard set and function
notation.
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Figure 5. (a) The image, with the relevant portion encircled. (b) The pattern: the
junctionA-1 subsymbol token and the relevant portion of the hex1l symbol token. (c)
The grammar: the junctionA and hex symbol types. A few of the P and W arrows and

a few of the gluings are shown. Every node or edge with a primed label is glued to
the one with the unprimed label. Every node or edge in the pattern is mapped under

p to the one with the same label in the grammar.

Definition.

Definition.

Definition.

Definition.

Definition.

Definition.

Definition.

The domain dom(R) and range ran(R) of a relation R are defined by

dom(R) = {a | 3b R(b,a)}, ran®) = {b|3a R®,a)}.

A relation R is said to be on a set A iff dom(R) C A and ran(R) C A.

For any set A, the identity relation id, is defined by

Va,b (idsla,b) < a=>bcA).

The empty relation | is defined by Va,b — L(a,b).

For any relations R and S,
R=S < Va,b (R(a,b) < S(a,b))
RCS < Va,b (R(a,b) = S(a,b))
RcS < RCS AR#S.

For any relations R and S, the relations RNS, RUS and R\S are defined by

(RN S)a,b) < R(a,b) NS(a,b),
Va,b < (RUS)a,b) < R(a,b) Vv S(a,b),
(R\S)a,b) < R(a,b) N =S(a,b).

For any relations R and S, the composed relation R o S is defined by

Va,c (RoS)a,c) < 3b (R(a,b) AS(b,c))).



Definition. For any relation R, the inverse relation R~! is defined by

Va,b (R"(b,a) <= R(a,b)).

Definition. The graph of a function f is the relation f defined by
Va,b (f(b,a) < acdom(f)Ab=f(a)).

Note that, for any f,g, fog =f og.
Definition. A relation R is finite iff there are finitely many pairs (a, b) such that R(a,b) holds.
Definition. The ‘not-equal-to’ relation NE is defined by NE(a,b) < a # b.

Definition. A finite relation R is acyclic iff

-dR*(L#R*"CR AN R* C(R*oNE N NE o R")).

(Informally, R is acyclic iff every non-empty subrelation R* has an element of valency 1, i.e.,

an element related to just one element by R* or to just one element by R*!. This is equivalent

to the non-existence of a finite cyclic sequence x1,...x,,x1, with n even and n > 2, where the
. R _ R _R_R_R R R

terms are all different and are related by x; = xe &x3—>x4 &x5— -+ — X, &x1.)

Definition. If f:X — Y and R is a relation on X then R is connected relative to f iff, for any
set Z and function g:X — Z such that go R C g, there exists a function i:f(X) — Z such that
iof =g.

(Informally, R is connected relative to f iff, for any x,x’€X such that f(x) = f(x'), there exists

a finite sequence x = x0,x1,...x, = &’ such that, for each i€{1,...n}, R(x;_1,x;) or R(x;,x;_1)
holds.)

Definition. If f:X — Y and R is a relation on X then R is minimal relative to f iff

VR*CR (foR*=foR =R*=R).

(Informally, R is minimal relative to f iff, for any xc€X and ycY, there exists at most one
x'€X such that f(x’) =y and R(x',x).)

I shall also use some basic concepts of category theory, namely pullbacks, sums and coequalis-
ers.

4.2 Networks and homomorphisms

Definition. A network is a 12-tuple &,N,H,E,K,W,P,A,F,S,C,G), where X, N,H,E K are
disjoint finite sets; W.NUXY — X, P.N - X, AAH - NUX, F,S:E - H and C:K — E are
functions such that VocX W(o) = 0; and G is a relation on X UN UH UE UK such that
(1) idsoG=Goids, idyoG=Goidy, idgoG=Goidy, idgoG=Goidg, idg oG = Goidg;
2 WoG=GoW, PoGCP, AcGCGoA, FoGCGoF, SoGCGoS, CoGCGoC;
(3) Gy and Ggll are minimal relative to A; Gg and Glgl are minimal relative to C; Gg and
GEl are minimal relative to F and S (where Gg = Goidyg, Gg = Goidg and Gg = Goidg);
4) GoG = 1.



The elements of X,N,H,E K are called symbols, nodes, hooks, edges and facets, respectively.
G is called the gluing relation; G(x,y) means that y is a subsymbol, subnode, subhook, subedge
or subfacet of x, i.e., x is a supersymbol, supernode, superhook, superedge or superfacet of y.
The functions W,P,A,F, S, C express the incidence relations: a node n connects a part P(n) to
a whole W(n); a hook A is attached to a node (or possibly a symbol) A(h); an edge e runs from
its first hook F'(e) to its second hook S(e); a facet & belongs to the edge C(k).

Condition (1) means the gluing relation G may be considered as the disjoint union of a
relation Gy = G oidy on symbols, a relation Gy = G oidy on nodes, a relation Gg = G oidy
on hooks, a relation Gg = G oidg on edges, and a relation Gx = G o idg on facets.

Condition (2) says that G preserves incidence: e.g., if a hook A7 is glued to a hook Ag then
the node A(h1) is glued to the node A(hs).

Condition (3) means that a hook is glued to at most one hook of any given node; a facet
is glued to at most one facet of any given edge; and an edge is glued to at most one edge of
any given hook (for each edge direction).

Condition (4) says that a subsymbol, subnode, subhook, subedge or subfacet cannot be
also be a supersymbol, supernode, superhook, superedge or superfacet.

Deﬁnition. If Nl = (Zl,Nl,Hl,El,Kl,Wl,Pl,Al,Fl,Sl,Cl,Gl) and N() = (Zo,No,Ho,Eo,Ko,
Wo,Po,Ao,Fo,So,Co, Gy) are networks, a homomorphism p: N1 — Ny is a function from X; U
NiUH;UE{ UK to g UNgUHyUEyUK, such that

(1) p(X1) C X9, pWON1) CNo, p(H1) CHo, p(E1)CEy, pK1)C Ko;

(2) Woop=poW;, Poop=poPi, Foop=poFi, Spop=poSy

plyuz, ple;
NoUXLg+———— NjUX, Ey+—— E;
(3) 4 ol T4, and ¢ ol | ¢: are pullbacks in the category of sets;
HO 4;1 Hl KO (71 K1

(4) poG1=Goop;
(5) G is minimal relative to p.

Condition (1) means that p maps symbols to symbols, nodes to nodes, hooks to hooks, edges
to edges, and facets to facets.

Condition (2) means that p preserves the W,P,F,S incidence functions.

Condition (3) means that p maps the hooks of any node n bijectively onto the hooks of
p(n), and maps the facets of any edge e bijectively onto the facets of p(e).

Condition (4) means that p preserves gluing (i.e., if G1(x,y) then Gy(p(x), p(y))), and if p(x)
is a subsymbol, subnode, subhook, subedge or subfacet then so is x.

Condition (5) says that the gluings in A7 are induced by those in N, i.e., two things are
glued in N; only if they are forced to be by condition (4).

The composition of two homomorphisms is a homomorphism and the inverse of a bijective
homomorphism is a homomorphism [50, theorems 15,16].

Definition. If N = (X,N,H,E,K,W,P,A,F,S,C,G) is a network, a subnetwork of N is a
12-tuple &',N',H',E' ,K',W',P',A’ F',S',C’,G’), where
YCY, NCN, HCH, ECE, K CK
WN)CY, PN)CY, H =A'WUY), FE)CH, SE)CH, K =CYE)
WI:W’N/Uy, P’:P‘N/, A’:A’H/, F’:F‘Er, S’:S‘Er, CI:C’K/

. . ;o :
Goidy oy um ook € Wldy oy o orok © G, G =idy oy omoe ok © G oids N UR U UK -



If N is a subnetwork of A/ then N’ is a network and the inclusion function from A’ into N

is a homomorphism [50, theorem 24].
A proper subnetwork of A is a subnetwork N’ such that N/ # N.

4.3 Semi-definite and definite networks
The grammar is required to be a semi-definite network and the pattern to be a definite network.
(While the pattern is under construction it is not definite.) First we need the concept of a

minimal gluing relation.

Definition. If N = EX,N,H,E,K,W,P,A,F,S,C,QG) is a network then its gluing relation G is
minimal relative to N iff
idg C Gg o Gg' UGy' 0 Gg

where Gx = G oidg; and, for any relation G* C G such that
e WoG* CG*oW, PoG*CP, AoG* CG*0A, FoG* CG*oF, SoG* C G*o 8§,
CoG*CG*oC,
o idg C Gy oGy P UGE ' oGy (where G = G* oidy),
we have G* = G.

(Informally, the condition that G be minimal relative to ' means that every facet is glued to
another facet and, subject to this constraint, G is as small as it can be.)

Definition. A network X,N,H,E,K,W,P,A,F,S,C,Q) is semi-definite iff
(la) WoAoF =WoAoS,
(3) Gy is acyclic,
(4a) H=F(E)US(E),
(52) G o Gyl C idx,
(6) G is minimal relative to N/,
(7a) FoG=GoF and SoG=Go8S,
82) VR A 'oR=FUS)oR = GyoRCWoGyoR U idsoAoGyoA 'oR).

Definition. A network X,N,H,E,K,W,P,A,F,S,C,Q) is definite iff

AoF W o . ) . .
(Ib) E_XNUZX 5 X is a coequaliser diagram in the category of sets,
AoS

(2b) Gy is connected relative to P,

(3) Gy is acyclic,
(4b) E L g & Eisasum diagram in the category of sets,
(5b) idg = Gk o Gg' UGx' o Gx,

(6) G is minimal relative to N.

Condition (1a) says that the two nodes at the ends of any edge belong to the same whole. The
stronger condition (1b) says that the nodes and edges belonging to any whole form a connected
graph.

Condition (2b) means that two nodes share the same part only when they are glued to-
gether (directly or indirectly). (This condition prevents the same symbol from being interpreted
as part of two unrelated wholes.)

Condition (3) means that there is no cyclic sequence of gluings. This is a technical condition
for ensuring that condition (2b) holds in the pattern at the end of recognition [50, §3.6].



Condition (4a) says that every hook has at least one incident edge. The stronger condi-
tion (4b) says that every hook has exactly one incident edge.

Condition (5a) says that every facet has at most one superfacet. The stronger condition (5b)
says that every facet has exactly one subfacet or superfacet.

Condition (6) says that every facet is glued to another facet, but the gluings are minimal
subject to this constraint.

Condition (7a) says that, if any hook is a subhook, then all its incident edges are subedges.

Condition (8a) means roughly that, whenever a subsymbol is glued to a supersymbol, there
are sufficiently many nodes and hooks belonging to the subsymbol that are glued to nodes
and hooks belonging to the supersymbol. This is another technical condition for ensuring
that condition (2b) holds in the pattern at the end of recognition (it is used directly in [50,
theorem 22]).

Every definite network is semi-definite [50, theorem 18].

4.3 The recognition problem

We can now make our first formal statement of the recognition problem: given a semi-definite
network N, (the grammar) and an image, the task is construct a definite network N7 (the
pattern) and a homomorphism p: N7 — Ny (the parse).

This statement will be refined in §6.3.

5. The geometric part of the theory

This section is concerned with the spatial aspects of the pattern, in particular the following
five issues:

e the geometric relationships between one symbol token and another;

the embedding or ‘pose’ of a symbol token in the image, i.e., the transformation that maps
the symbol token into the image at a certain position, orientation and size;

e how to represent the variability in the embeddings and relationships;
e invariance of the whole pattern under affine transformations;

e symmetries of the pattern.

I shall review the available approaches in the literature and introduce my own concept of a
fleximap, a variable affine transformation.

5.1 Representing geometric relationships and embeddings

Some authors represent the relation between one symbol token and another using qualitative
relationships (i.e., special named relationships) such as horizontal and vertical neighbourhood
[94,15,63]; above, below, before, after, overlap, etc. [100,104]; closeness [42]; or topological
relationships such as hinged, butting, collinear, parallel, attached, concentric, radial, contained
[71] or parallel, incidence, perpendicular, intersection, neighbour, inclusion [76].

A more versatile approach is to represent relationships between symbol tokens in terms
of geometric attributes, such as vanishing points and orientation angles [57]; distance and
relative size [100]; relative angles [47]; distance and relative angle [70]; relative position,
angle and size [92,22]; internal angles and ratios of lengths [108,107]; curvature and direction



of bending [73]; closeness of attachment points, ratios of widths, curvature and angles of tilt
[80]; and perpendicular distance from an endpoint of a line to another line [11].

Embedding transformations are sometimes represented as sequences of simple transfor-
mations, e.g., as translation-rotation-dilation [11] (where the dot denotes function composition),
or stretch - rotation - shear [98], or via a singular value decomposition as translation - rotation -
dilation - stretch - rotation [10].

5.2 Representing variability

Since symbol tokens are not likely to be perfectly positioned, some way is needed to allow for
variability in their embeddings and relationships. The crudest way of allowing for variability
is by rounding of geometric parameters (such as position, angle and size) into a small discrete
set of possible values. A small variation in position, angle or size is tolerated, provided it does
not cross over a rounding boundary [100,47]. A better-behaved approach is to allow geometric
parameters to vary in a certain range [15,58]. These are ‘hard’ constraints: they either hold
or do not.

Other authors use ‘soft’ constraints: deviations of the geometric parameters from their
nominal values are penalised by a ‘penalty’ or ‘affinity score’ [42]. Sometimes fuzzy conditions
are used [80]. Soft constraints have the advantage that they allow several alternative inter-
pretations of a symbol token to be scored and a choice made between them. Most commonly, a
quadratic penalty function is used to penalise deviations of the attributes from their nominal
values [99,57,108,11,30]; an ‘energy’ or ‘match’ function is calculated by summing the penal-
ties of all geometric relationships along with other penalty terms (and in some papers the
energy is exponentiated to give a Gaussian probability density [81]). The energy can then be
minimised, giving the optimal match of the symbols with the image. The advantage of using
an energy function is that a high deviation in one symbol-pair relationship can be traded off
against low deviations in other relationships to give the overall best match. In this way the
pattern recognition process becomes sensitive to context.

Particularly interesting is the use of ‘springs’ to connect pairs of symbol tokens [45].
This allows variability in the relative position of the symbols; a different device is used for
controlling relative orientation and length. This is similar to deformable templates, such as
[105], in which a human eye is modelled with parabolic curves.

Each of these methods represents the variability of a relationship in a fixed way, for a
particular purpose. For example, in [99] the variability is always analysed into rotations
around the centre point, dilations from the centre point, and translations. What if one wanted
a different decomposition, such as rotation or dilation about a different point? For example,
in figure 6 we have three ‘line’ symbol tokens, which are parts of an ‘A’ symbol token. We
may want to allow the crossbar part o3 to rotate around its end-point, which is 40% up the
length of o9, while 63 may also dilate relative to o2 (keeping one end in contact with o3);
63 may be translated up or down o9 from the nominal 40% position; it may also overshoot
or undershoot o5 by a tiny amount. Each of these kinds of variation are to be penalised by
different coefficients. The total penalty should be a weighted sum of the squares of these
variations.

This is accomplished by my concept of a fleximap, a variable affine transformation in
which variations in relative position, orientation, size, stretching and shearing are treated
in a uniform formalism. Assume that every symbol type has a template, depicting an ideal



Figure 6. The relationship between two symbol tokens, and some of its dimensions of variability

token of that type, at a standard position, size and orientation. Every symbol token has an
embedding, an affine transformation mapping from the plane of the template into the image
plane. Figure 7 shows the templates for the ‘A’ and ‘line’ symbol types, and embeddings for
one symbol token ¢7 of type A and three symbol tokens 69, 63,64 of type line. The embeddings
are called u(c1),u(cs), u(cs), u(cy).

‘line’ template

‘A’ template

uo,)

W

u(oy)

ron

Figure 7. This shows an image and the templates for two symbol types line and A. In
colour are shown the embedding transformations for four symbol tokens, c; (of type
A) and 69,063,064 (of type line).

Now consider the geometric relationship between 65 and o3: this is defined as u(cs3)~! -
u(oz), which is a member of G, the group of affine transformations (if the image is a plane this
is a six-dimensional Lie group).

The relationship between 62 and o3 may be expressed in the form

u(o3)~ ! uloy) = F - exp(A) (1)

where F G is the nominal or ideal value of the relationship, A is a member of A, the six-
dimensional Lie algebra of G, and exp: A — G is the exponential function. If you would like a
concrete representation, think of a point x in the plane, an affine transformation GG, and a
member A< A of the Lie algebra in matrix form using projective coordinates:
X1 811 812 S1 hii hiz t
x = [xz] , G= [g21 822 82] , A= [hzl hao tz] .
1 0 o0 1 0 0 O

Then G may be applied to x by matrix multiplication, and exponentiation is defined by

o0 An
exp(A) = Z g

n=0



A is called the deviation of u(c3)~!-u(cz) from its nominal value. This deviation is quadratically
penalised using a metric tensor.

Definition. A metric tensor is a function g: A — (A — R) such that
® Vei,c2€R VA,B1,Bec€ A g(A)(c1B1 + c2Bg) = c18(A)(B1) + c28(A)(By),
o VA,Bec A g(A)B) = g(B)A),
e VAc A (A # 0= g(A)A) > 0).

A fleximap is simply the combination of the nominal transformation and the metric tensor.
Definition. A fleximap is a pair (F,g), where F € G and g is a metric tensor.

The penalty of the affine transformation u(c3)~!-u(cy) relative to the fleximap (F,g) is defined
as g(A)A), where A is given by equation (1) above. To state it in general,

Definition. For any fleximap t = (F,g) and any affine transformation G, define the penalty
E(G) of G relative to T by
E(G) =g(A)A)

where G = F - exp(A).

If we choose a basis (a1,...ag) for A, A may be expressed as A = ZleAiai, where Al .. AS
are real coefficients, and g may be represented as a positive-definite, symmetric real 6 x 6
matrix (g;), with g(A)XA) = 377, | g,;A'A/.

By a suitable choice of basis (a1,...ag), £ may be put into diagonal form,

g = diag(g1,82,85,84,85,86), where g1,82,83,84,85,86 > 0. Then the penalty is g(A)(A) =
Zle gi(A")2. We can choose g so that ai,...as are the six desired dimensions of variation
(a1 = rotation about a certain point, as = dilation about a certain point, a3 = translation in
a certain direction, etc.), and g1,82,83,84,85,8¢ are the penalties for each of these types of
deviation. Hence g(A)(A) is a weighted sum of squares of deviations, as desired.

Thus the deviation A may be decomposed into any six (linearly independent) dimensions
of variation that we like, and each dimension may be penalised as much as we like. For the
full and rigorous theory of fleximaps see [49, §3,85].

In the grammar, relationships between siblings are represented by edges; so each edge
type will have a fleximap t describing the geometric relationship. In the pattern, each edge
token has the actual value of the relationship, e.g., u(c3)~! - u(s2). The penalty is calculated
for the actual relationship relative to the fleximap, and equals E.(u(c3)~ ! - u(cs)).

Relationships between part and whole, e.g., between 69 and o in figure 7, are represented
by nodes; each node type in the grammar will have a fleximap constraining this relationship.
A penalty is calculated for the actual relationship u(c1)~! - u(cy) relative to the fleximap.

All these penalties are summed (multiplied by —1), along with other penalty terms, to
give the total match function (see §6.2,57.2), which is to be maximised.

5.3 Invariance of the whole pattern under affine transformations

Whichever method is used to represent geometric transformations, some allowance needs to
be made for invariance of the pattern under change of frame of reference. Qualitative spatial
relationships such as leftOf, aboveOf are invariant under translation but not rotation; they are
appropriate for applications where the image has already been normalised for orientation and



spatial directions have a special significance, such as recognition of mathematical formulae
[15] or musical scores [42].

Topological qualitative relationships [71] are invariant under homeomorphisms. The qual-
itative relationships in [76] are a mixture of topological invariants, affine invariants and
similarity invariants.

Where geometric relationships are expressed in terms of angles and ratios of lengths
[100,92,22,108,107] they are invariant under similarities; others are invariant under isometries
[11].

My fleximap formalism is invariant under affine transformations. If the whole pattern is
subjected to an affine transformation f then the embedding u(c) of every symbol token ¢ is
transformed by u(c) — f - u(c), so the relationship u(cs)~! - u(c1) between two symbol tokens
61 and o9 is unchanged, so the penalty value is unchanged.

5.4 Symmetry

The final issue to be considered is symmetry of the symbols and the whole pattern. A hexagonal
grid pattern, for example, has six-fold rotational symmetry: every interpretation of the image
has six symmetry variants. A pattern recognition system must recognise that these are
equivalent, rather than treating them as six alternative, competing hypotheses, all of precisely
equal merit. Thus symmetries must be represented explicitly. Every symbol type has a
symmetry group, which we assume to be finite.

For example, the line symbol type has two symmetries: the identity transformation and
rotation by n. Look back at figure 7. The symbol token o, of type A expects its three line parts
to be oriented in a certain way relative to it; for example, it may expect the crossbar to be
oriented left-to-right; yet the line token o3 that plays the role of the crossbar may actually be
oriented the other way round. If so, then if we calculated the penalty of u(c3)~!-u(c;) against
the fleximap we would get a spuriously high value. We need a way of saying that rotations by
7 are to be disregarded when calculating the penalty. To allow for this, it is convenient to give
node tokens embeddings as well as symbol tokens. Recall that the part-whole relationship
between o3 and o7 is represented by a node token n with P(n) = 63 and W(n) = 6;. We give
n an embedding u(n), which is the same as u(o3) except that it is oriented the expected way
round, considered as a part of 6;. That is, u(c3) = u(n) - s, where s is either the identity or
rotation by n. It is u(o3)~! - u(n), rather than u(os)~! - u(c1), that we take as the part-whole
relationship in the calculation of the penalty relative to the part-whole fleximap.

To specify a symmetry we must provide

e an automorphism a: Ny — Ny of the grammar (i.e., an isomorphism onto itself),

e an affine transformation s(c) to be applied to every symbol type o (it must be one of ¢’s
symmetries),

e an affine transformation s(n) to be applied to every node type n (it must be one of P(n)’s
symmetries),

such that the grammar is unchanged when the automorphism is applied to it and all fleximaps
are transformed using the s(c) and s(n) functions. The symmetry itself is the pair (a,s). (See
[49, §6.4,87.5] for precise details.) For example, in one symmetry the hexagonal grid symbol
type hex (see §3.3) is rotated by %, some of its nodes are rotated by = (but /ine is not), and the
automorphism maps hex to hex, line to line, nodes 1,2,3 to nodes 2,3,1, and edges a,b,c,d,e,f



to b,c,a,e,f,d, respectively. Such symmetries of the grammar can then be applied to the
pattern N; with a parse p: N7 — Ny and a set of embeddings; a local symmetry of N consists
of applying a separate symmetry to each symbol, producing a new parse and a new set of
embeddings. For example, a symmetry can be applied to a single token of type hex and its
subsymbols, nodes and edges, leaving everything else unchanged [50, §4.3].

5.5 Embedding tokens and types

It is convenient to bundle together all the embedding transformations into a single mathe-
matical object, the function u:¥X; UN; — G (where N7 = (X1,N1,H{,E,K;,W1,P1,A1,F1,S1,
C1,Gy) is the pattern). This is called an embedding token for Ni. It is subject to the constraint

vn,n* €Ny (Gi(n,n”*) = u(n) = u(n™))

i.e., if two nodes are glued then they have the same embedding.

It is also convenient to bundle together all the fleximaps that constrain these embedding
transformations into a single mathematical object, called an embedding type for N7. This is a
sextuple vy = (sub,conq,reli,symmy,temy,iny), consisting of functions
suby:{(0,06*)eXy x X1 | G1(c,6%) } — Flex, con1:N1 — Flex, rely;:E1 — Flex, symmi:¥X; —
Sub(G), tem1:X1 — Tem, and in{:X1 — Flex, where Flex is the set of all fleximaps, Sub(G) is
the set of all subgroups of G, and Tem is the set of all templates. These are interpreted as
follows.

For any supersymbol ¢ and subsymbol ¢*, sub;(c,c*) is the fleximap defining the variable
geometric relationship between them.

For any node n, coni(n) is the fleximap defining the geometric relationship between the
part P(n) and the whole W(n), or, more accurately, the relationship between the node and the
whole, as explained in the previous subsection.

For any edge e, reli(e) is the fleximap defining the geometric relationship between the
nodes A(F'(e)) and A(S(e)).

For any symbol o, symmi(c) is the symmetry group of o, and temi(c) is its template;
in1(c) is a fleximap (I,g) whose nominal part I is just the identity affine transformation, but
whose metric g is the inertial metric of o, which is used to determine how ¢ moves in response
to forces (see §7.3).

But where does this embedding type vy for A7 come from? We are given an embedding
token v = (sub,con,rel,symm,tem,in) for the grammar Ny, which captures all the geomet-
ric information associated with the grammar. We can transfer it to the pattern using the
homomorphism p, giving an embedding type v; = v op for N7, defined by

vop = (suby,con op,rel o p,symm op,tem op,in op).
where
Vo,6"cX; (Gi(o,6") = subi(c,c”) = sub(p(c),p(c™))).

vy is called the induced embedding type on A7. It is v that we compare with the embedding
token u, as just described.

Embedding tokens are further constrained by a symmetry condition. If u is the embedding
token for the pattern A7 and v; = v op = (subq,cony,reli,symmy,temy,iny) is the embedding
type for N1, the symmetry condition for N1,u,v; is

vneN; uPi(n) ! um)e symm1(P1(n)).



This states that each node n is embedded in the image plane in the same way as the part
Pi(n), up to a symmetry of P1(n) (as explained in the previous subsection). This symmetry
condition will be imposed throughout the recognition process.

6. Templates and the definite match function

6.1 Templates

So far I have said nothing about the relationship between the image and the pattern. It is
only at this point that we need to make any assumptions about the nature of the raw data,
which I have called the ‘image’. Assume in this section that the image is a rectangular array
of monochrome pixels. Formally, an image is a function I: R? — [0, c0). For any point p € R2,
I(p) is the image intensity at the pixel p. The domain of I is called the image plane.

Recall figure 7 in §5.2. Formally, a template is a differentiable function T:R2? — [0, co)
such that the set {xcR? | T(x) > 0} is bounded. The domain of 7T is called the template
plane. Each token ¢ of this type has an embedding transformation G = u(c), mapping from
the template plane to the image plane.

We shall define a measure p; 7(G), called the correlation function, of how well a template
T matches the image (transferred into the template plane) I o G, and will seek to choose G to
maximise it. Define

01 7(G) = |det(G)| / Tw) A(Gw) — Io) du = / TG0 ) — I) dx

where I, is a positive real constant associated with 7. The integrals are over the whole of R2,
or equivalently over a large enough region to include in its interior all the points where T is
non-zero.

Each symbol type has a template (this is provided as part of the embedding type v, see
§5.5). This is transferred across to the pattern when we form v o p, so now we can say that
each symbol token ¢ has a template, tem(c), which is equal to the template of its symbol type.

There is one complication. We wish to prevent two identical symbols from forming at the
same place in the image, or more generally to discourage two or more symbols from claiming
credit for the same patch of the image. If two or more symbol tokens’ templates overlap in the
image plane, i.e., if there are points x in the image plane where tem(c)(u(c)~1(x)) > 0 for two
or more symbol tokens o, then the point x should become saturated and the contribution it
makes to the correlation function should be reduced to penalise the overlapping symbol tokens.
For this it is necessary to calculate the saturation sat(x) of each point x, which is roughly the
sum of tem(c)(u(c)"1(x)) over each symbol token c. (However, this needs modification for
subsymbols to avoid double-counting.) The formal definition of saturation follows.

Suppose we are given a pattern N7 = (X1,N1,H{,E{,K{,W,P1,A1,F1,S1,C1,G1), an em-
bedding token u for A7, and a function tem:Y; — Tem, then sat:R? — R, is defined by

VxeR?  sat(x) = Z(l — g5) - tem(c)(u(o) "1 (x)).
cEL,

where g; = [{0*€X | G1(6*,06) }|. We call sat(x) the saturation at the image point x.



The correlation function is now modified to take account of saturation:
P17 50(@) = |det(G)| / w(sat(Gw)) T(w) I(Gw)) — Ip) d*u = / w(sat(@) T(GHx) U (x) — Ip) d*x

where w is a weighting function that suppresses the integrand at points x where sat(x) is
above 1. A suitable definition of w is

1 ifs <1,
VscR w(s) = { (1.6 —-5)/0.6 if1<s<1.6,
0 if 1.6 <s.

We also define mass, m, of a symbol token, with template 7', and which is embedded in
the image I by G, by

m:MMG%/ﬂwfu:/TGAmM%.

This is used when calculating how much the symbol token moves in response to a force (see
§7.3 below).

6.2 The definite match function

We are now in a position to state the definite match function, which measures how well a
definite pattern AN matches an image I, and how well A’s embedding token u matches an
embedding type v for N. It is the aim of recognition to construct a definite pattern that
maximises the definite match function.

The definite match function DM is defined by

DM(IaNa u, U) = Z pI,tem(G),sat(u(G)) - G‘Z\P(N)’ - ZEsub(G,G*) (u(c)il ' u(c*))
c€EX (0,6%)|G(0,0*)
3 Bty (W@t um)) — Y Epe) (wAS©@) ! - w(AF@))))
neN ecE

where N = &,N,H,E,K,W,P,A,F,S,C,G), v = (sub,con,rel,symm,tem,in), 0 is a positive
real constant and sat is the saturation function, as defined in the previous section.

The first term on the right-hand side is a sum over all symbols; tem(c) is the template
for o, and Py .m(s) sa:(%(0)) measures the correlation between the template (embedded in the
image using u(c)) and the image 1.

The second term on the right-hand side applies a fixed penalty of 6 for each ‘bare’ symbol,
i.e., each symbol that is not a part of another symbol. This term encourages the symbols to
connect themselves together rather than remaining separate.

The third term measures how well each subsymbol matches its supersymbol geometrically.
The summation is over all pairs (¢,c*) such that ¢ is a supersymbol of ¢*; sub(c,c*) is a
fleximap that defines what the geometric relationship between ¢* and ¢ should be; u(c)~!-u(c*)
is the actual relationship between them; the quadratic penalty function E.(G) calculates the
penalty for the deviation between an affine transformation G and a fleximap t, as defined in
§5.2.

The fourth term measures how well each part matches its whole geometrically. The
summation is over all nodes n; P(n) is the part symbol and W(n) is the whole symbol. The
node n has its own embedding u(n), which equals u(P(n)) up to a symmetry; w(W(n))~! - u(n) is



the actual geometric relationship between the part (or rather the node) and the whole; con(n)
is a fleximap specifying what the relationship should be.

The final term measures how well each pair of siblings match geometrically. The sum is
over every edge e, representing a sibling relationship between two nodes A(F(e)) and A(S(e));
uw(A(S(e)) ! - u(A(F(e))) is the actual relationship and rel(e) is the fleximap specifying what the
relationship should be.

All these fleximaps are provided by the embedding type v; the final component in of v is
not used yet.

The DM function is invariant under application of affine transformations to the symbols’
internal frames of reference, under local symmetries, and under affine transformations of the
image of determinant 1 [50, theorems 28-31].

The DM function is used as follows. We are given an embedding type v for the grammar,
we transfer it across to an embedding type v op for the pattern, and DM allows us to compare
this with the embedding token u that we have constructed for the pattern, while also comparing
the pattern N; with the image I.

6.3 Full statement of the recognition problem

We can now refine our statement of the recognition problem in §4.3. Given a semi-definite
network N (the grammar), an embedding type v for Ay, and an image I, the task is construct
a definite network A7 (the pattern), an embedding token u for A7 (specifying how everything
in the pattern is embedded in the image), and a homomorphism p: N7 — Nj (the parse),
maximising DM (I, N1, u,v o p), subject to the symmetry condition for N7,u,v op.

7. Inclusion functions and the indefinite match function

We now turn to the algorithm for solving the recognition problem. A pattern N7 is constructed
incrementally. While it is under construction it is indefinite, meaning that alternative gram-
matical interpretations co-exist for different portions of the image. Some alternatives are
evaluated as better than others. Each symbol token ¢ has an inclusion value i(c)€l0, 1], which
is the algorithm’s degree of confidence in ¢, where i(c) = 1 means that ¢ is definitely correct
and i(c) = 0 means that o is definitely wrong and will be pruned. Similarly each node token n
and each edge token e has an inclusion value i(n) and i(e). The function i is called an inclusion
function and is accompanied by a second inclusion function j, explained below.

By the end of the recognition process, all inclusion values have been driven to the extremes,
0 or 1, and everything with inclusion value 0 has been pruned.

7.1 Definition of inclusion functions

Definition. A pair of inclusion functions on a network N' = &,N,H,E,K,W,P,A,F,S,C,QG) is
defined as (i,7), where i:X UNUE — [0,1] and j:X UN U H U (K\dom(G)) — [0, 1], such that

VoeX i(o) =j(o) + Z (1 —gni(n), where g, = |{n* eEN | G(n*,n)}‘ @)

neP~1({c})
VreN W) =jn)+in) (2)
VheH iAMR) =jR) + Y ie) + Y i) (3)
ecF—-1({n}) eeS—1({n})
VkeK\dom(G) i(Ck) =jk)+ »  iCE"). 4)

k¥ |Gk k)



(The summation notation in (4) means a sum over all £* such that G(&, k*).)

This definition may be interpreted informally as follows. (In the following explanation I
shall say ‘should’ or ‘is correct’ to state what will hold or exist at the end of recognition when
the pattern is definite, and a simple ‘is’ for what is true during recognition when the pattern
is indefinite.)

Line (1). Each symbol ¢ should either be a ‘bare’ symbol (with P~1({c}) = () or a part
of one larger symbol (with [P~1({c})| = 1). Hence the nodes presently in P~!({c}) are in
competition with one another; at most one can be correct. i(c) is interpreted as the degree of
confidence in o, j(c) is the degree of confidence that ¢ should be a bare symbol, and i(n) is
the degree of confidence in n. An exception to this competition is that if n is a subnode of n*
(i.e., G(n*,n)) then they may both be correct; the 1 — g, factor allows for this co-existence.

In line (2), i(W(n)) is the degree of confidence in W(n), j(n) is the degree of confidence that
W(n) is correct but n is not, and i(n) is the degree of confidence in n.

Line (3) expresses the fact that each hook A should have a single edge incident to it
G.e., [F~Y({h})| +|S~1({h})| = 1); hence the edges presently in F~1({2}) and S~'({r}) are in
competition with one another. Thus i(A(h)) is the degree of confidence in the node or symbol
A(h), i(e) is the degree of confidence in e, and j(h) is the degree of confidence that A(h) is
correct but that none of its present edges is (i.e., the correct edge has yet to be created).

Line (4) expresses the fact that each facet £ that is not itself a sub-facet should be glued
to a single sub-facet. Hence if £ is presently glued to several sub-facets then they are in
competition with one another; i(C(k*)) is the degree of confidence in the edge C(k*), j(k) is the
degree of confidence that C(k) is correct but that none of &’s present sub-facets is.

At the end of recognition all surviving symbols, nodes and edges will have inclusion values
1 and the pattern will be definite.

Theorem 32 (from [50]). If N = EC,N,H,E,K,W,P,A,F,S,C,G) is a definite network and
(i,7) is a pair of inclusion functions on N satisfying VxeX UN UE i(x) = 1, then

VoeX j(o) = { 0 if 6o €PIN)  vycN j(n)=0, VheH j(h)=0, VEkeK\dom(G) j(k) = 0.
1 otherwise

7.2 The indefinite match function, IM

We can now generalise the definite match function DM to a function applicable to indefinite
patterns. First we generalise the (definite) saturation function defined in §6.1 to the indefinite
saturation function sat:R? — R, defined by

VxeR? sat(x) = Z(l — go)i(c) tem(c)(u(c) 1 (x)).

cEL

(The difference is that every symbol ¢ is now weighted by i(c).) Then the indefinite match
function IM is defined by

IM(I,N,u,v,i,j,B) =
Z (i(c)pl,tem(c),sat(U(G)) _](G)B(G)) B Z i(c*)Esub(G,cs*)(u(G)il -u(c”))

cEX (0,6%)|G(0,6%)
= i oy @(W )™ - un)) = > j(RBMR) — Y j(R)B(E)
neN heH keK\ dom(G)

- Z 1(€) (Ereie)(w(A(S@)) " - u(AF @) + Einwarem) wWASE@)N) ™ - w(WAFE@)))).

ecE



Here, I is the image, N = (X,N,H,E,K,W ,P,A,F,S,C,QG) is the network we are comparing
with the image, u is the embedding token that specifies how N is embedded in I, v = (sub, con,
rel,symm,tem,in) is the embedding type against which u is evaluated, (i,j) are the inclusion
functions, and B is called the bareness function.

The terms of IM are much like the terms of DM, except that everything is weighted by
its inclusion value. The fixed penalty 0 levied for each bare symbol is replaced by a variable
penalty B(o); it is weighted by j(c) because j(c) is the degree of confidence that ¢ is bare.
There is a new penalty B(h) for a bare hook (i.e., a hook with no incident edges); this is
weighted by the degree of confidence j(k) that A is bare. Similarly there is a new penalty B(k)
for a bare facet (a facet that should have a sub-facet but does not); this is weighted by the
degree of confidence j(k) that % is bare.

All these variable penalties are specified by the bareness function B: X UHU(K\ dom(G)) —
[0, 00).

The final term (E;,wua@ey)(. -.)) is new. Normally, for any edge e, we have W(A(F(e))) =
W(A(S(e))), which means that the two nodes at each end of e belong to the same whole
(this is called a coherent edge). However, incoherent edges are temporarily permitted during
recognition. They may occur, for example, with the hexagonal grids in §10.1. There may be
genuine uncertainty about whether two overlapping hexagonal grids should be merged or kept
separate. Incoherent edges may form between a node of one grid and a node of the other. If
so, this is penalised in IM by using a metric tensor in(c), where in is taken from v and o is
one of the two grids. This term penalises incoherent edges; it is 0 if the edge is coherent. As
we are about to see, each term in IM gives rise to forces that change the symbols’ embeddings.
This final term exerts a force that draws the two wholes together; eventually, either they will
come close enough to be merged or the incoherent edges will be removed. At the end all edges
will be coherent.

The next theorem shows that DM is a special case of IM.

Theorem 33 (from [50]). If
(a) N is definite,

(b) VxeX UNUE i(x) =1,
(c) YoeX\P(N) B(c) = 6,

then IM(I,N,u,v,i,j,B) = DM(I,N,u,v).

When we use IM during recognition, the network we take is the pattern N7, and the embedding
type we take is v o p, i.e., the given embedding type v for the grammar N, transferred across
to N7 using the parse p: N7 — Ny. So it is IM(I,N1,u,vop,i,j, B) that we shall be maximising.
At the end of the recognition process, when the conditions of theorem 33 will hold, we shall
have maximised DM (I, N1, u,v), as required.

7.3 Adjustment of the embedding token
During recognition the embeddings of all the symbols and nodes are continually adjusted to

maximise IM(I,N1,u,v o p,i,j,B). Consider making a small change to the embedding token

u — u - Au, where
VoecX Au(oc) = exp(eVy)

VneN Au(n) = exp(eV,)



where the increments Vg, V, € A (recall that A is the Lie algebra of the affine group). Then,
developing the change in the value of IM to first order,

IMUI,N,u - Au,v,i,j,B) =IMUI,N,u,v,i,j,B) +EZFG(VG)+O(8)'

cEX

Here F; € F, the dual vector space to A. (The theory of A and F is developed fully in [49].)
Elements of F are called forces. Note that the change depends only on the V; increments, not
also on the V), increments, because they are tightly related by the symmetry condition.

The forces can be understood informally as follows. Each term in IM generates (through
its derivative) a force at a symbol, node or edge, which propagates through the network; the
forces reaching any symbol ¢ are summed to give the total force F; acting on ¢ (see [49, §7.6]
and [50, §6.5]).

We then apply gradient ascent, choosing our increment Au to increase the value of IM.
To make this well-defined we must specify the cost of making the adjustment; this requires a
choice of an inertial metric tensor in(c). The cost is defined as %s Y sex Mo in(e)(V)(Vs), where
m. is the mass of o, defined in §6.1. It is a simple exercise [49, §7.7] to show that the optimal
choice of increment is

VoeX V, = iin((s)_l(FG).
me

Thus the role of the inertial metric in(c) is to convert (covariant) forces into (contravariant)
increments. The increments V,, for nodes n are then determined by the symmetry condition.
This determines the change u — u - Au in the embedding token (up to an arbitrary choice
of the positive constant €). This incremental adjustment, continually repeated, optimises the
embedding of the pattern in the image.

The inertial metrics in(c) are determined by the function in, provided as part of the
embedding type. (As we saw in the last section in(c) also has a secondary use, in the penalty
for incoherent edges in the IM function; this is separate from its primary use here.)

7.4 How the inclusion functions are determined

The inclusion functions i,j are continually recalculated during the recognition process by a
simulated annealing process, governed by a temperature parameter that varies across the
pattern and with time. Where the structure of the pattern is changing, the temperature is
high, and this makes the inclusion functions take on mid-range values, so several alternative
interpretations can co-exist in parallel; when structural changes stop, the temperature declines
and the inclusion functions are pushed towards O or 1, and so a choice is forced between
alternatives. Every symbol token, node token or edge token with inclusion value 0 is pruned.
Eventually everything has inclusion value 1 and the pattern becomes definite.

For the purposes of this section only, we reformulate i,j and the constraints on them in a
vector notation in order to emphasise their linear nature. Given a pair of inclusion functions
(,j) on a network N = (X,N,H,E,K,W,P,A,F,S,C,QG), we shall convert (i,j) into the inclusion
vector i on N, with components i, for all x € X, where

X=Xx{0,1} UNx{0,1} U H U E U K\dom(G).



Each component of i represents one value of i or j, as follows.
VoL i) =i0), ie1 =J(0)
vneN igg =in), iy =jn)

VheH ih :J(h)
VecE i, =i(e)
VkeK\dom(G) i, =jk)

The constraints on i and j in §7.1 are linear and so can be expressed as a set of linear conditions

on i of the form
VyeY ¢ -i=) cli,=0

xeX

using a set of vectors ¢, for all yeY, where

Y =X UN UH UK\dom(G)

and ¢” has components ¢, for xcX.
The IM function is also linear in i (if we disregard the dependence of the saturation
function on i) and so can be written in the form
IMU,N,u,v,i,j,B)=i-m=>_im,
xeX
where m is a vector whose components m, depend on I, N,u,v,B.
The vector i is determined by maximising the expression

i,m, . . . )
E:Z T, _Z(lxlnlx+(1—lx)1n(1—zx))
xeX xeX

subject to the constraints VyeY ¢” -i = 0, where each T, is a positive number, known as the

temperature of x. To be precise, every symbol, node, hook, edge and facet has a temperature,
and we define T(; o) = Ts,1) = Ts and T(,0) = T,,1) = T». The solution is

. . (m

1, = .S‘Lg(T: + ZMC%)

yeY
where the sigmoid function sig:R — (0,1) is defined by VueR sig(u) = H% and the 2,
parameters are unknown Lagrange multipliers. By examining the second derivatives it can
be determined that this solution is a local maximum of E.
We can split each ¢ vector into two vectors ¢’™ and ¢~ by separating positive and
negative components:
VyeY vxeX et =max(c),0), ¢!~ =max(—c,0),
so that the constraints may be written as VycY ¢t -i = ¢”~ - i. Also define
VyeY €’ = (maxec)')+ (maxe) ).
xeX x

The following iterative algorithm seeks values of A, satisfying the constraints.

For each y€Y, initialise A, to its final value last time this algorithm was run;
repeat
for each xe€X, do i, : = sig(m,/T; + P Ayer) |

1 [ 1
for each yeY, do A, : =1, + Eln<cy+ : i>
until equilibrium,;

for each x€X, if i, is very close to O or 1, then round it to 0 or 1.



In this algorithm the semicolon means sequential composition, the ‘|’ symbol means parallel
composition, and the ‘for each’ loops are parallel loops. This means that all the assignment
statements in the ‘repeat’ loop body may be executed concurrently in any fair order. Note that
this loop is by far the most computationally expensive part of the entire recognition process,
so the high degree of parallelism is relevant from the point of view of time complexity.

I have no proof of convergence for this, but a heuristic argument [50, §7.4] shows that it
tends to bring the constraints closer to satisfaction. It can only halt when all the constraints
are satisfied.

Thus the inclusion functions are chosen to maximise E. In the final stages of recognition,
all the temperatures will converge to the minimum allowed temperature T),;, > 0 and so each
i, is likely to approach O or 1, and is then rounded to O or 1, giving

_ IM{U,N1,u,v 0p,i,j,B)

E Tmin

Hence maximising E ultimately maximises IM(I,N1,u,v op,i,j,B). By theorem 33 this max-
imises DM(I, N1,u,v o p) for the final pattern.

8. The structural operations

This section describes the structural operations by which the pattern is incrementally grown
during recognition. There are four kinds:

e pruning operations,

e extension operations,

e merging two symbol tokens,

e partitioning a symbol token into two.

When such an operation is applied to the pattern N7, the parse p: N7 — Ny, the embedding
token u on N7, and the inclusion functions (i,j) are updated accordingly.

8.1 Pruning operations

Definition. Given a network N = (X,N,H,E,K,W,P,A,F,S,C,G) and a pair (i,j) of inclusion
functions on N, a pruning operation is a transformation from A to a subnetwork A’ = (¥,
N ,H ,E',K',W',P',A’",F',S’,C’,G’) such that

VoeX\X i(c) =0, VnecN\N'i(n)=0, VecE\E i()=0.

A pruning operation is trivial iff N7 = N.

In practice we may confine ourselves to elementary pruning operations, which consist of

e pruning a symbol ¢ — removing ¢ and its subsymbols, and all their dependent nodes,
hooks, edges and facets;

e pruning a node n — removing n and its subnodes, and all their dependent hooks, edges
and facets;

e pruning an edge e — removing e and its subedges, and all their facets.



A pruning operation, since it only removes things with inclusion value 0, does not alter the
value of the IM function [50, theorem 41].

Definition. A network NV = &,N,H,E,K,W,P,A,F,S,C,QG) is unprunable, given a pair of
inclusion functions (i,j) on A/, iff there is no proper subnetwork N’ = (' N’ ,H ,E',K',\ W', P,
A F',S",C',G’) of N satisfying

VoecX\X i(c) =0, VnecN\N'i(n)=0, VecE\E i()=0.

(In other words, a network is unprunable iff no non-trivial pruning operation is possible on it,
or, equivalently [50, theorem 40], iff no elementary pruning operation is possible on it.)

8.2 Extension operations

Definition. Given a grammar Ny, a pattern N7, a homomorphism p: N7 — Ny, and an embed-
ding token u for A, an extension of (Ni,p,u) is a triple (NV{,p’,u’) where N is a subnetwork
of Vi, p": N — N is a homomorphism such that p = p’|,, and v’ is an embedding token for
N] such that u = u'|y,.

Definition. (N{,p’,u’) is a minimal extension of (N1, p,u) satisfying a condition P iff
(i) (WV{,p’,u’) is an extension of (N, p,u) satisfying P;
(i) for any extension (NV/,p”,u") of (N1,p,u) satisfying P, |N]| < |NY|,

where the cardinality |N| of a network A is defined by |X,N,H,E,K,W,P,A,F,S,C,G)| =
X+ IN| + [H| + |E| + [K].

Definition. An extension is trivial iff N7 = N;.

Using these notions we can define the extension operations used in the algorithm. The
notation is as usual: we have a grammar Ny = (Xo,Ny,Hy,Eq, Ko, Wy, Py,Aq,Fo,So,Co, Go)
and an embedding type v = (sub,con,rel,symm,tem,in) on Ny, a pattern N7 = (X1,N1,Hq,
E{,K{,W{,P1,A{,F1,S1,C1,G1) with a parse p: N1 — Ny, an embedding token u, a pair of
inclusion functions (i,j), and a bareness function B for N7; we shall produce an extended
network N = (le’Ni’H/pElpKi’Wi’PlpAlpFi’Sll’ClpGi) with a new parse p": N] — Ay and
embedding token u’. The threshold 6 is the positive constant used in the DM function (see
§6.2); the thresholds 0,01,02,03,04 are used only in the extension operations and may be
made dependent on parameters such as temperature.

In the extension operations the following additional conditions, referred to collectively as
the extension conditions, will be imposed.

e VoeXi (P 1({c}) Z N1 = j(c) >0y A B(o) < 0),

o VhcH; (F; '{r}DUS|"I({R}) Z E1 = j(h) > 0y),

o VecE] (A1(Fi(e)) ¢ N1 v Ai(Si(e)) ¢ N1 = Wi(A(F(e) = Wi(A[(S](e))),
o /n ENJ\N1 Eonpiny@Win)~1 - u/(n)) < 041,

e the symmetry condition for N],u’,vop’.

The extension operations are as follows (see figure 8 below). For each one, the extension
conditions are checked at the end and the operation is cancelled if they do not hold.

(a) (Joining two symbols.) Given symbols 61,69€X1, an edge egc€E(, and affine transformations
s1€symm(p(c1)) and sy esymm(p(cz)) such that



o Py(Ag(Folep))) = p(c1) and Py(Ay(Solep))) = p(c2),
construct a minimal extension (NV{,p’,u’) of (Ny,p,u) (if one exists) such that N] contains
nodes n1,ns and an edge e for which

e p'(e) = eg, Aj(Fi(e)) = n1, Aj(S)(e)) = ng, Pi(n1) = 61 and P|(ng) = o9,

e u'(n1) =u(oy)-s; and u'(ng) = u(og) - sa.
(b) (Joining three symbols.) Given symbols 61,069,632, edges eg1,e92 €Ey, s1€symm(p(c1)),
sgesymm(p(cz)) and s3esymm(p(cs)) such that

o Ay(Soleo1)) = Ao(Foleoz)), Po(Ao(Foleo1))) = p(o1), Po(Ao(Soleo1))) = p(cz) and Py(Ay(Solenz)))

= p(c3),

o Ereg(s5 " u(02)71 - u(01) - 81) + Erereny)(s3 - - u(o3) ™1 - uloz) - s2) < 03,
construct a minimal extension (N],p’,u’) of (Ni,p,u) (if one exists) such that A contains
nodes n1,n9,n3 and edges eq,es for which

e p'(e1) = eo1, p'le2) = ez, Aj(Fi(e1)) = ni1, Al(Si(e1)) = ng = A[(Fi(e2)), A[(S}(e2)) = ns,

Pi(n;) = o1, P|(n2) = 63 and P)(n3) = o3,

o u'(n1) = u(oy) - 51, u'(ng) = ul(cy) - sz and u'(n3) = u(os) - s3.
(There are also variations of operation (b), in which the directions of eyg; and e; are reversed,
or the directions of eg2 and ey are reversed.)
(c) (Extending from a hook.) Given a hook 2 €Hj, construct a minimal extension (N7,p’,u’) of
(N1,p,u) such that

o p'(F;'({h}) = Fy '(({h})) and p'(S; ' ({h})) = Sy (({R})),

o VecE\\E1 E,p)'AS @)1 u' A (F(e))) = 0.
(d) (Extending from a facet.) Given a facet £cK; such that

o Wi(A1(F1(C1(R))) = W1(A1(S1(C1(R))))

L J(k) > eO)
construct a minimal extension (N],p’,u’) of (NV1,p,u) such that

° ]70 Gllil o id{k} = Gal opo id{k}.
(e) (Extending from a part to a whole.) Given a symbol c€X, construct a minimal extension
Wi, p’,u') of (N,p,u) such that

e p'(P;71({c}) = Py tp({c}),

e VREN|\N1 Eonpriny@ Wim) 1 -u/(n)) = 0.

(f) (Filling in a missing part between two parts.) Given nodes ni,n3eN;, hooks hi,hscH,
edges eg1,e02€Eo and an affine transformation f such that

e Wi(ny) = Wl(n3), Al(hl) = ni, A1(h3) = ng, Ao(So(em)) = Ao(Fo(eoz)), Foleo1) = p(hl) and
S()(QOZ) :p(h3)’

L Erel(e()l)(f_l ° u(nl)) +Erel(e02)(u(n3)_1 f) < 94)

construct a minimal extension (N7,p’,u’) of (N1,p,u) (if one exists) such that A contains
edges e1,es and a node ng for which



e p'(e1) = eo1, p'(e2) = eg, Fi(e1) = hy, Aj(Si(e1)) = ng = Aj(Fi(e2)) and Si(ez) = hs,
o if ny §é N1 then u’(nz) = f

(There are also variations of operation (f), in which the directions of ey; and e; are reversed,
or the directions of egs and ey are reversed.)

(g) (Filling in a symbol between part and whole.) Given symbols 61,63€X1, symbols c¢1, 002,
Go3 EXg, nodes ng1,no2 €Ny, s€symm(cps) and an affine transformation f such that

e p(c1) = 601, p(03) = G603, Wo(no1) = 601, Po(no1) = ooz = Wo(noe) and Py(rno2) = 603,
hd Econ(nm)(u(cl)il f) +Econ(noz)(f71 -u(o3) - 8) < By,

construct a minimal extension (NV7,p’,u’) of (NV1,p,u) such that N] contains a symbol 62 and
nodes ni,ng for which

o p'(n1) = no, p'(ng) = noz, Winy) = o1, Pi(n1) = 62 = Wi(np) and Pi(ny) = o3,
o if ni ¢ N, then u’(nl) = u/(Gz) :f,

e if ny ¢ Ny then u/(ng) = u(og) - s.

These extension operations are applied concurrently, in a fair order, controlled by probabilities;
the probability is low in cases where new symbols would be created (particularly operations (a)
and (e)), to avoid the creation of too many new symbols.

These operations are depicted in figure 8. As in previous figures, rectangles represent
symbols, circles represent nodes, small filled discs represent hooks, lines with arrowheads
halfway along represent edges, and small crosses represent facets (shown only for operation (e));
the W and P functions, which map each node to the whole and part symbols, are depicted by
green and blue arrows. For each operation solid lines are used for the symbols, nodes, etc.,
assumed to be present in the pattern before the extension operation; dashed lines are used
for the symbols, nodes, etc., added by the extension operation (if they are not already present
in N7). Thus, for example, operation (g) adds one symbol and two nodes (and their associated
hooks), unless a suitable symbol or suitable nodes already exist in N;. Note, however, that
whenever an edge is added the appropriate number of superedges must also be added, in order
that p’ satisfy the conditions for a homomorphism; and the same applies to symbols, nodes,
etc.; these are not shown in the figure.

Definition. (N1,p,u) is inextendable, given i,j,v, B, iff none of the extension operations can be
applied to it, other than ones giving a trivial extension.

8.3 Merging two symbol tokens

We may merge two symbol tokens of the same type that have similar embedding transfor-
mations (up to a symmetry transformation). Two symbol tokens c1,69€X; of type cocXy
are considered to have similar embeddings up to a symmetry transformation iff there exists
s € symm(o) such that E;, (s ™1 - u(c2)~1 - u(c1)) is below a threshold. If this condition holds
then the symmetry s is applied to 62 (this is a local symmetry operation; the other symbols
are unchanged); 6; and o2 are replaced by a single symbol; and the nodes and edges of 6,
and o9 are pooled. (See [50, §8.6] for the formal definition.)
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Figure 8. The extension operations. The figure shows the relevant parts of the pattern
N7 after each extension operation. Solid lines depict what must be present before the
operation; dashed lines depict what is added if not already present.

8.4 Partitioning a symbol token into two



For any cocX,, if the nodes and symbol in W;~({c(}) can be partitioned into two disjoint
non-empty subsets T4,Ts, such that there is no edge between any element of 77 and any
element of T9, then 6y may be replaced by two symbols, 61,09, with 6; getting the nodes of
T1 and o4 getting the nodes of T5. The subsymbols of o are glued to 61 or oo as appropriate
(or duplicated if necessary). The nodes, hooks, edges and facets above 6y must be duplicated.
This operation is called partitioning oo [50, §8.7]. It is roughly the inverse of the merging
operation.

Definition. In a network &,N,H,E,K,W,P,A,F,S,C,G), a symbol cocX is partitionable iff
there exist sets T1,T2 such that Ty U Ty = W~ 1({co}) and T1 N Ty = () and T1,Ts # 0 and
F A X T) NS YA (Ty) =0 and S MA Y (T) N F 1A 1(Ts)) = 0. The network (X,N,H,
E,K,W,P,AF,S,C,Q) is partitionable iff at least one symbol in X is partitionable; otherwise
it is unpartitionable.

If no more partitions are possible then we are one step forward in attaining a definite pattern,
as the following theorem shows.

Theorem 46 (from [50]). If N = &,N,H,E,K,W,P,A,F,S,C,QG) is an unpartitionable net-
AoF

work satisfying the condition WoAoF = WoAoS then E _XNUX ¥yisa coequaliser
AoS

diagram in the category of sets.

9. The whole recognition process

There are a few details to add, and then I shall summarise the whole recognition algorithm.
As usual, the grammar is Ny = X,Ny,Hy, Eq, Ko, Wy, Py,Aq,Fy,So,Co,Gp), the pattern is
Nl = (Zl,Nl,Hl,El,Kl,Wl,Pl,Al,Fl,Sl,Cl,Gl), and the parse is p:Nl — N().

9.1 Line operations

To get the process started there are some operations that introduce symbol tokens of type line

into the pattern (and possibly bar symbol tokens too — see §10). These are as follows.

(a) Create a line. A random search is used to find an initial embedding u(c) with a high
value of p; 7 ., (u(c))

(b) Randomise a line’s embedding, when it is bare and its inclusion value falls too low.

(c) Remove a bare line, if its temperature falls below a threshold. This operation has a small
probability. The purpose of this is to tidy up the pattern by removing excess lines.

(d) Glue two lines together, end to end: the two lines are replaced by one; their bars are
connected together, end to end.

9.2 How temperature is determined

Every symbol token, node token, hook token, edge token and facet token has a temperature.
These change continually by the following three processes. (The notation X = Y means the
assignment statement ¥ : = max(X,Y), and X < Y means X = Y and Y = X. Typical values
for the spreading parameters are f = 0.3 and y = 0.2.)

1. Every symbol, node, hook, edge or facet token created by a line operation or an extension
operation is given a high initial temperature.

2. Temperature is spread through the pattern by applying the following operations periodi-
cally.



For every hook hcHy, do T,y = Th; BTh = Ta,m)-

e For every edge ecEq, do T, <> Te; Ts,e) < Te.

For every node neN7, do
TPl(n) = Tn; YTn = TWl(n);
if n € dom(G,) then YTy, () = T, else YT, = Tp, ().
e For every pair k,k*cK; such that Gi(k,k*), do T}, <= T}-.

e For each kcK;, do T¢ ) <= T.

3. Periodically each temperature T declines by the formula
T:=a+nT

where the constant 1 is slightly below 1 and the constant a is small and positive.

Consequently active regions of the pattern will have high temperature; regions that have
settled down will have temperature converging to T',;, = a/(1 —n).

9.3 How the bareness function B is determined

The purpose of the bareness function is to prevent the algorithm from getting stuck by doing
the same operations repeatedly. The bareness values B(c),B(h), B(k) increase monotonically
to the maximum 0, inhibiting repeated extension operations at the same place.

For each h€H;, B(h) is initially 0 and increases by a fixed amount every time an extension
operation is applied that adds edges to F1~'({h})US;~1({h}). This makes the algorithm more
and more unwilling to remove all the edges and leave the hook bare.

For each kcK;, B(k) is initially 0 and increases by a fixed amount every time an extension
operation is applied that adds facets to {#*€K; | G1(k,k*) }. This prevents the algorithm from
repeatedly adding and removing sub-facets to & forever.

For each ccXy, if Po~1(p({c})) = 0 then B(c) is initially set to 6, and never changes
thereafter. If Py~ 1(p({c})) # 0 then B(c) is initially set to a positive value 8y < 0; B(o) is
increased by a fixed amount every time extension operation (a), (b), (e) or (g) is applied that
adds nodes to P;!({c}). The increment is chosen so that 8 — 8, is a multiple of the increment.
Ultimately every symbol token ¢ has B(c) = 6 [50, theorem 47]. This prevents these structural
operations from being repeated indefinitely.

9.4 Summary of the entire recognition process

The input is an image I, a semi-definite network A (the grammar), and an embedding type
v for Ny (defining all the geometric relationships in the grammar).
The recognition process is a sequence of steps, called cycles. In each cycle,

e | and j are recalculated (§7.4);

e u is adjusted by one step (subject to the symmetry condition) to increase IM(I, N1,u,v o
p,i,J,B) (§7.3);

e all temperatures spread and decline a little (§9.2);

e structural operations are applied to N if the conditions are satisfied (elementary pruning
operations, extension operations, merging two symbol tokens, and partitioning a symbol
token into two); every new symbol, node, hook, edge or facet is given a high temperature
(§9.2), and some bareness values are increased after an extension operation (§9.3);



e line operations are applied to A7 (§9.1).

The algorithm halts when
e no further structural operations are possible (except for trivial extensions);

e the temperatures have declined very close to the minimum 73,;,.

9.5 The outcome of the recognition algorithm
When recognition has finished the following have been constructed:
e a pattern N7,
e a parsing homomorphism p: N7 — N,
e a pair of inclusion functions (i,j) on N7,
e an embedding token u for N7,

e a bareness function B for N;.

The condition
VoeX; B(o) <0, with equality if Py~ (p({c})) = 0

will hold, because it holds all the time. The condition
VxeX{UN;UE; i(x) € {0, 1}

is likely to hold, because all temperatures have reduced to a very low value T},;,. Also, the
condition
WioAjoF; =Wi0A108;

is likely to hold. This is because the final term in the definition of IM penalises incoherent
edges (recall the discussion of this in §7.2). The penalty is large and its effect is amplified
when temperature is very low; an incoherent edge will either pull the two wholes together
until they are merged or be pruned.

If we assume that all three of these conditions hold we can apply the following theorem.

Theorem 48 (from [50]). If

(a) N1 = &,N,H,E,K,,W1,P1,A1,F1,S1,C1,G1) is a network satisfying Wi 0 A; o F1 =
Wi0A;08;,

(b) p: N1 — Np is a homomorphism, where Ny = (Xg,No,Hoy, Eo, Ko, Wy, Py,Ag,Fo,So, Co, Go) is
a semi-definite network,

(c) (@i,)) is a pair of inclusion functions on N; satisfying VxeX; UN; UE; i(x) € {0,1},

(d) u is an embedding token for N7 and v is an embedding type for N,

(e) B is a bareness function for N satisfying Vo X, B(c) < 0, with equality if Py~ !(p({c})) =
0,

(D A7 is unprunable, given (i,)),

(g) (W1,p,u) is inextendable, given i,j,v,B,

(h) N7 is unpartitionable,

then

(1) N is definite,
(2) Verl UN; UE; ix) = 1,



3) IMUI,N,u,v,i,j,B) = DMI,N,u,v).

Proof. This uses theorems from [50].

Theorem 46, using hypotheses (a,h), tells us that

A;oF: W
1) E; :E N;UX; 3 X4 is a coequaliser diagram in the category of sets.
AIOSI

Theorem 42, using hypotheses (c,f), gives
(G) YecE; i(e) = 1.

So theorem 45, using hypotheses (a,c,g) and (j), gives
(k) VheH; j(h) =0 and VkcK;\ dom(G,) j(k) = 0.

Then theorem 44, using hypotheses (c,f) and (i,k), gives conclusions (1,2).

Theorem 47, using hypotheses (a,e,g) and (1,2), then gives
(1) VGEZl\Pl(Nl) B(G) = 0.

Conclusion (3) then follows by theorem 33, using (1) and (1,2). |

Thus the outcome is a definite pattern. The algorithm has sought to maximise IM(I, N ,u,v,i,
J,B), and hence to maximise DM(I,N,u,v) at the end. The symmetry condition is enforced
throughout. The recognition problem is solved.

9.6 What can go wrong

The core of the theory is provably correct, but the more peripheral parts of the algorithm are
supported only by heuristic arguments (which I have indicated throughout by use of the word
‘likely’).
(i) The algorithm for determining the inclusion functions (§7.4) is not guaranteed to halt. It
finds only a local maximum of E, not a global maximum.
(i) Even for low temperature, maximising E is not precisely the same as maximising IM(I, N7,
u,vop,i,j,B).
(iii) The monotonic raising of the bareness function may cut off possible structural extensions
prematurely.
(iv) Symbol tokens may be merged or not merged, or partitioned or not partitioned, wrongly.
(Errors in merging can be corrected by partitioning and vice versa.)
(v) The whole recognition algorithm is not guaranteed to halt.
(vi) It is not guaranteed that very low temperature will force all inclusion values to 0 or 1.
(vii) Incoherent edges may survive to the end.

(viii) Some portions of the image may have been overlooked and not covered by the pattern;
perhaps they are noise, but perhaps not.

In practice it is only (iii), (iv), (v) and (viii) that matter.



10. Example grammars

I shall give three examples of grammars, designed to illustrate various aspects of iteration,
recursion, and the use of subsymbols to enforce syntactic constraints. First, it is useful to
distinguish between a ‘line’ (a one-dimensional line segment) and a ‘bar’ (a thin rectangle,
with a positive width). I shall use both lines and bars together in my grammars. A line
plays a role as part of a larger symbol, such as a hexagonal grid; a bar gives a finer-grained
representation of the line. We introduce two symbol types, line and bar, where line has bar as
its sole part. The geometric relationship between the line and the bar may stretch width-wise,
to adapt the width of the bar to the image; this variation does not interfere with the variation
in the geometric relationship between the line and the rest of the pattern. In the simplest
implementation of this idea, each line token has one bar token as its sole part. However,
instead I shall allow a line token to be made up of one or more bar tokens, joined end-to-end
(see the grammar in figure 10): this is useful for representing bent or broken lines.

10.1 Hexagonal grids (hex)

The first example illustrates two-dimensional iteration (which is something that conventional
graph grammars can represent only using context-sensitive production rules, see §2.3). The
grammar for the hexagonal grid symbol type hex, with its subsymbols hexagon, junctionA and
junctionB, was introduced in §3.3, in simplified form. I omitted to say there that there are
also edges between the hexagon, junctionA and junctionB subsymbols and each of their nodes,
which ensure that each node occurs once per symbol token. More importantly, I made no
provision for what happens at the boundary of the grid. To cope with this we insert invisible
dummy symbol tokens at the boundary of the grid, where the next line would be if the grid
continued (figure 9).

Figure 9. (a) A hexagonal grid image with dummy symbol tokens (marked by ‘d’)

inserted at the boundary; (b) The corresponding pattern (only nodes, hooks and edges
shown).



The hex grammar is then modified accordingly (figure 10). I have labelled the node types
E (for east-oriented line), NW (northwest-oriented line), SW (southwest-oriented line), el
(dummy on the east boundary), e2 (dummy on the west boundary), etc.; figure 9(b) shows the
pattern corresponding to figure 9(a) (showing only the nodes, hooks and edges of the hex).

Figure 10. The hex grammar with the dummy and bar symbol types added.

The junctionA and junctionB subsymbols are modified similarly to allow for the possibility
that one of the three lines is a dummy. Several variants of the hexagon subsymbol are also
needed, to provide for the cases of a hexagon occurring on the boundary or at a corner of the

grid.

10.2 Crosses

The next example involves crosses — see figure 11 for an example image. It consists of a
central square, with four trunks radiating from it, each with the same number of smaller lines
called twigs. The grammar is shown in figure 12. On the left is the grammar for the symbol
type cross; the nodes N,E,S, W represent the lines of the square, the nodes NT,ET,ST,WT
represent the four trunks, and the nodes Nt,Et,St, Wt represent the twigs. To enforce the
constraint that every trunk has the same number of twigs we use a subsymbol 8twigs, which
includes two adjacent twigs of each trunk. Figure 13 shows the pattern corresponding to the
image in figure 11. The presence of 8fwigs tokens in the pattern is governed by the facets.
The facets 0—3 in a cross token must be glued to corresponding sub-facets in an 8twigs token:
this is what forces there to exist the required number of 8twigs subsymbol tokens, and this
forces the number of twigs on each trunk to be equal.

(Again I am omitting edges from the symbols to the nodes, to avoid cluttering the diagrams.
There are edges from cross to N,E,S,W,NT,ET,ST,WT and from 8twigs to each of its nodes.
This forces there to be one node token of each type per symbol token.)

10.3 Hnests



Figure 11. A image showing an example of a cross.

Figure 12. The cross grammar. Only a few W and P arrows are shown. 8twigs is
glued to cross; nodes Nt' and Nt” are glued to node Nt, etc.. The facets are shown as
red crosses: o is glued to a, B to B, vy to v, and & to 3.

The third example involves nested recursion. Figure 14 shows an example of an Hnest, which
consists of three lines forming an ‘H’ and two smaller Hnests nested inside it. Figure 15 shows



.
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Figure 13. The pattern corresponding to the cross image in figure 11. Only two of
the line tokens are shown. Nodes Nt',Nt" are glued to node N¢, and so on. Facets
o, B,7, 8, ax, Bx, v, 8+ are glued to facets «,B,y, 8, ax, B, yx, 8, respectively.

the grammar. As usual, each node represents a role that a symbol may play as a part of
another. The nodes L, cb, R represent a line occurring as left bar, crossbar, and right bar of
the ‘H’, respectively. The nodes T, B represent an Hnest occurring as the top or bottom nested
Hnest of an Hnest (note that the Hnest symbol type is a part of itself). Every Hnest token
either has two or no Hnest parts. There are no subsymbols.

Figure 14. An Hnest image.

Figure 16 shows an example of an Hnest pattern.



@ line

Figure 15. The Hnest grammar.

[line | [line| [ line] [ line| [ line| [ line] [ line| [ line| | line| | lingl | liné | ling

Figure 16. An Hnest pattern. Edges between Hnest tokens and their nodes are
omitted. Bar tokens are omitted.

11. Example runs

I shall provide some examples of the algorithm recognising images according to the three
grammars described in the previous section (combined together into a single grammar). These
example runs are not intended as experiments and I make no quantitative claims; they merely
provide proof of concept. The test images were designed to illustrate the recursive capabilities
and aspects of error-tolerance listed as desirable in §1.

Test images were produced as follows. First I drew twenty hexes (with 2-4 hexagons
on each side), twenty crosses (with 3—6 twigs on each trunk), and twenty Hnests (with 1-4
levels of nesting) by hand; these are irregularly drawn, with bent lines and variable angles
and length ratios. The lines are automatically blurred. A composite image is produced by
randomly selecting three of these sixty simple images and superimposing them, with random
translations (in the range —300 to 300 pixels in each dimension), random rotations (in the



range 0 to 27) and random dilations (in the range 0.9 to 1.3). Repeating this produces an
indefinitely large supply of composite images. Corrupted versions are produced by erasing one
or two random discs of radius 50 pixels in the composite image.

The reasons for using synthetic images rather than natural ones are that they allow me
to emphasise the features I am most concerned with (recursion and iteration, overlapping
symbol tokens, geometric variability, indistinct and bent lines, and random erasures), while
avoiding the need for special tricks, as often needed with natural images; they avoid issues I
am not interested in (perspective, binocular vision, motion, occlusion, colour, texture, shadow
and illumination); they allow me to calibrate the difficulty of the image set to match the
capabilities of the algorithm; and they allow me to generate an unlimited number of patterns
with consistent statistical properties and to test the algorithm under controlled conditions.

The above parameters were chosen to give images sufficiently complex and cluttered to
illustrate the desired qualitative features. Varying the number of simple images makes no
difference to the statistical properties of the results, so I have not gone beyond sixty; the variety
in the composite images comes from the random overlapping of the simple images. Varying the
number of composite images also makes no difference. There is sufficient geometric variability
in the images to ensure that top-down and bottom-up inference must be used in combination:
e.g., a junction between two lines cannot be recognised as belonging to a hex, a cross or an
Hnest merely from the angle or ratio of line lengths but must be interpreted in the light of
grammatical context.

The difficulty of a composite image depends on how much its three component images
overlap, and this may be roughly measured by an overlap index, calculated as follows. Fit a
circumscribing disc to each of the three component images. The overlap index is defined as
the sum of the areas of overlap between every pair of discs, divided by the sum of the areas
of the three discs. It ranges between 0 and 1. Another measure of difficulty is the number of
symbol tokens in the desired pattern.

The recognition algorithm is run on 300 of these composite images and the results are
summarised in tables 1-3, broken down by number of symbols and then by overlap index.
The first six columns give the numbers of composite images for which the constructed pattern
is topologically correct, subdivided by the number of wrong lines: a line is ‘wrong’ iff it is
misplaced or is part of a misplaced hex, cross or Hnest. The next three columns give the
numbers of composite images for which the constructed pattern is not topologically correct,
subdivided by the number of component images (hexes, crosses or Hnests) that are not topo-
logically correct (plus the number of spurious hexes, crosses or Hnests, if any). The final three
columns give the numbers of composite images for which the algorithm gets stuck, i.e., does
not halt, again subdivided by the number of components that are not topologically correct.

Tables 2 and 3 show that the algorithm has some ability to restore erased lines or junctions.
However, it tends to restore them in the most grammatically probable place, rather than where
they actually were before they were erased. This accounts for the increased number of wrong
lines. There is also an increase in the number of cases where the algorithm gets stuck.

The figures show some examples. Figure 17 shows an image consisting of a hex, an Hnest
and a cross, with two erased discs (erased discs are outlined in brown in the figures). Note
that the Hnest is somewhat sheared. The image is successfully recognised, but with three
misplaced lines of an H in one erased disc (this counts as ‘3 wrong lines’ in table 3). The
actual positions of the misplaced lines are marked in red and the correct positions in blue.



wrong lines topological error stuck

symbols 0 1 2 3 4 5+ 1 2 3 1 2 3 total
50-149 22 2 0 0 0 0 3 0 0 0 0 0 27
150-249 74 11 4 1 0 1 10 0 0 2 2 0 105
250-349 27 3 3 2 0 0 3 0 0 1 0 1 40
350-449 23 2 2 2 0 0 1 0 0 3 1 0 34
450-549 16 0 0 2 1 0 1 0 0 6 1 1 28
550-649 20 4 4 2 2 0 7 0 0 2 2 0 43
650-749 3 1 0 1 0 1 1 0 0 1 3 0 11
750-849 0 1 0 0 0 0 0 0 0 0 2 6 9
850-949 0 0 0 0 0 0 0 0 0 0 1 0 1
950-1049 1 0 0 0 1 0 0 0 0 0 0 0 2
total 186 24 13 10 4 2 26 0 0 15 12 8 300

overlap wrong lines topological error stuck
index 0 1 2 3 4 5+ 1 2 3 1 2 3 total
0-0.2 13 1 0 1 1 0 1 0 0 0 0 0 17
0.2-0.4 90 4 1 3 2 0 4 0 0 3 3 2 112
0.4-0.6 72 11 9 5 1 1 16 0 0 8 8 3 134
0.6-0.8 11 8 3 1 0 1 4 0 0 4 1 3 36
0.8-1 0 0 0 0 0 0 1 0 0 0 0 0 1
total 186 24 13 10 4 2 26 0 0 15 12 8 300

Table 1. Results for images with no erased discs.

wrong lines topological error stuck
symbols 0 1 2 3 4 5+ 1 2 3 1 2 3 total
50-149 21 2 1 0 0 0 3 0 0 0 0 0 27
150-249 64 15 2 4 1 2 9 0 0 7 1 0 105
250-349 25 7 0 2 0 0 2 0 0 3 0 1 40
350-449 18 5 2 1 0 0 2 0 0 4 2 0 34
450-549 12 3 0 0 1 1 1 0 0 7 2 1 28
550-649 16 4 1 2 2 2 4 1 0 2 9 0 43
650-749 1 3 1 0 0 0 2 0 0 2 2 0 11
750-849 0 0 0 0 1 0 1 0 0 2 0 5 9
850-949 0 0 0 0 0 0 0 0 0 0 0 1 1
950-1049 0 0 0 0 1 1 0 0 0 0 0 0 2
total 157 39 7 9 6 6 24 1 0 27 16 8 300

overlap wrong lines topological error stuck
index 0 1 2 3 4 5+ 1 2 3 1 2 3 total
0-0.2 14 0 0 1 1 1 0 0 0 0 0 0 17
0.2-0.4 69 14 2 3 2 1 7 0 0 7 6 1 112
0.4-0.6 59 19 5 5 1 3 14 1 0 16 7 4 134
0.6-0.8 15 5 0 0 2 1 3 0 0 4 3 3 36
0.8-1 0 1 0 0 0 0 0 0 0 0 0 0 1
total 157 39 7 9 6 6 24 1 0 27 16 8 300

Table 2. Results for images with one erased disc.



wrong lines topological error stuck

symbols 0 1 2 3 4 5+ 1 2 3 1 2 3 total
50-149 20 0 0 3 1 0 2 0 0 1 0 0 27
150-249 59 17 7 1 1 1 10 0 0 4 5 0 105
250-349 18 10 1 0 1 0 3 0 0 5 2 0 40
350-449 18 5 1 1 1 1 1 0 0 5 1 0 34
450-549 10 3 0 3 0 0 2 0 0 4 5 1 28
550—649 13 5 4 1 1 1 3 0 0 5 10 0 43
650-749 3 1 1 0 0 0 2 0 0 0 4 0 11
750-849 1 0 0 1 0 0 0 0 0 1 2 4 9
850-949 0 0 0 0 0 0 0 0 0 0 0 1 1
950-1049 0 0 0 0 0 1 0 0 0 0 0 1 2
total 142 41 14 10 5 4 23 0 0 25 29 7 300
overlap wrong lines topological error stuck
index 0 1 2 3 4 5+ 1 2 3 1 2 3 total
0-0.2 12 2 0 1 1 0 1 0 0 0 0 0 17
0.2-0.4 69 14 5 2 0 1 6 0 0 6 7 2 112
0.4-0.6 55 18 8 5 3 2 12 0 0 14 14 3 134
0.6-0.8 6 7 1 2 1 1 3 0 0 5 8 2 36
0.8-1 0 0 0 0 0 0 1 0 0 0 0 0 1
total 142 41 14 10 5 4 23 0 0 25 29 7 300

Table 3. Results for images with two erased discs.

Four lines correctly guessed in the other erased disc are shown in green: one is part of an H
and three are part of a hex.

Figure 18 shows an image consisting of three hexes (I have added an outline to two of
the hexes in the figure as an aid to the reader). This is successfully recognised. In a version
of this image with one erased disc the hex outlined in red is only partially recognised (this is
counted as ‘stuck — 1 wrong symbol’ in table 2). In a version with two erased discs the hex
outlined in blue is recognised but the other two are not separated (this is counted as ‘stuck —
2 wrong symbols’ in table 3).

Figure 19 shows an image consisting of one hex and two crosses, with one erased disc.
By accident the two crosses are oriented identically and positioned so that many of their lines
overlap, yet the image is successfully recognised. A version of the image with two erased discs
is not successfully recognised: the twigs of the crosses are not sorted out correctly (this counts
as ‘stuck — 2 wrong symbols’ in table 3).

Figure 20 shows an image consisting of three Hnests, with two erased discs. This is
recognised with two misplaced lines in a single H (this counts as ‘2 wrong lines’ in table 3).
The actual positions of the misplaced lines are marked in red and the correct positions in blue.
The other line in the H (correctly recognised) is marked in green.

Figure 21 shows an image consisting of one hex and two Hnests, with one erased disc
(the image is truncated in the figure). The hex is incompletely recognised: the lines marked
in blue are missed. This is the commonest type of error for a hex. (This counts as ‘topological
error — 1 wrong symbol’ in table 2.)

Figure 22 shows an image consisting of one hex and two Hnests, with two erased discs.



The algorithm recognises only part of the smaller Hnest: the H marked in red is recognised
(as an Hnest in its own right), but the parts marked in blue are overlooked. This is a common
type of error for an Hnest. (This counts as ‘topological error — 1 wrong symbol’ in table 3.)

Figure 23 shows how a bent or broken line may be represented by two or three bars joined
end to end; four such lines are shown, the bars being marked by red rectangles. Long bent
lines would be hard to recognise if this were not allowed. The brown circle outlines an erased
disc. The whole image is recognised successfully.



Figure 17. A hex, an Hnest and a cross. 557 symbols, overlap index = 0.666.

Figure 18. Three hexes. 678 symbols, overlap index = 0.432.



Figure 19. One hex and two crosses. 532 symbols, overlap index = 0.579.

Figure 20. Three Hnests. 175 symbols, overlap index = 0.563.



Figure 21. One hex and two Hnests. 662 symbols, overlap index = 0.387.

Figure 22. One hex and two Hnests. 573 symbols, overlap index = 0.502.



Figure 23. A detail of an image, showing four bent or broken lines.

12. Conclusions

The theoretical contributions of this paper are as follows.

e A new, mathematically well-founded formalism for representing the syntactic structure of
graph-like patterns declaratively, fundamentally different from conventional graph gram-
mars based on sets of production rules, in which parsing is seen as the construction of
a homomorphism between two networks (a pattern and a grammar). This offers a new
perspective on the problem of representing syntactic structure in non-string patterns, and
it helps to overcome the limitations of production rules discussed in §2; it is also amenable

to formal mathematical treatment.

e A technique for representing variable affine relationships using fleximaps (which could be
extended to projective transformations if required); this is a more uniform, general, and
mathematically well-founded concept than others in the literature (§5).

e A systematic treatment of affine invariance and symmetry (§85.3-5.4). (Symmetry is a
neglected topic in the literature.)

e A new recognition algorithm for these grammars, which is provably correct subject to
certain qualifications (§9.5).

There is no hope of proving favourable time-complexity bounds for the recognition algorithm.
As pointed out in §2, the graph parsing problem is NP-complete, even in the absence of errors,
except for highly restricted classes of grammars. This certainly applies to my formulation of
the problem too. However, the space complexity is linear in the maximum size of the pattern
network during recognition (which may be larger than the final pattern).

The recognition algorithm has a number of desirable features:

e all aspects of pattern recognition are integrated in a single process and act synergistically,
rather than being applied as a sequence of phases;

e bottom-up and top-down inference are integrated; alternative interpretations are devel-

oped in parallel,



e the whole of the image is processed simultaneously; there is no ‘traversal’ of the image;

e because the syntactic structure of a ‘sentence’ is represented declaratively by a network,
rather than by a sequence of production rule applications, the whole structure is available
to work on throughout the recognition process.

As a result the recognition algorithm has a combination of strong recursive representational
capabilities and general error-tolerance, not achieved before in the literature. In particular it
can

e represent iterative, hierarchical and nested recursive structure, including two dimensions
of iteration,

e recognise patterns consisting of up to 1000 symbol tokens arranged in two-dimensional
space,

e distinguish overlapping, indistinct or distorted symbol tokens (e.g., bent lines or lines with
pieces missing), sometimes successfully disentangling highly cluttered images,

e restore missing lines or junctions in the most grammatically plausible position.

These features go some way towards substantiating my thesis (stated in §1) that symbol
processing is not inherently brittle but is made so by the imposition of an unwarranted
sequential order on it. When this sequentiality is discarded then robust symbol processing
becomes possible.

As further work I intend to develop an algorithm that learns the fleximaps and grammar
from example images, without supervision. I believe this can be done by extending the methods
of [48].
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1. Introduction

The purpose of this project is to develop a new graph grammar formalism for error-tolerant
syntactic pattern recognition. This paper provides the mathematical theory in full. It should
be read in conjunction with the paper A New Graph Grammar Formalism for Robust Syntactic
Pattern Recognition, available at https:/doi.org/10.48550/arXiv.2504.15975, which provides a
broader account of the context, purpose and application of this project, with example grammars
and runs.

This paper develops further the mathematical framework in my 2004 technical report,
Mathematical Theory of Recursive Symbol Systems (Technical Report GEN-0401, Keele Uni-
versity, Computer Science Department, available at https:/eprints.keele.ac.uk/id/eprint/63/),
which I shall cite here simply as (2004)’. Sections 1-5 of (2004) are still valid, but section 6
(Networks and Homomorphisms) and section 7 (The Recognition Problem) are inadequate and
this report supersedes them. In particular, I have extended the concept of network, mainly
by the addition of subsymbols, and developed the mathematical theory to define the pattern
recognition process fully.

The contents of this report are as follows.

Section 2 develops the general theory of functions and relations that will be needed in the
subsequent sections.

Section 3 gives new definitions of network, homomorphism and definite and semi-definite
networks, superseding those in (2004, §6).

Section 4 extends the theory of embeddings, introduced in (2004, §6.4). The Match func-
tion, which was introduced in (2004, §7.3), is treated more satisfactorily here as two functions,
a definite match function DM and an indefinite match function IM (defined in §6). The subject
of symmetries is treated more thoroughly and several theorems are proved on the affine in-
variance of the grammatical framework. The theory of templates (introduced in (2004, §4)) is
extended here by introducing the concept of saturation, which expresses the notion that when
several templates overlap in the image plane they interfere with one another. The recognition
problem can now be formally stated.

Section 5 develops the theory of inclusion functions, which were introduced in (2004, §7.2).

Section 6 defines the indefinite match function IM, which applies to networks that are not
necessarily definite, with inclusion functions. The invariance theorems of §4 are generalised
to IM. The calculation of the adjustment of the embeddings by gradient ascent in (2004) is
adapted to IM.

Section 7 states the mechanism by which the inclusion functions are determined during
recognition.

Section 8 defines the structural operations by which the pattern grows during recognition.

Section 9 states the entire recognition algorithm.

The whole theory is built up by a process of stepwise refinement. The first four sections
establish the underlying framework and specify the recognition problem. Sections 5-9 develop
the algorithm for solving it incrementally, starting with an abstract account of the recognition
process and refining it step by step with each chapter. Stepwise refinement is a valuable
method for managing the complexity of the mathematical theory and the algorithm: it allows
for a separation of concerns, particularly between the structural and geometric aspects of the
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theory, and enables the theory to be built up one layer at a time, with the whole recognition
process in view at each stage, at ever-increasing levels of detail.

At each stage of the theory I shall make explicit the correctness conditions the recognition
algorithm must satisfy to solve the recognition problem, culminating in theorem 48. The ear-
lier, more fundamental stages (§52—6) are clean, rigorous and provably correct; the subsequent
stages are progressively messier, with arbitrary parameters and algorithms not guaranteed
to converge to the optimum solution. I distinguish clearly between those properties of the
recognition process that are guaranteed to hold, those that are likely to hold, and those that
one merely hopes will hold.



2. Functions and Relations

2.1 Introduction

This section introduces some concepts involving functions and relations that will be needed
in the theory of networks to follow, especially the concept of an acyclic relation, a connected
relation relative to a function, and a minimal relation relative to a function. Relations will be
used in the following section to express the way in which subsymbols are glued to supersymbols.

2.2 Basic definitions and theorems

A function f:X — Y maps every element of the set X to a unique element of the set Y. X is
called the domain of f, dom(f).

Definition. For any function f:X — Y and any sets A, B,
fA) ={fx)|xeXnNA}, f B ={xecX|fx)eB}.

The range of f, ran(f), is defined as f(X).

Definition. For any function /: X — Y and any set A C X, the restriction of f to A, fla:A =Y,
is defined by
Vax€cA flax) = f(x).

Definition. For any functions f:A — B and g:C — D, the composition of f and g, fog:CnN
g 1(A) — B, is defined by
vxeCng HA) (fog)x) = flgx)).

The term relation will be understood to mean a binary relation applicable to all objects: for
any relation R and every pair of objects a,b, either R(a,b) holds or it does not.

Definition. The domain dom(R) and range ran(R) of a relation R are defined by

dom(R) = {a | 3b R(b,0a) }, ran(R) = {b | 3a R(b,a) }.

Definition. A relation R is said to be on a set A iff dom(R) C A and ran(R) C A.

Definition. For any set A, the identity relation id, is defined by

Va,b (idala,b) < a=0>bcA).

Definition. The empty relation L is defined by Va,b — L(a,b).
Definition. For any relations R and S,
R=8S < Va,b (R(a,b) < S(a,b))

RCS < Va,b (R(a,b) = S(a,b))
RCcS <« RCS AR#S.
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Definition. For any relations R and S, the relations RN S, RUS and R\S are defined by

(R NS)a,b) < R(a,b) AS(a,b),
Va,b (RUS)a,b) < R(a,b) Vv S(a,b),
(R\S)(a,b) < R(a,b) N —S(a,b).

Definition. For any relations R and S, the composed relation R o S is defined by
Va,c (RoS)a,c) < 3b (R(a,b) AS(b,c))).

(In all expressions, the composition operator o has higher syntactic precedence than N, U and

\.)

Definition. For any relation R, the inverse relation R~! is defined by

Va,b (R7'(b,a) < R(a,b)).

Definition. The graph of a function f is the relation f defined by

Va,b (f(b,a) < acdom(f) Ab = f(a)).

Theorem 1. (Obvious properties of relations.) For any relations R,S,T, any functions f,g,
and any sets A,X,Y,
(i) fog =fog, dom(f) = dom(f), and ran(f) = ran(f)
(i) if f:X — Y then foidx =f =idy of,
(iii) if f,g:X - Y and f Cg then f =g,
(iv) fla =f oida,
(v) idgof =fo idr-1(4),
(vi) idaoR C R and Roids C R, with equality if R is on A,
(vil) idx oidy = idxny = idx Nidy and idx_ y = idx Uidy,
(viii) LoR=1=Ro 1,
(ix) TCRNSiff TCR and T C S (in particular, RNS CR and RNS CS),
x) RUSCTIiff RCT and S C T (in particular, RCRUS and S C RUS),
xi) (RoS)1=S"1oR L, RNS)'=R NS, (RUS) =R 1tUuS,
(xii) if RCSthen R"!CS 1, RoTCSoT and ToRCToS,
(xiii) if R € S then dom(R) C dom(S) and ran(R) C ran(S),
(xiv) if Ro S = 1 then dom(R) Nran(S) = 0,
(xv) ran(R) = dom(R~ 1),
(xvi) idgomm) SR 1oR and id,anr) CRoR™Y,
(xvii) dom(R oidy) = dom(R) NA and ran(idys o R) = A Nran(R).

Theorem 2. If /:X — Y, and R and S are relations, then
N
@) fof Cidy,

(i) idx CF ' of,

(iii) if R C Sof then Rof ' C Soidy,

(iv) if FoR C S then idx oR CF " o8.
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Proof. (i) For any y,y’ such that (fofﬁl)(y,y’), we have v,y €Y and IxeX (y = fx) A fx) =),
which implies that y = y’, and hence idy(y,y’).
(i1) For any xcX, there exists y (namely f(x)) such that f(x) =y and y = f(x), and hence

7 ' o P, x). 1 1
(i) f RCSof then Rof CSofof CSoidy,by part (i).
(V) If FoR C S then idy o RCF ' ofoRCF o8, by part (ii). |

Theorem 3. For any relations R,S,T and any function f,
1) RUS)oT=RoT U SoT,

(i) To(RUS)=ToR U ToS,

(i) RNS)ocTCRoT N SoT,

(iv) To(RNS)CToR N ToS,

v) (RNS)of =Rof N Sof,

wi) F T oRNS)=F 'oR N F 'o8.

Proof. (i) For any a,c,

(RUS)oT)a,c) iff 3b (R US)a,b) AT(b,c))
iff 36 ((R(a,b) vV S(a, b)) AT(b,c))
iff 36 (R(a,b) A T(b,c)) vV 3b (S(a,b) A T(b,c))
iff RoT U SoT)a,c).

(i1) For any a,c,

(T o (RUS))a,c) iff 3b (T'(a,b) N (R US)Db,c))
iff 36 (T'(a, b) A (R(b,c) V S(b,¢)))
iff 36 (T'(a,b) A R(b,c)) vV 3b (T(a,b) A S(b,c))
iff ToR U ToS)a,c).
(iii)) From RNS CRand RNS CSweinfer RNS)ocT CRoT and (RNS)oT CSoT,
and hence (RNS)oT CRoT N SoT.
iv) From RNS CRand RNS CSweinfer To(RNS)CToRand To(RNS)C ToS,

and hence To(RNS)CToR N ToS.
(v) For any a,c,

(RN S)of)a,c) iff 3b (RN S)a,b) Ac e dom(f) Ab = f(c)
iff ¢ € dom(f) A (R N S)(a, f(c))
iff ¢ € dom(f) A R(a,f(c)) A S(a,f(c))
iff 3b (R(a,b) Ac € dom(f) Ab =f(c)) A Tb' (S(a,b’) Ac e dom(f) Ab = f(c))
iff (R of)a,c) A (Sof)a,c)
iff Rof N Sof)a,c).

(vi) Part (v) gives R INSHof =R 1of N S 1'of, and taking the inverse gives
Flo®nS)=F 'oRNF '08. 1

Theorem 4. For any relations R,S, T, and any sets A, B,
A RoSNTCRNToS HoS,
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(i) RoS N TCRo(S N R 1oT),

(i) Roidg N S=WRNS)oidy,

(iv) idaoR N S=idgo(RNS),

(v) if idp o R C Soidg then idy o R C Roidp,
(vi) if Roids CidgoS then Roids CidgoR.

Proof. (i) For any «x,z,

(RoS N T)x,z) iff Iy (R(x,y) AS(y,2) A T(x,2))
implies Jy,z’ (R(x,y) A T(x,2') A S(y,z2") ANS(y,z)) by taking 2’ =2z
iff Jy (R(x,y) A (T o S™H)(x,y) A S(y,2))
iff (R N ToS 1) oS)x,2).

(ii) Applying part (i), with S~! substituted for R, R~! substituted for S, and T~! substi-
tuted for T,

ST1oR TN T1C(S N T 'oR)oR™!

and then inverting this gives
RoS NTCRo(SNR'toD.

(ii1) Using part (i), Roidy N S C (RNSoids)oidsy € (RNS)oids. Conversely, using
theorem 3@iii), BN S)oids CRoidy N Soidy CRoidy N S.
(iv) Applying part (iii) with R~! substituted for R and S~! substituted for S gives R~1 o
idg N S7' =R 1NS 1 oidy, and inverting this gives idg o R N S =idy o (RN S).
(v) If ids o R C S oidg then, combining this with id4s o R C R gives
idgoR CSoidg N R
=(SNR)oidg by part (iii)
CRoidpg since SNR CR.

(vi) If Roids Cidg oS then, combining this with R oids C R gives

Roidy CidgoS N R
=idgo(SNR) Dby part (iv)

CidgoR since SNR CR.
|
Theorem 5. For any relation R, R = f for some function f:X — Y iff RoR~! C idy and
LdX - R 1oR.

Proof (=)If R=f then RoR~! Cidy and idx C R~! o R by theorem 2(i),(ii).
(«<=) Suppose RoR~! C idy and idxy C R~ 'oR. For any x€X, idx(x,x) holds, so (R~ 1oR)(x, x)
holds, so there exists y such that R(y,x).
For any x€X and any y, if R(y,x) then (R o R~ 1)(y,y), so idy(y,y), so yeY.
For any xcX and y,y’' €Y, if R(y,x) and R(y’,x) then (RoR~1)(y,y'), so idy(y,y’), soy =y'.
These facts show that R = f for a function f:X — Y. |
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p—%_ ¢

Theorem 6. A rectangle of functions 7 , T¢ isa pullback in the category of sets iff

B+— A

1 1

f og=poq ' '

and p op N q " oq =1ida.
Proof. 1 shall use the standard characterisation of a pullback in the category of sets, namely
fop=goq and VbeB VceC (f(b) = g(c) = FlacA (pla) =b Aqla) =c)).

(=) Suppose the rectangle is a pullback. I shall verify the two equations.
FlogCpogt Foranybandec,if F og)b,c) then beB, ceC and 3d (f(b) = dAd = g(c)),
so f(b) = g(c), so JacA (b = p(a) A g(a) = ¢) by the pullback condition, so (B o g 1)(b,c).

pog ' C f_l og. For any b and ¢, if (B o g ')b,c) then there exists acA such that
b =pla) Nqla) = c, so f(b) = f(p(a)) = g(g(a)) = g(c), so (ffl og)b,c).

idgs Cp top N g log. This follows from idy Cp 'op and idy C g ! ogq, which come

from theorem 2(ii).
plop NG logCidy. For any a,a’, if @ 1op N g 'o@)a,a’) then a,a’ € A and
dbeB (p(a) =bAb =p(a’)) and JceC (qla) = c Ac = qg(a’)), hence f(b) = f(p(a)) = g(g(a)) = g(c),

so by the pullback condition there exists only one x€A such that p(x) = b and g(x) = ¢, so

a = a’, as required.
(<=) Suppose ffl og=poq
a pullback.

1 1 1

and p "op N g ~oq =ida. I shall verify the conditions for

fop=goq. For any acA, (o og 1)(pa),q(a)) holds, so by the equation /T1 og=poq !
we have (f_l 0@)(p(a),q(a)), which means that f(p(a)) = g(g(a)), as required.

VbeB VeeC (f(b) = g(c) = JacA (p(a) = b Aqla) =c¢)). Consider any beB and ceC such
that f(b) = g(c). Then (ffl o g)(b,c) holds, so by the equation ffl og = pogqg ' we have
(@ og 1)(b,c), which means that there exists a€A such that b = p(a) and g(a) = ¢ as required.

VbeB YeeC (F(b) = g(c) = I=lacA (p(a) = b A g(a) = c)). Consider any beB and c<C such
that f(b) = g(c¢). Suppose there exist a,a’ €A such that p(a) = b = p(a’) and g(a) = ¢ = g(a’).
Lo@)a,a’), so by o1 1

Then @ top N G~ op N @ ~og=1idy we have a = a’, as required. |

Theorem 7. For any sets A, B, C, and any functions p:A — C and ¢:B - C, A5 C & Bisa
sum diagram in the category of sets iff

S =1

pop ' Ugog t=ide, p lop=ids, q 'og=idp, p ‘og=1, g top=L.

Proof (=) Assume A % C & B is a sum diagram.
pop ! UGog ! =idc. Theorem 2(i) gives pop ' Cide and gog ! Cide;sopop b U

Gog ! Cide. To show that this inclusion is an equality, choose a set X with more than one
element and any functions f:A — X and g:B — X. Since A & C & B is a sum diagram, there
L'y gogtcide
U gog Y)c,c) does not hold. Define j:C — X as equal to i
except at c. Then, for all acA, (@ op (p(a), p(a)) holds, so pla) # ¢, so j(p(a) = i(p(a)) = f(a).
Thus jop = f. A similar argument shows that j o g = g. This contradicts the uniqueness of i.

exists a unique function i:C — X such that iop =f andioq=g. If pop™

then choose ccC such that (pop !

The contradiction establishes that pop ! U gog ! =idc.

1

l_fl op =ids. Theorem 2(ii) gives idy C p~~ op. For the converse, choose a set X = A,

a function f:A — X equal to the identity function on A, and an arbitrary function g:B — X
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(ignoring the case A = (), for which 5! 05 = idy is trivially true). Then by the sum property
there exists a unique function i:C — X such that iop =f and i og = g; thus i:C — A and
iop =ids. Then idg op ! Cioide by theorem 2(iii), so p 1 Ci,s0 p 1op Ciop = idy, as
required.

G 'ogq =idg. A similar argument applies.

p log=_1. Choose a set X with more than one element, and choose f:A — X and
g:B — X with disjoint images, so that f_l og = L. By the sum property, there exists a unique
function i:C — X such that iop =f and i oq¢ = g. Then

=1 _ e . _ . . _ . _ __ _
L=f og=(@op)loiog=p 'oitoiog2p 'oidcog=p 'og

153G, as required.

so L =p~
g 'op = L. This follows by inverting o 1 og = L.
(<) Assume the five equations; I shall show A % C & B is a sum diagram. Given any set

X and functions f:A — X and g:B — X, define a relation R =fop ' U gog !. First note that

1 1

Rop=fop lop Ugog lop=Ffoidy Ugol=Ff,
q=f

r 1

Rog=fop~ !

oqg U goqg "o ol Ugoidg=g.

Then
RoR_lzRO(]_?Of_l U qogfl):Roﬁof_l U Roqogflzfof

by theorem 2(i), and

=1 __ - _ _ =1 = _ . _
R'oR=@of Ugog Ho(fop "' Ugog N2pof ofop ' Ugog 'ogog '

Dpoidpop ' U Goidgog *=pop ' U gog ' =idc
using theorem 2(ii). By theorem 5, R =i, for some function i:C — X. The equations Rop =f
and Rog=g thenimplyiop=fandioqg=g.

To show the uniqueness of i, consider any function j: C — X satisfying jop = f and jog = g.
Then jop =f and jog = g, so by theorem 2(iii) fop ! Cjoidc =jand gog ' Cjoidc =], so
i=R=fop ! Ugog !CjJ. Sincei and j are both functions from C to X, this is sufficient
to imply i =, as required. |

2.3 Acyclic and connected relations

Definition. A relation R is finite iff there are finitely many pairs (a, b) such that R(a,b) holds.
Definition. The ‘not-equal-to’ relation NE is defined by NE(a,b) < a # b.

Theorem 8. For any relation R,
(i) dom(R N NEoR) = {a | 3'b R(b,a)},
(ii)) dom(R\NEoR) = {a | 36 R(b,a)},
(iii) dom(R N NEoR) N dom(R\NE o R) = (),
(iv) dom(R N NEoR) U dom(R\NE o R) = dom(R),
(v) ran(R N RoNE) = {b | 3”1a R(b,a)},
(vi) ran(R\RoNE) ={b | Jla R(b,a) },
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(vii) ran(R N RoNE) N ran(R\R oNE) = 0,
(viii) ran(R N RoNE) U ran(R\R o NE) = ran(R).

Proof. (i) For any a,
acdom(R N NEoR) iff 3b (R N NEoR)b,a) iff 3b R(b,a) A b (b #b' AR®D ,a))
iff 3b,b' (b #b AR(b,a) NR(b',a)) iff 376 R(b,a).
(i1) For any a,
a € dom(R\NE oR) iff 3b (R\NE oR)(b,a) iff 3b R(b,a) A —3b' (b # b AR(®’,a))
iff 36 R(b,a).

(iii) and (iv) follow from (i) and (ii).
(v)—(viii) follow from (i)—(iv) respectively by substituting R~ for R. |

Theorem 9. For any relations R, S, T,

dom(RNT) N dom(S\NE o T) C dom(R N S).

Proof. For any a € dom(RNT) N dom(S\NE o T), there exists b such that R(b,a) and T(b,a)
and there exists ¢ such that S(c,a) but not (NE o T)(c,a). The last of these means that there
is no d not equal to ¢ such that 7(d,a); hence b = ¢. Thus we have R(b,a) and S(b,a), so
acdom®nS). |

Definition. A relation R is acyclic iff

—dR*(L#R*CR N R* C(R*oNE N NE oR")).

(Informally, R is acyclic iff every non-empty subrelation R* has an element of valency 1, i.e.,
an element related to just one element by R* or to just one element by R*!. This is equivalent
to the non-existence of a finite cyclic sequence x1,...x,,x1, with n even and n > 2, where the
terms are all different and and related by xlng £x3ﬁ>x4 £x5£> gxn <£x1. However, we
shall not need this characterisation in the theory that follows.)

Theorem 10. If a relation R is acyclic and R’ C R then R’ is also acyclic.
Proof. This is immediate from the definition. |

Theorem 11.
(@) If f/:X — Y, R is a relation on X, and S is a relation on Y, such that

S—foRof ', F 'of NR'oRCidy, RCRoNE

then S C So NE.
(i) If /:X — Y, R is a relation on X, and S is a relation on Y, such that

S=FoRof ', f 'of NRoR'Cidy, RCNEoR

then SCNEoS.
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Proof. (i) Define the universal relations Uy on X and Uy on Y by
Va,b (Ux(a,b) iff acXAbeX, Uy(a,b) iff acYAbeEY).
Then Uy C idy UNE, so
Ux =F oUyof CF 'olidy UNE)of =F oidyof U F " oNEof

—F of UF oNEof

SO
-1 =

UX\f of Cf 1o]\fE'of. (1)
Also, R~1 o R C Uy, since R is on X, and

Flof NR1oR N NECidxNNE =1

SO
R'oR N NE CUx\f 'of
Cf 'oNEof by (1) 2)
SO
S=FfoRof '

—Ffo(RNR)of

Cfo(R N RoNE)of ' since R C R o NE

CfoRo(R 'oR N NE)of © by theorem 4(ii)

CfoRof 'oNEofof ' by (2)

:SoNon_”of*1 sinceS:j_”oRoj_F1

CSoNEooidy by theorem 2(i)

C SoNE

as required.

(ii) Inverting the hypotheses S =foR offl and RC NEoR gives S~ ! =foR™! offl and
R~ C R~'oNE. Applying part (i) of the theorem, with R~! and S~! substituted for R and S,
gives S™1 C S~! o NE, which can be inverted to S C NE o S. |

Theorem 12. If /:X — Y, R is a relation on X, and S is a relation on Y, such that

FoRCSof, F of NR'oRCidy, f 'of N RoR!Cidy

then R is acyclic if S is.

Proof. Assuming S is acyclic, we shall infer that R is. Consider any relation R* such that
1 # R* C R; we must show R* Z R*oNE N NEoR*. Define a relation S* = ]?oR*oj_F1 on Y. Then
S* # 1 (choose any x,x’ such that R*(x,x); then S*(f(x),f(x"))). Also, foR* CfoR C Sof,
so S* = foR* offl C Soidy = S by theorem 2(iii). Since S is acyclic we conclude that
S*Z S*oNE N NE oS*.
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Now, if R* CR* o NE N NE oR* then R* C R* o NE and R* C NE o R*. Also,

f lof N R*1oR" gf_lof N R 'oR Cidy

and

FloF N R oRICF 'of N RoR! Cidy

80, by theorem 11, S* C S* o NE and S* C NE o S*. This gives S* C S*oNE N NE oS*, which
is not true.
This contradiction establishes that R* ¢ R* o NE N NE o R*, as required. |

Definition. If f:X — Y and R is a relation on X then R is connected relative to f iff, for any
set Z and function g:X — Z such that go R C g, there exists a function i:f(X) — Z such that

iof =g.
(Informally, R is connected relative to f iff, for any x,x’€X such that f(x) = f(x'), there exists

a finite sequence x = x¢,x1,...x, = &’ such that, for each i€{1,...n}, R(x;_1,x;) or R(x;,x;_1)
holds.)

Theorem 13. Given sets N, X, a function P:N — X, and a finite relation G on N such that
(a) GoG =1,
(b) G is acyclic,
(c) PoGCP,
then
() VX CE [PI0| — |G o idp g > 0,
(i) for any X C X, if [P71(X)| — |G oidp-1x)| = 0 then P~1(X) = 0,
(iii) if VX C X [P71X)| — |G oidp-1x)| < |X| then G is connected relative to P.
Proof. The proof is by induction on |G|. For the induction basis, suppose |G| = 0; then we can
verify (i), (ii) and (iii) directly, as follows.
(i) For any X C X, |P71(X)| — |G oidp-1x)| = [P71X)| > 0.
(ii) For any X C ¥ such that |[P~}(X)| — |G oidp-1x)| = 0, we have |[P~1(X)| = 0 and hence
P~1(X) = 0, as required.
(i) If VX C X |P71X)| — |G oidp-1xy| < |X| then

VoecX |P7'({c}| <1

which means that P is injective. In that case, given any Z and @: N — Z, the unique function
1:P(N) — Z such that i o P = @ is defined by VrneN i(P(n)) = Q(n).

For the induction step, suppose that |G| > 0, and define

G'=G N GoNE N NEoG

S1 =ran(G\G o NE)

Se = dom((G N GoNE)\NE o G)
S=8S:U8;

N’ =N\S

P’ =Py
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These have the following properties.

() G' CG.

Proof. This follows since G is acyclic and not equal to L.

(B) G’ is a finite relation on N'.
Proof. G’ is finite since G’ C G and G is finite. To show that G’ is on N/,

dom(G)N'S; € dom(G) Nran(G) = 0 since GoG = |
dom(G’')N'Se € dom(GNNE o G) Ndom(G\NE o G) =) by theorem 8(iii)
ran(G’)NS; C ran(GN G o NE) Nran(G\G o NE) = () by theorem 8(vii)
ran(G’) N Ss C ran(G) N dom(G) = 0 since GoG = L

thus dom(G’) C N\S = N’ and ran(G’) C N\S = N, as required.

(y) For every xS, there exists a unique y such that (G\G')(x,y) or (G\G')(y,x) (these two
cases being mutually exclusive).
Proof. (G\G')(x,y) and (G\G’)(y,x) are mutually exclusive by (G\G') o (G\G') CGoG = L.
We have G\G o NE C G\G/, so
S1 C ran(G\G), (1)

and
Si1 N ran((G\G’)ﬂ(G\G’)oNE) CSiNnran(GNGoNE)=10 (2)

by theorem 8(vii), so from (1), (2) and theorem 8(viii)
S1 C ran((G\G')\(G\G') o NE).
Using theorem 8(vi), this can be written as
vxeS1 3y (G\G)(x,y). (3)
Similarly, (GN G o NE)\NE o G C G\G', so
Ss C dom(G\@), (4)

and
Sy N dom ((G\G')NNE o (G\G')) C dom(G\NE o @) N dom(GNNEoG) =0 (5)

by theorem 8(iii), so from (4), (5) and theorem 8(iv)
Sy C dom ((G\G')\NE o (G\G")).
Using theorem 8(ii) this can be written as
vVxeSq Ay (G\G)(y,x). (6)
Consequently, from (3), (6), and (G\G') o (G\G') = L,

vxeS Ty (G\G)(x,y) VvV (G\G')y,x))
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as required.

) Vx,y (Gx,y) =>xeN' vyeN').
Proof. First,

ran(GNGoNE) N S;=ran(GNGoNE) N ran(G\GoNE) =0 (7
by theorem 8(vii). Secondly,
ran(GNGoNE) N Sy = ran(GNGoNE) N dom((G N GoNE)\NEoG) C ran(G) N dom(G) = (. (8)

Combining (7) and (8) gives
ran(GNGoNE) N S =. 9)

Next,
dom(G\G o NE) N S; = dom(G\G o NE) N ran(G\G o NE) C dom(G) N ran(G) =0. (10)
Also, applying theorem 9, with R = G\GoNE, S=GNGoNE, and T = G, gives
dom(G\G o NE) N dom((G N G o NE)\NE o G) C dom((G\G o NE) N (GN G oNE)).
The right-hand side is dom(_L), so this simplifies to
dom(G\G o NE) N Sy = 0. (11)
Combining (10) and (11) gives
dom(G\GoNE) N S = 1. (12)

Finally, given any x,y such that G(x,y) holds, either (G o NE)(x,y) holds, in which case x ¢ S
by (9), or (G o NE)(x,y) does not hold, in which case y ¢ S by (12). Thus x e N’ or y ¢ N'.

(¢) For every x,y such that (G\G')(x,y) holds, either x € S or y € S.
Proof. Using the definition G’ =G N GoNE N NE oG,

G\G' = (G\GoNE) U (GN G oNE)\NE o G)

so if (G\G')(x,y) then x e ran(G\GoNE) = S; or y € dom((GNG o NE)\NE o G) = Sg; thus x € S
oryesS.
By (8), we cannot have both x €S and y € S.

(&) vxeS dyeN’ (Gx,y) vV G(y,x)).
Proof. Given x<S, the existence of y satisfying G(x,y) V G(y,x) is assured by (y), and it
must be in N’ because of (3).

(m) Vx,yeN (G(x,y) = P(x) = P(y)).
Proof. The hypothesis P o G C P means

Yo,y (P o G)(o,y) = P(c,y))
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which may be expanded to
Vo,y (3x (6 = Plx) A G(x,y)) = ¢ = P(y))
which is logically equivalent to
Vx,yE€N (G(x,y) = P(x) = P(y))
since dom(P) =N and G is on N.

(0) VX C X [(G\G)oidp-1x)| = |SNPIX)|.
Proof. By (y) and (¢), there is a bijection » between pairs (x,y) such that (G\G')(x,y) holds
and elements of S:
o(x,y) = x or y, whichever one is in S.

This gives |G\G’'| = |S|. Moreover, for any X C ¥, and any x,y satisfying (G\G')(x,y), (G\G') o
idp-1x)x, ) iff y € P71(X) iff x € P~1(X) (this is because P(x) = P(y), from (1)), so this in turn
is equivalent to o(x,y) € P~1(X). Thus ® maps the pairs (x,y) satisfying (G\G') oidp-1x))(x,y)
onto S N P~1(X). The conclusion follows.

WV GoG = 1.
Proof. This follows since G’ C G and Go G = L.

(x) G is acyclic.
Proof. This follows from G’ C G by theorem 10.

\) PPoG’' CP.
Proof. We have G’ = G’ oidy/, P’ =Poidy: CP, G’ C G, and PoG C P, so

P oG =P oG oidy) CPoGoidy CPoidy =P
W |G'] <|G.
Proof. This follows from G’ C G.

(V) vX - Y |P,71(X)| — |G, o idp/fl(X)| = |P71(X)| — |G0idp71(X)|.
Proof. We have P'~1(X) = P~YX) NN’ = P~1(X)\S and hence

IP~1X)| = [P~ X)| — [SNP(X)|.
Also, G’ oidp/-1x) = G’ oidy o idp-1x) = G’ o idp-1x), since G’ is on N’, so
G’ oidp-1x)| = |G’ 0idp-1x)| = |G 0 idp-1x)| — (G\G') 0 idp-1(x)| = |G 0 idp-1ix)| — IS N P~H(X)|

by (8). Hence
P71 X)| - |G oidp 1| = |P7IX)| — |G o idp-1ix))-

&) P1X)=0if P1(X) = 0.
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Proof. I shall prove the contrapositive. If P~1(X) # () then there exists xcN such that
P(x) € X. If x € N’ then x € P'"~1(X), whereas if x ¢ N’ then x € S, so by ({) there exists ycN’
such that G(x,y) or G(y,x). By (1), P(y) = P(x) €X, so y € P’"1(X). In either case, P'~1(X) # 0.

(o) P'(N') = P(N).

Proof. Recall that P’ = P|y/, so P'(N’) = P(N'). By (), for every x€S there exists yeN’
such that G(x,y) or G(y,x); by (1), this implies P(x) = P(y). This shows that P(S) C P(N').
Since N = SUN’, this gives P(N) = P(S)UP(N') = P(N'). Hence P'(N’) = P(N).

(r) G is connected relative to P if G’ is connected relative to P’.
Proof. Consider any set Z and any function @ N — Z such that @ o G C . Define
Q' = Q|n:N' — Z, and note that

@oG’:@OG’oidN/ QQOGoidN/ ngidN, :@,

Assuming G’ is connected relative to P’, there exists a function i:P'(N') — Z such that
ioP’ = @'; this means that ; o P agrees with @ on N’. By (0), we have i: P(N) — Z. Moreover 1
claim that i o P = @. For any x € S, by ({) there exists yeN’ such that G(x,y) or G(y,x). Then
(n) gives P(x) = P(y), and by similar reasoning the hypothesis @ c G C @ gives Q(x) = Q(y).
Then

i(P(x)) = i(P(y)) = Q(y) = Q).

So i o P = @ holds on S as well as on N’, i.e., it holds on the whole of N. Thus we conclude
that i:P(N) — Z and i o P = @, as required.

Now we are ready to apply the induction step of the theorem. By (B), (1)-(u), we can apply
the inductive hypothesis to N’,P’,G’, and thereby verify (i), (ii) and (iii) for N, P, G:

(i) for any X C X, applying (v), |P71X)| — |G oidp-1x)| = |P'7X)| — |G’ oidp 1| > 0 by
inductive hypothesis;

@ii) for any X C X, if |[P71(X)| — |G oidp-1xy| = 0 then |P'~1(X)| — |G’ o idp—1x)| = 0 by (V),
so P'~1(X) = 0 by inductive hypothesis, so P~1X) = () by (£);

(i) if VX C X [P7YX)| — |Goidp-1x)| < |X| then VX C X |P'71X)| — |G’ oidp 1% < |X| by
(v), so (& is connected relative to P’ by inductive hypothesis, so G is connected relative to P
by (). I

2.4 Minimal relations relative to a function
Definition. If f:X — Y and R is a relation on X then R is minimal relative to f iff

VR*CR (foR*=foR = R*=R).

(Informally, R is minimal relative to f iff, for any xc€X and ycY, there exists at most one
x'€X such that f(x') =y and R(x’,x).)

Theorem 14. If f:X — Y and R is a relation on X then R is minimal relative to f iff

7 'oF N RoR' Cidy.
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Proof (=) Suppose R is minimal relative to f. For any x,x’ such that (f - of NRoR )(x,x),
we have x,x’ € X, f(x) = f(x'), and there exists z such that R(x,z) and R(x’,z). Now suppose
x # «x'. Define a relation R* equal to R except that R*(x,z) does not hold. Thus R* C R,
but f o R* = f o R, since (f o R*)(f(x),z) still holds (via x’) and f o R* is identical to f o R in
all other respects. The existence of R* contradicts the minimality of R. This contradiction
demonstrates that x = x’, as required.

(<) Suppose f_l of NRoR~! Cidx. Consider any R* C R such that foR* =f o R. Then
R=idxoR N R
C f_l ofocR N R by theorem 2(ii)
—F 'oFoR* N R since FoR* —foR
CF 'of N RoR* YoR* by theorem 4()
g(f_lof N RoR Y)oR* since R*CR
Cidx oR* since f of NRoR~1 Cidy
= R*

so R* = R, as required. |



3. Networks and Homomorphisms

3.1 Introduction

My aim is to state formally the recognition problem (the problem of interpreting an image
using a grammar) and to define the recognition process that solves the problem. Because the
theory is complex I shall develop it by stepwise refinement, beginning in this section with
an outline statement of the recognition problem and refining it in the following section, then
building up the recognition process incrementally.

A grammar will be represented by a formal structure called a network, containing symbol
types. Parsing consists of constructing another network called a pattern, containing symbol
tokens, and establishing a homomorphism from the pattern network to the grammar network.
The grammar must satisfy certain conditions: it must be a semi-definite network. The pattern
is not bound by these conditions during recognition, but by the end it must satisfy a stronger
set of conditions: it must be a definite network. All these concepts are defined in this section.

3.2 Definition of network and homomorphism

Definition. A network is a 12-tuple &X,N,H,E,K,W,P,A,F,S,C,G), where X,N,H,E,K are
disjoint finite sets; W.NUXY — X, P.N - X, AAH - NUX, F,S:E - H and C:K — E are
functions such that Voe€X W(c) = 0; and G is a relation on X UN UH UE UK such that
(1) idsoG=Goids, idyoG=Goidy, idgoG=Goidy, idgoG=Goidg, idg oG = Goidg;
(2) WoG=GoW, PoGCP, AcGCGoA, FoGCGoF, SocGCGoS, CoGCGoC;
(3) Gy and Gg,l are minimal relative to A; Gx and Glgl are minimal relative to C; Gg and
G, ! are minimal relative to F and S (where Gy = Goidy, Gx = Goidg and Gg = Goidg);
4) GoG = 1.

The elements of £, N,H,E,K are called symbols, nodes, hooks, edges and facets, respectively. G
is called the gluing relation; G(x,y) means that y is glued to x, i.e., y is a subsymbol, subnode,
subhook, subedge or subfacet of x, i.e., x is a supersymbol, supernode, superhook, superedge
or superfacet of y. The functions W,P,A,F,S,C express the incidence relations: a node n
connects a part P(n) to a whole W(n); a hook A is attached to a node (or possibly a symbol)
A(h); an edge e runs from its first hook F(e) to its second hook S(e); a facet & belongs to the
edge C(k).

The clauses of the definition may be paraphrased informally as follows.

(1) The gluing relation G may be considered as the disjoint union of a relation Gy = Goidy
on symbols, a relation Gy = G oidy on nodes, a relation Gg = G oidgy on hooks, a relation
Grg = G oidg on edges, and a relation Gx = G oidg on facets. I shall always use similar
notation below for the parts of a gluing relation of a network: e.g., if (X9, No,Ho,Eo, Ko, W,
Py,Aq,F5,Ss,Cy,G2) is a network then Goy = Gooidys, (the symbol part of Gg), Gay = Gooidy,
(the node part of Gs), etc..

(2) G preserves incidence. e.g., if a hook A; is glued to a hook Ay then the node A(h1)
is glued to the node A(hsy). (The first equation also says that every node of a subsymbol is a
subnode.)

(3) A hook is glued to at most one hook of any given node; a facet is glued to at most one
facet of any given edge; and an edge is glued to at most one edge of any given hook (for each
edge direction).
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(4) A subsymbol, subnode, subhook, subedge or subfacet cannot be also be a supersymbol,
supernode, superhook, superedge or superfacet.

Definition. If N7 = &1,N1,H1,E{,K1,W,P1,A1,F1,51,C1,G1) and Ny = (X,No,Hy,Eq, Ko,
Wo,Po,Ag,Foy,So,Co,Go) are networks, a homomorphism p: N1 — Ny is a function from X, U
N{UH{UE{UKj7 to g UNyUHyUEyUK, such that

(1) p(X1) C X9, pWN1) CNo, p(H1)CHo, p(E1)CEy, pK1)C Ko;

(2) Woop=poW;, Poop=poP;, Foop=pokF;, Spoop=poSy

plyuz, ple;
NoUXLg+———— N;UX, Ey+—— E;
() a ol T4, and ¢ ol | ¢: are pullbacks in the category of sets;
HO <—1 Hl KO <—1 K1

(4) poG1=Goop;
(5) (1 is minimal relative to p.

The clauses of this definition may be paraphrased informally as follows.

(1) p maps symbols to symbols, nodes to nodes, hooks to hooks, edges to edges, and facets
to facets.

(2) p preserves the W, P, F,S incidence functions.

(3) p maps the hooks of any node n bijectively onto the hooks of p(n), and maps the facets
of any edge e bijectively onto the facets of p(e).

(4) p preserves gluing (i.e., if Gi(x,y) then Go(p(x),p(y))), and if p(x) is a subsymbol,
subnode, subhook, subedge or subfacet then so is x.

(5) The gluings in N7 are induced by those in N, i.e., two things are glued in A7 only if
they are forced to be by condition (4).

Theorem 15. If p: N7 — Ny and ¢: Ny — N7 are homomorphisms then so is p o g: Ny — M.

Proof:
First,

p(QX2)) Cpi) €%y, pl@lN2)) CpN1) C Ny, plg(H?)) C p(H1) C Hy,
plq(Eq)) C p(E1) CEy, p(gKy)) C pKy) C Ko,

as required.
Secondly,

Woopogq=poWioq=poqoWs, Pyopogq=poPiog=poqoPs,
Foopoq=poFioq=poqoFy, Spopogq=poSioq=poqoSy,

as required.
p \Nl ULy Q|N2 UTy

NoUZLy+—— NjUX; N{UX{+——= NoUXy
Thirdly, AOT TAI and AIT TAZ are pullbacks, and therefore so is
p\H1 (I\H2
H, H, H, H,

@onyuz,
N() UZO — N2 UZZ

AOT (boq)l, T A, . This is proved as follows. We have
— Hg

H,

Apo(poq)u, =A¢oplu, ©qlr, =PplNnus, ©A109q|H, = P|N,us, ©9|N,us, ©A2 = (p 0 q)|N,us, 0 Asg.

Also, for any set X and functions f:X — Hj and g: X — NyUXy such that Agof = (poq)|n,us, 08,
by the first pullback there exists a unique i:X — H; such that p|g, oi =f and A;oi = q|n,us, 08.



3. Networks and homomorphisms

Then, by the second pullback, there exists a unique j: X — Hy such that q|g,0j =i and Agoj =g.
Thus j satisfies the desired equations (p oq)|g, oj = f and Ay oj = g. To show that j is the only
such function, consider any function k:X — Hy such that (poq)|p, ok =f and Apok =g. Then
Pl oqlm, ok =f and Ajoq|m, ok = q|n,us, ©A2 0k = q|N,ux, ©&, 50, by the uniqueness clause in
the first pullback, q|, o 2 = i. Then, by the uniqueness clause in the second pullback, £ = ;.
This verifies the required pullback condition.

ple, qlz, (Pog)|k,
Ey+——— E; Ei«+—= E, Ey «—— Ey
Similarly, COT Pl Tcl and ClT |k, TCZ are pullbacks, and hence so is COT - Tcz
K() S Kl Kl — 2 KO (—

Fourthly, poqo Gy =poqgoGs=poGioqg=Goopoqg=G,0poq.

Fifthly, G; is minimal relative to p and Gs is minimal relative to ¢; we must show that
G, is minimal relative to p o gq. By theorem 14, p*op N Gy o G;' C idy, n,um,uE Uk, and
g 'og N GyoGy' Cidy,uN,um,uE,uK,- Hence,

poq ‘opog N GyoGyt
=g top topog N GzoGy?
Cglo(ptop NgoGyoGytog ')og by theorem 4(i),(ii)
=g 'o(@ 'op N Giogog 'oG;')og since g is a homomorphism
Cglo(@top N GioG ") og by theorem 2(i)

—1 . —
C q " oidy,uN,UH,UE UK, ©

=q "ogq.

Hence
poq_lopoq N GzoGgl gq—loq N GzoGgl

g idEQUNQUHQUEQUKQ'
By theorem 14 again, G5 is minimal relative to p o g, as required. |

Theorem 16. If f: N — N’ is a homomorphism and is also a bijective function then the inverse
function f~': N7 — A is a homomorphism (called the inverse homomorphism of f).

Proof First, the condition f~1(X’) C ¥ follows from f(N) C N’, f(H) C H', f(E) C E' and
f(K) C K'. The similar conditions f~'(N') C N, f~'(H') CH, f(E') CE and f"Y(K') CK
follow similarly.

Secondly, the condition Wo f~! = f~1 o W is verified by Wof 1 =f lofoWof 1 =
floWofof !t =f"1oW'. The similar conditions Pof ! =f1oP, Fof ! =f1oF and
Sof1=f"108 follow similarly.

NUZ <‘—N’“2 N'UT

Thirdly, the pullback 4t A is verified as follows. The equation A o f~ !y =
H <— H

f Uy oA’ is verified as in the previous paragraph. To verify the other half of the pullback
property, given any set X and functions p:X — H and ¢:X — N’ UZX' such that Aop =
f s 0q, define i = flg op:X — H', giving f Y moi=f g oflgop =p and A’ oi =
A’ of|lgop =flnuzoAop = flnus of L nus ©q = q, as required. To show i is unique, consider
any j:X — H' such that f~!|g oj =p and A’ oj = q; then j = f|i o p = i, as required.

e I

E+—
The pullback ¢ -1 Tc' is verified similarly.
KX K
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Fourthly, the condition f~1 o G’ = G o f~1 is verified by
floG@ =fToG ofof T=fTloGofof l=flofoGof l=flofoGof 1=Gof L

Finally the condition that G’ be minimal relative to f~! is verified as follows. For any
relation R* C G/, if f~1oR* =f~10G’ then fof~1oR* =fof~1oG’, so, since fof 1 =fof-1=
ids' N o uE UK, We have R* = G/, as required. |

Definition. An isomorphism is a homomorphism f: N — A’ with an inverse homomorphism
f~L:N" = N. An automorphism of A is an isomorphism from A to A.

3.3 Minimal relations relative to a network

Definition. If N = (X,N,H,E,K,W,P,A,F,S,C,QG) is a network then its gluing relation G is
minimal relative to N iff
idg C Gg o Gg' UGy' 0 Gg

and, for any relation G* C G such that

e WoG* CG*oW, PoG*CP, AoG* CG*0A, FoG* CG*oF, SoG* C G*o8S,

CoG*CG*oC,

o idg C Gy oGy P UGE ' oGy (where G = G* oidy),

we have G* = G.

(Informally, the condition that G be minimal relative to N/ means that every facet is glued
to another facet (i.e., it is either a subfacet or a superfacet) and G is as small as it can be,
subject to this constraint.)

Theorem 17. For any network N’ = (X,N,H,E,K,W,P,A,F,S,C,G),
(1) if G is minimal relative to N then

Gy :WOGNOW_l U idZOKOGHOK_l, GN:idNOZOGHoZ_l,

(%)
GH:FOGEOF_l UEOGEOE_I, GE:€OGK06_1;

(i1) if Gg o GI}1 Cidg C Ggo GI}1 U GI}1 o Gk then the converse of (i) holds, i.e., equations (x)
imply that G is minimal relative to N/.

Proof. (i) Suppose G is minimal relative to N. Define a relation G* = G UG, UG UGy UGy,

where
Gy =Gk

G =CoGioC '

Gy =FoGsoF 'USoGyoS

Gy = idyoAoGy oA |

G =WoGyoW ' UidgoAoGyoA .
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First I shall show that G* C G. We already have G} = Gk, but also

GZ, :606’%0671:EOGK0671:60G0671 gGoﬁoﬁflgGoidE:GE

Gy =FoGhoF 'USoGsoS 'CFoGroF 'USoGgoS '=FoGoF 'USoGoS '
CGoFoF "UGoSoS  CGoidyUGoidy =Gy

G =idyoAoGloA ' CidyoAoGyoA =idyoAoGoA  CidyoGoAoA '
Cidy o Goidyus = Gy

WoGyoW ' UidsoAoGyoA ' CWoGyoW & U idsoAoGyoA '

CWoGoW ' UidsoAoGoA 'CGoWoW & UidsoGoAoA '

C Goidy U idyoGoidy s = Gy UGs = Gs.

Gy

Thus G* C G as claimed. Note also that G is on K, Gj is on E, Gj; is on H, Gy, is on N, and
G3 is on X.
Secondly I shall show that G* is homomorphic. This follows from

WoG = Wol(GiUG) oidsy
CWo(Gs UGy o W oW by theorem 2(ii)
—WoGLoW oW U WoGyoW oW by theorem 3(i),(ii)
CidsoGioids oW U GLoW since Wy = idy and Wo G, o W ' C G
=GioW U GsoW
=G*oW
and
AoG" —idyoy oA oGy oidy
Cidyur oA oGy oA oA by theorem 2(ii)
CidyoAoGyoA 0A U idyoAoGyoA oA by theorem 3(i)
CGyoA U GsoA by definition of G§, and G;
=G oA
and _ _ _
PoG* CPoGCP

FoG =FoGhoidg CFoGyoF oFCGyoF=G"oF
SoG* zgoGgoidEngGEogiloggG}}oS:G*oS
CoG* =CoGyoidg CCoGyoC 'oC=Gs0C =G oC.

The relation G* satisfies the condition
idg C GroGyr "UGEK ToGy

just like G. Hence, by the minimality condition, G* = G. This shows that G satisfies the
equations (x).

(i1) Suppose that GKOGI}1 Cidg C GKOGIEIUGlzloGK and G satisfies the equations (x); we
must show that G is minimal relative to A/. Consider any homomorphic relation G* C G; we
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can split G* into its five parts, Gy = G* oidg C Gk, G, = G* oidg C Gg, Gj; = G* oidy C Gy,
Gy = G* oidy C Gy, and Gi = G* oidy C Gy, which are on K, E, H, N and X respectively.
Assume that idg C Gy o GI*{_1 U G}*{_l o Gx. We must show G* = G.

First we show Gy = Gg. This follows from G C Gx and

Gk = Gy oidg C Ggo (G oGy *UGE 10GE)  since idg C Gy o ;{_1 U G}}‘l oGy
=GxoGroG: ' U GgoGy ' oGy
CGoGoGy ' U GroGgloGy
Cl UidgoGg sinceGoG:J_andGKoGlglgidK
= Gg.
Next we have G = Gg, since G; C Gg and

N

T CoGLoC '=CoG*oC 'CG oCoC ' CG oidy =Gy

Gg=CoGgoC
Then Gj; = Gy, since Gj; C Gy and
Gy =FoGroF 'USoGpoS '=FoGLoF 'USoGy0S =FoG*oF USoG0S |
CG oFoF 'UG 0S50S ' CG oidy UG oidy = Gy.
Then Gy = Gy, since Gy C Gy and

Gy =idy oA oGy oA = idy oA oGy - idy oA o G* oA ! CidyoG* oA oA

- ldN oG o idNUZ = GX(
Then G; = Gy, since G5 C Gy and

Gz:WOGNowi1 U idZOZOGHOZ&:WOGX,OWil U idZOZOGjEIozil
QWOG*OW_1 U idEOZOG*OZ_lgG*OWOW_l U idZOG*OZOZ_l
CG*oidy U idy o G* oidyuy = Gy UGy = Gy.

This completes the proof that G* = G, and so verifies that G is minimal relative to A/, 1

3.4 Semi-definite and definite networks

Definition. A network X,N,H,E,K,W,P,A,F,S,C,Q) is semi-definite iff
(la) WoAoF =WoAoS,
(3) Gy is acyclic,
(4a) H=F(E)US(E),
(5a) Gk o Gg' C idk,
(6) G is minimal relative to N/,
(7a) FoG=GoFand SoG=GoS,
8a) VR A 'oR=FUS)oR = GsoRCWoGyoR U idsoAoGroA oR).

Definition. A network X,N,H,E,K,W,P,A,F,S,C,Q) is definite iff
AoF
(1b) E Aii Nur¥yisa coequaliser diagram in the category of sets,
oS
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(2b) Gy is connected relative to P,

(3) Gy is acyclic,
(4b) E L & Eisasum diagram in the category of sets,
(5b) idx = Gk o Gg' UGg' o Gy,

(6) G is minimal relative to N.

The grammar is required to be semi-definite, whereas the pattern is required to be definite.

The clauses of these two definitions may be paraphrased informally as follows.

(1a) The two nodes at the ends of any edge belong to the same whole.

(1b) The nodes and edges belonging to any whole form a connected graph.

(2b) Two nodes share the same part only when they are glued together (directly or in-
directly). (This condition prevents the same symbol from being interpreted as part of two
unrelated wholes.)

(3) There is no cyclic sequence of gluings. This is a technical condition for ensuring that
condition (2b) holds in the pattern at the end of recognition (see §3.6).

(4a) Every hook has at least one incident edge.

(4b) Every hook has exactly one incident edge.

(5a) Every facet has at most one superfacet.

(5b) Every facet has exactly one subfacet or superfacet.

(6) Every facet is glued to another facet, but the gluings are minimal subject to this
constraint.

(7a) If any hook is a subhook then all its incident edges are subedges.

(8a) Whenever a subsymbol is glued to a supersymbol, there are sufficiently many nodes
and hooks belonging to the subsymbol that are glued to nodes and hooks belonging to the
supersymbol. This is another technical condition for ensuring that condition (2b) holds in the
pattern at the end of recognition (it is used directly in theorem 22 below).

The definiteness conditions subsume the semi-definiteness conditions, as the following
theorem shows.

Theorem 18. Any definite network is semi-definite.

Proof. Consider any definite network N' = (X,N,H,E,K,W,P,A,F,S,C,G). We shall verify
each of the conditions for semi-definiteness in turn (reordering them to leave the harder ones
until last).

. Aok w . .
WoAoF =WoAoS. This follows from the fact that E A:KN UX — X is a coequaliser
oS
diagram.

Gy is acyclic. This is given.

H = F(E)U S(E). This follows from the fact that E L& Eisasum diagram.

Gk o Glgl C idg. This follows from the given condition idx = Gk o Glgl U GIEI o Gg.

G is minimal relative to A. This is given.
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FoG=GoF and SoG = G oS. This follows by

GoF =GoidgoF

=GyoF

= (FoGg oF ' U goGEog_l) oF by theorem 17 (G is minimal relative to A\/)
oGEofiloF U EOGEogiloF

I
ol

oGgoidg U SoGgo L by theorem 7 (E 5 H & E is a sum)

I
R IeS|
@

o

with a similar proof for So G =G o S.

VR A '"oR=FUS)oR = GyoRCWoGyoR U idgsoAoGyoA ' oR). Consider any
relation R such that A ' oR = (FUS)oR. Then

F oA 'oR=F oFUS)oR

—F 'oFoR UF '0SoR

=idgoR U 1LoR bytheorem7(EE>HgEisasum)
=idgoR

and similarly S'eA 'oR= idg o R. Consequently F'oA 'oR=S'0A 'oR.
Define a function f: N UX — P(dom(R)) (where P(dom(R)) is the power-set of dom(R)) by

VxeNUX f(x)={y|R(,y)}.
Then
VecE fAFE@)) = {y | RAF@),N} ={y | F oA oR)e,y}

—{y| (S oA 'oR)Ne,»} = {y | RASE),y} = FAS(e))

. . AoF W o« . . . .
ie, foAoF =focAoS. Since E_XNUX & ¥ is a coequaliser diagram, there exists a

AoS
unique function i: ¥ — P(dom(R)) such that i o W = f. Bearing in mind that VoeX W(o) = o,
this implies

vneN {y| W' oR)n,y)} = {y | RW(n),y) } = f(Wn)) = i(W(W(n))) = i(W(n))
=f(n)={y|Rn,y)}

S0 idNoW&oR =idyoR, so WoGoidNowiloR = WoGoidyoR, i.e., WOGNOWAOR = WoGnoR.
Also, G is minimal relative to A/, and therefore, by theorem 17,

G>;:WOGNOW_1 U idgoZoGHoZ_l.
Hence
GZOR:WOGNOW_loR U idZOZOGHOZ_loR:WOGNOR U idEOZOGHOZ_IOR

which is stronger than the required condition. |
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3.5 Properties preserved by homomorphisms

Parsing involves constructing a pattern network N; and a homomorphism p from A; to the
grammar network Nj. The fact that N; and N, are linked by a homomorphism implies some
tight relationships between the two networks; these relationships are stated in theorem 19
below. In particular, the fact that N, is semi-definite implies that some of the semi-definiteness
properties are carried over to N7, as shown in theorem 20; these properties therefore hold true
for the pattern throughout recognition, not just at the end.

Theorem 19. If p: N7 — Ny is a homomorphism from a network N7 = (X{,N1,H,E{,K;, W1,
P1,A1,F1,S81,C1,G1) to a network Ny = (X9, No,Ho,Eo, Ko, Wo,Po,Ao,Fo,8S0,Co,Go) then

(i) ptop N GioGy* Cids,uN,uHuE UK,

(ii) p ' oGomop N A 0 (Giy UGhs) oAy = Gup,

(i) P 1o Gogop N Cr  o0GigoCy = Guk,

(iv) Ay op=poA; ,

) Co op=poCy '

Proof. (i) This follows by theorem 14 since G; is minimal relative to p (by the definition of a

homomorphism).
(i1) I shall use the abbreviations Giyy = GiyUG1x and py = plg, (so pg = poidy, = idg,op).
G Cp toGogop N A; ' o Gyyy 0A;. The definition of a homomorphism gives po Gy =

Goop and hence poGig = Gogop (in detail, poGig = poidu, 0cG1 = idg,opoG1 = idg,0Goop =
Gor o P). Hence by theorem 2(iv) Gig € o o Goy o p. Also, by the definition of a network,
A;0G1 C G10Aq, hence by theorem 2(iv) idg, 0 Gy C A_lfl 0Gq0Aq,ie., Gig C A_lfl oGNy 0A;.
Combining these two gives G1g Cp ' oGogop N A_lfl o Giny 0 A;.

5 1oGyrop N Ay oGy oA; C Gigr. Now,

1oidH0 oGgop

P loGumop=p"
—pg ‘o idg, op oGy since Gypop = p o G1 (p is a homomorphism)
=pm ' opmoidy, oGy

:Z)_H_l OEOGIH. (1)

Also from the definition of a network A, oGl C G10A1, so by theorem 2(iii),(iv) idg, oG oAy ! C

A1 O G1 o lleuzl, 1.e., GlH OA1 C A1 O GlNZ Invertmg this glVGS
A_loGl_I} QGI]\}EOA_L (2)
Furthermore,

P 'obm :ﬁ* oidu, op
5 loA, 'oAgop by theorem 2(ii)
—Al_l op topoA; since Agop =poA; (pis a homomorphism). 3)
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Using (1)—(3),

P loGogop N A_l_l oGinz oA

=P toProGur N A1 oGizoA; by (1)
C@g ‘opm N A_lil oGz 0A10Gyp) o Gy by theorem 4(i)
C @ topg N A_l_loGlNZOGI]\}ZOA_l)OGlH by (2)

= @rtopr N A1 op topoAy N A;  oGyzo Gy oA o Gy by (3)

— (pg opa N A 0@ Lop N Giyyo Gy oAr) oGy by theorem 3(v),(vi)
C(pr'opm N A1 o 'op N GioGyY)oAr) oGy

C(pg topm N A1 o idy, uN,uH,UE UK, © A1) © Gin by part (i)

= @rtopr N A1 0AD oGy

Cidy, o Gig by theorem 6 (p is a homomorphism)
— Gy

as required.

(iii) The argument is as in part (ii), with hooks replaced by facets, Giys replaced by Gig,
and idy, s, replaced by idg,.

(iv) We have

— 1 —1 .
Ay op=A4Ay o ldNoUZo op since Ag:Hy — NoUZL
—1 . .
=Ay opoidy,uy, since NyUX;=p 1(NoUZ)

=plm, 0 A1 by theorem 6 (p is a homomorphism)
:ﬁOLdHl OA]_il
:ﬁoA_l_l since A:H; - N1 UX;.

(v) The argument is as in part (iv). |

Theorem 20. If p: N7 — Ny is a homomorphism from a network N7 = (X1,N1,H1,E{,K;, W1,
P1,A{,F1,S1,C1,G1) to a semi-definite network Ny, then

(i) Gix o Gyg C idx;,
(ii) F10Gy =Gy oF; and S10Gy = G105y,
(i) Giy = idy, oAy 0 Gu o Ay |,

(iv) Gig = C10Gig o Cy .

Proof. We shall use the usual notation, Ny = (X, No,Hy, Eo, Ko, Wy, Py,Ao,Fo,So, Co, Go).
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(1) Now,

Gik o Gl_Kl = idy,uN,uH, UE, UK, © G1 0 idk, o Gl_l © ids, UN,UH, UE, UK,
CplopoGioidg, oGylop top by theorem 2(ii)
=p 'oGoopoidk,op 'oGy'op since poG1 = Gyop (p is a homomorphism)
=p 'oGooidg,opop oGy op since Ky =p~(Ko)
Cp Lo Gyoidg, oids, Num,uE,uK, © Gyl 0P by theorem 2(i)
=p oGk o G&% op

Q]Tl op since Gog o Go}{1 C idKo (N is semi-definite)

S0
Gik oGy =p 'op N Gik oGy
=idg, o (prop N GioGy')oidg, by theorem 4(ii),(iv)
Cidg, oids, N,uH,UE; UK, © 1K, by theorem 19(i)
— idy,

as required.
(ii) I shall just show F; o G = G o F1; the proof for S; o G; = G108 is similar. First,

G1oF1 =ids,un,uH,UE, UK, © G1 0 F1

Cp lopoGioF; by theorem 2(ii)

— 5 loGyopoF, since po G1 = Gy op (p is a homomorphism)
=9 10GyoFy0p since poF; = Fyop (p is a homomorphism)
— 5 1oFy0Goop since Gy o Fy = Fy o Gy (Np is semi-definite)
— 5 loF,0p0G, since Gopop = p o G1 (p is a homomorphism)
— 5 lopoF0G since Foop = p o F1 (p is a homomorphism).

Hence

GioFi=p 'opoFi0G, N GioF;
C@E top N GioFio(F;0G) ™) oF; oG by theorem 4(i)
C@lop N GioF10(GioF) 1) oF;0G since F10Gy C Gy oF; (N is a network)
=@ 'op N GioF1oF oG HoF oG

C@top N Gioidy, oGy oF10Gy by theorem 2(i)
C@Etop N GioG{HoF10Gy

C idy,uN,uH,0E, UK, © F1 0 Gy by theorem 19(i)
=F;0G.

Since the converse F; o G; C Gq o F; is given by the definition of a network, this establishes
that F; o G; = G1 o F1, as required.

(iii) The definition of a network gives A; o G; C G o Ay, and hence by theorem 2(ii)
A 0Gq oA_lf1 C Gy oidy,uzx,, and hence idy, 0cA; o Gig oA_lf1 C Giy.
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For the converse, the fact that p is a homomorphism gives p o G; = Gy o p, and hence
poGiy = Goy op. Thus
Gy Cp loGowop by theorem 2(iv)
=p toidy, oA o Gog oA_Of1 op by theorem 17 (N, is semi-definite)
Cp'oAooGouoA, op
— A op loGyropoA; by theorem 19(iv).

Hence

— — 1
Giv =A10p 'oGogopoA; N Gy
_ 1

C (A1op toGogop N GiyoAr)oA; by theorem 4(i)
CAjo(ptoGogop N A_lfloGlN 0A7) oA_lf1 by theorem 4(ii)
CAjo (P oGuop N A oG UG)oAr) oA; |

—A oGy oA, by theorem 19(ii)

so Giy = idy, o Gy C idy, 0 A1 0 Gig oA_lfl, as required.
(iv) The argument is similar to part (iii), with hooks replaced by facets, nodes replaced by
edges, A1,Ay replaced by C1,Cy, and with idy,, idy, and Gz removed. |

3.6 Theorems on definiteness

The recognition process aims to achieve a definite pattern N;. Theorem 23 below provides
sufficient conditions through which definiteness is ensured. Theorem 21 and theorem 22 are
more general results, with weaker hypotheses and conclusions, which are used in the proof of
theorem 23 and also later in §8.

Theorem 21. If p: N7 — Ny is a homomorphism from a network N7 = (X1,N1,H1,E{,K;, W1,
P,A{,F{,S1,C1,G1) to a semi-definite network Ny, and Y is a set, such that
(a) YCXq and E; uil AN UY) 2 E, is a sum diagram in the category of sets,
(b) If:K1\dom(G1) — K1 G =T,
then
() Gyoida,-1v,uy) =F10Gigo Fi 'US10Gigo S_lil,
(i) idx, = Gix c Gig U Gig o Gik,
(1i1) ]771 op N Gl_E} oGig C idg,,
(iv) ptop N ida-1y,) 0 Gy o Groidy, vy C ida, -1y,
v) plop N GII\} oGy Cidy,,
(vi) Gyy is acyclic.
Proof. We shall use the usual notation, Ny = (Xg,No,Hy,Eqy, Ky, Wy, Py,A,Fo,So, Co, Go).
(i) We have

Groids,\v,uyy = Gro (Fro F_'lfl U S;o S_lfl) by theorem 7 and hypothesis (a)
—G1oF oF] ' U Gi08;08] ' by theorem 3(ii)
=F,0G0 FTl_l U S;oGyo S_l_l by theorem 20(ii)
—Fi0GuoF; " U Si0GypoS, | since Fy,S;:E, — Hy.
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(ii) By hypothesis (b) there is a function f:K;\ dom(G;) — K; such that Gle =f. Hence
Gz o Gix Cidx,,
idg,\ dom(Gy C Gk © G
by theorem 2(i),(ii). But we also have

idgom(Gy) < Gle oG  since this holds for all relations,
Gig o Gl_lé Cidg, by theorem 20(i).

Combining these four in pairs gives
Gik o Gig U Gig o Gix Cidg,,
idk, = idg,\ dom(Gp Uiddom@ € Gix 0 Gig U Gig o Gik
and hence idg, = Gik o Gl_K1 U Gl_lé o Gk, as required.
(iii) Theorem 20(iv) says Gz = C1 o Gig o 0—171, and hence

1

GIEl:C_10GfK10C_1_. (1

Also, from the definition of a homomorphism, poGix = Gk op, and hence by theorem 2(iii),(iv),

Gigob ' Cp toGk. (2)
This gives
p top N Gy oGk
=7 'op N CloGloCr oG by (1)
CCio (C_f1 optop N Gy OC_lf1 o G1g) by theorem 4(ii)
=Cio(p! oCo op N G oC; o Gig) since poCy = Cpop (p is a homomorphism)
=Cio(p top oC; ' N G o0y ‘o Gig) by theorem 19(v)
CCio(ptop N Gy oC_lf1 o GigoCy) oC_lf1 by theorem 4(i)

CCio Gl_Kl ) (GlK op lop N C_lil oGig oc_l) oc_lil by theorem 4(ii)

CCroGgo (P oGuop N €1 0GpoCi)oCr by (2
-1

=C;o GIKI oGig o Cq by theorem 19(iii)
C Cyoidg, o C_l_l by part (ii)
:(j_loC_l*l since C1:K; — E;
Cidg, by theorem 2(i).

(iv) First, the definition of a homomorphism gives p o Gig = Gog o p, and so by theo-
rem 2(iii),(iv)
Gig 01_771 gﬁ’loGOE. (3)
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This is used in the following:

Fi op lopoF; N Gyt oG
—p ! oFTO_l oFgop N Gyz oG since poF; =Fyop (p is a homomorphism)
Cplo(Fy oFy NPoGyoGuop t)op by theorem 4(i),(ii)
Cplo(Fo oFo N GylopopLoGeg)op by (3)
cplo (FTofl oFy N G(;El o idy,uN,UHyUE,UK, © Gog) ©P by theorem 2(i)
—p 1o (170_1 oFg N Gy oGog) op
Cp loidg,op by theorem 14 (G, is minimal relative to Fj)
Cp 'op. 4)
Using this we derive

I—Jflol—) N _10G1_E10G1EO-F_11_1

CFro(F optopoF; N GyloGy)oF; | by theorem 4(i),(ii)

=Fio (Fi op 'opoF; N GytoGip N GitoGip) oFy

CFio('op N G oGip)oFy | by (4)

C Fioidg, oﬁ_’l_l by part (iii)

:F_’loﬁ_’lfl since F1:E{ — H;

C idg, by theorem 2(i). (5)

By a similar argument,
N — i
plop N SloGIJEIOGEOSl Cidg,. (6)
We also have, using the abbreviation I = id4, -1qy,),

ToGioGrol Cidaay,uy) 0 Gyt o Groidy,—1gv,uy)
= (FioGgoF1 ' U Si0G3o8: )o(FioGipoF, ' U SioGipoSi )
by part (i)
=F;0Gyy oidg, oGlEoF_'lil ULlULUSi0Gyoidg oGigoSt
by theorem 7 and hypothesis (a)

:F_vloGl_ElOGlEOF_‘l_l U S_loGl_EloGlEos_l_l. @)

1

Then, by (5), (6) and (7),
1—77101—) N IoGl_loGloIgidH1 (8)

and so
P top NIoGi'oGiol=p top NIoG ' oGiolol
=@ 'op NIoG'oGiol)ol Dby theorem 4(iii)
Cidy, ol by (8)
=1 since A;1(V;) € H;



3. Networks and homomorphisms

as required.

(v) From the definition of a homomorphism, p o Giz = Gog o p, and hence by theo-
rem 2(iii),(iv),

Guzop ' Cp ' oGon. 9)
Also (with I = idy,-1y,) again),
IoGy =1Iocidy, oGy since A;~1(N1) C H
cI oA_l_1 0A;0Gq by theorem 2(ii)
gIoA_lfloGl 0A; since A; 0o G1 € Gy 0A; (N is a network)

-—1 . - . .

:Al ] lle o G1 OA1 since I = ldAlfl(Nl)
1 . _

:Al OGlolle OA1

— I . .
=A; o0GioAiol since I = idy, -1y,

so by theorem 4(v)

IoGlgGloI

and inverting this gives

GiloICIoGiL (10)

Also, theorem 20(iii) says Giy = idy, 0 A1 o Gig oA_lfl, and hence

Gl =A10G oAy oidy,. (11)

1 oA_l_1 o Gin OA_l

b
OD—‘
hs]]
D)
)
E I

—plopNplop N Gy oA; | oidy, o Gy oidy, 0 Ay

=p lop NP lop N GioloA; oGiyoA ol since I=ida, vy

Cplop N Gito (Guop top N ToA, oGy 0oAjol) by theorem 4(ii)

—pop N Gylolo (Gumop top N A, oGy 0A1) ol by theorem 4(iii),(iv)
Cplop N Gyjolo(F ' oGourop N AL oGiyoAr)ol by (©)

Cplop N GiloloGuol by theorem 19(ii)

—p'op N GiloloGyol since idpy, ol =1

Cplop NIoG{loGiol by (10)

cI by part (iv). (12)
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This gives

plop N GyoGuwy

—pYop N A oG oA oidy, oGy by (11)

—p lop N A oGl oA oGy

CAjo (A_f1 optop N G oA_lf1 oGin) by theorem 4(ii)

=A;o(p! oA_(f1 op N Gig oA_f1 oG1n) since p oAy =Agop (p is a homomorphism)
=Ajo(ptop oA; ' N G oA; o Giv) by theorem 19(iv)

CAjo(plop N Gy oA_l_loGlN 0Ay) oA_l_1 by theorem 4(i)

CAjoloA; by (12)

=idy, 0 A1 oA_lf1 since I = ids, -1y,

Cidy, oidn,us, by theorem 2(i)

=idpy,

as required.

(vi) Define py = p|n,. We already know the following.

pn © Giy = Goy opN since p is a homomorphism;

Py lopy N GiyoGiy Cplop N Gy oGy

Cidpy, by part (v);

PN toby N GivoGiy =idy, 0o (B ' op N G1oGy') oidy, by theorem 4(iii),(iv)
Cidpy, by theorem 19(i);

Gy is acyclic since Ny is semi-definite.

Then by theorem 12 Gyy is also acyclic. |

Theorem 22. If p: N7 — Ny is a homomorphism from a network N7 = (X{,N1,H,E{,K;, W1,
P,A{,F{,S1,C1,G1) to a semi-definite network Ny, and Y is a set, such that
(a) WiN;) CY CX¥; and E; By A7V UY) 2L E; is a sum diagram in the category of sets,
(b) WioAjoF; =Wi0A108;,
then
() idy, 0A;0Gig OA_l_l =A;0Gy OA_l_l oids,,
(i) Gyoidy = (WioGuy oWy = U idy, 0A10GizoA; ) oidy,
(ii1) Gyoidy Cidy o Gy.

Proof. We shall use the usual notation, Ny = (Xo,No,Hy, Eo, Ky, Wy, Po,Ao,Fo,So,Co, Gy). We
begin with two observations.

First, note that W;(N;) C Y and W1(Y) =Y, so N;UY C W;~1(Y). Conversely, any element
of W1=1(Y) is either a node or a symbol in Y, so W;~1(Y) C N; UY. Hence

W, NY)=N; UY. (1)
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Secondly, from A; o G; C G1 0 A1, theorem 2(iii) implies A; o G; oA_lf1 C Gy oidy,uy,, and

hence
) — —1 . )
idy, 0A10G10A;  Cids, o Groidy,us.

which may be rewritten as
idy, 0 A; 0 Gigr 0A; € Gy oidy,.
(i) Applying theorem 4(v) to (2),
idy, 0 A7 0 G oAy | CAyoGigoA; oidy,.
The converse is proved similarly, and hence
idy, 0A; 0 G 0A; | =A10Gig oA oidy,

as required.
(ii) From W; o G; = G4 o W1, theorem 2(iii) implies

WioGyoW:  CWioGroW;  =GioWioWi = C Goidy,.
Combining this with (2),
WioGuy oWy ' U idy, 0Aj0GuyroA; ' C Gyoidy, CGh.
Define a relation R =p o Wl_l oidy Up o m_l. Then

. . o1 ) [
idn,us, o R =idy,us, opo W1 oidy U idy,us,opoWi0Aj0F;

. . —1 . -
oidn,ur, oldyuy oW1~ U poidyuy, oidg, o WioAj0F; — by (1)

Il
kS|

. ——1
o lleUy oW, U L

Il
k]

—poW;i 'oidy by (1).

idy, oR =idy, oidy,us, o R
—idy, 05 oWy oidy by (4)
—poidy, oWy ' oidy.
idy, o R = idy, o idy,us, o R
—idy, oB oWy oidy by (4)
—poidy, oWy  oidy
=poidy, oidy since YoeXq Wi(o) =0
=poidy.
idg, oR = idg, oo Wy " oidy U idg,oBoWioA;oF;
—poidg, oidyuyoW: U poidg, oWioAoF; = by (1)
=1 UpoWioAioF; '
—poWioA o F; .

(2)

3)

4)

()

(6)

(7
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Hence

Ay 'oR=A; oidyus, oR

=4, opoW: oidy by (4)

=p oA_lf1 oidy,uy © Wfl by theorem 19(iv) and (1)
=poids gnur oA oW

:po(ﬁoﬁ‘lus_losl 1)oAl Lowy ! by theorem 7 and (a)

oF1oF, ‘oA oW, T UpoSio8: oA oW, |

Il
is]

opo mfl U Spopo mfl since p is a homomorphism
opoWioAoF; ' U SyopoW;0A;0F; = by hypothesis (b)

= (FouSo) opoWioAroFy

= (FouSo) oidg, oR by (7)

= (FoUSy) oR.

S

Since N is semi-definite we may infer

Gor oRCWyoGogyoR U idZOOA_OOGOHOA_o_IOR. (8)
Then
poGioidy
=Goopoidy since p is a homomorphism
= G() o idzo oR by (6)
=GozoR
C WooGoyoR U idy, 0AgoGop oAy  oR by (8)

= WooGooidy, oR U idy, oA o GooAy  oidy,s, oR
~WooGoopoidy, o Wi ' oidy U ids,0AgoGooAy opoWi oidy

by (5) and (4)
=WooGoopoidy, oW; ' oidy U idg, 0AgoGoopoA; oWy @ oidy

by theorem 19(iv)
:ﬁOWlOGloileoWliloidY U poidy, oAy oGy oAy oW | oidy

since p is a homomorphism
=po (WioGwoW:r = U idy, 0AioGioA; oWy ') oidy
=po (Wio0Gy oW, " U A oGgoA; oidy, oWl_l) oidy by part (i)
=po (Wi0Gy oWlfl U A; oGy oA_lf1 oidy,) oidy  since VoeX; Wi(o) =0
—po(WioGy oWy ' U idy, 0Aj0GigoA; )oidy by part (i). 9)

Define a relation

R —1 L 1. .
G*= (WioGwvoW; U idy 0A10GigoA; )oidy U Gioids,\y)un,uH,UE UK, -
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Comparing G* with G{ = G1oidy U Gyo id(El\Y)UNIUHlLJElUKI’ we have G* C G1 by (3), and
hence p o G* C po Gy, but also po Gy C p o G* by (9), and hence p o G* =p o G1. Since p is a
homomorphism, GG; is minimal relative to p, so G* = G;. Hence

Gioidy =G*oidy = (WloGlN onl U idy, 0A; oGy oA_lil) oidy

as required.

(ii1) We have

Gioidy = W1 0Giy OW1_1 oidy U idy, 0A;10Gig OA_l_1 oidy by part (ii)
:WloGlNoileuYOWl_l U idy, 0A10Gigoidy, vy oA; " by (1)
CWioGuwoWi ' Uidy, 0AioGoFioF; oA '

U idy, 0A10GigoSyo S_fl oA_f1 by theorem 7 and (a). (10)

Let us consider each of the three terms on the right-hand side in turn. First,

WioGuyoW; ' =WioidyuyoGuoWr |

—idy oW1 0Gyy o Wy by (1).

Secondly,

idy, oA 0 G o F1oFy oA |

—idy, 0Aj0GyoF o F oA,
= idy, oA 0 F10GioF] oA,

= idy, 0Ajo ida,-1v,uy) oF;0Gy 0171_1 OA_l_1 since ran(F;) C A;{(N; UY), by (a)

. . -— = —_1 ——1
ZldzlolleuYoAloFloGloFl oA

—idyoAioF10GioF, oA,

71 .
since F1:E, — H;

- by theorem 20(ii)

By a similar argument,
. —-— - =1 —1 — = -1 —1
ldzl oAloGlgoSl 081 OA1 :zdyoAloSloGloSl OA1
Using these last three equations in (10),

Gioidy Cidyo (WloGlNOWl_l UAoF0GioF; oA U A_los_loGlos_l_loA_l_l)-

Hence by theorem 4(vi)
Gioidy Cidy o Gy

as required. |

Theorem 23. If p: N7 — Ny is a homomorphism from a network N7 = (X1,N1,H1,E{,K;, W1,
P1,A4,F1,S4,C1,Gy) satisfying

(@) VX C Xy |P171X)| — |Giv 0 idp, 10| < 1X],

(b) E, Ag 1 & E; is a sum diagram in the category of sets,

() If:K;\dom(G1) — K; Gl_lé =f,
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A1oF W . . . .
(d) E, :§ N;UX; =3 X4 is a coequaliser diagram in the category of sets,
A0S,

to a semi-definite network Ny, then N7 is definite.

Proof. We shall use the usual notation, Ny = (X, No,Hy, Eo, Ko, Wy, Po,Ao,Fo,So, Co, Go).
First note that the hypotheses of theorem 21 and theorem 22 hold, taking Y = X; (since

H; =A;71(N1UX,)), so we can apply these theorems in what follows. In particular, theorem 22

gives
Gy = G oids,
= (WioGyo W{l U ids, 0A1 0 Gy OA_fl) oidsy, by theorem 22(ii)
—WioGiyoW; o idy, U idy, 0A;0Gig oAy o idy,
—WioGuoW: = U idg, 0A7o0GigoA; ' by theorem 22(i) 1)

and theorem 21(i) gives

szGloidleﬁ_'loGlEOF_'l_l U S10GipoS; . (2)

Next we shall show that Gy is connected relative to P;. We already know the following.
Gy is finite since Nj is finite
GinoGiy CG10oGy =1 since Nj is a network
Gy is acyclic by theorem 21(vi)
PioGyy CPioGy CP; since N; is a network
VX C X [Py 'X)| - |Gy oidp, 1 x)| < X by hypothesis (a)

So Gy is connected relative to Py, by theorem 13(iii).
Next we shall show that G is minimal relative to A7. We already know the following.

Gig o Gl_Kl Cidg, € Giko Gl_K1 U Gl_K1 o Gix by theorem 21(ii)
Gix ZWOGWOWJI U idzloleOGmOA_fl by (1)
Gy =idy, 0A; oGy OA_lf1 by theorem 20(iii)
G =F10GpoF; 'USjoGpoSi | by (2)
Gy =C10Gg o C_l_l by theorem 20(iv)

Then G; is minimal relative to N7 by theorem 17.
Finally we shall check the conditions for N7 to be definite.

AIOF W
E, :§ N;UX; =3 Xy is a coequaliser diagram by hypothesis (d)

AjoS
Gin 1is 1connected relative to P; as just shown
Gy is acyclic by theorem 21(vi)
E, Ag 1 & E; is a sum diagram by hypothesis (b)
idg, = Gik o GIK1 U GI}% oGig by theorem 21(ii)
G4 is minimal relative to N7 as just shown

Thus AN; is definite. 1
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3.7 Subnetworks

Definition. If N = E,N,H,E,K,W,P,A,F,S,C,G) is a network, a subnetwork of N is a
12-tuple &',N',H,E' ,K',W',P',A' ,F',S',C’, @), where
YCY, NCN, HCH, ECE, K CK
WN)CY, PN)CY, H =A'WUY), FE)CH, SE)CH, K =CYE)
W =Wlyoy, P =Py, A=Ay, F=Flg, §=Sp, C=Clg
Goidyunumueuk C Wy onoroeog © G, G =idsyonurue ke © G o idy unrur B UK -
A proper subnetwork of N is a subnetwork N’ such that N7 # N.

Theorem 24. If N = (X,N,H,E,K,W,P,A,F,S,C,G) is a network and N/ = (&',N',H,E' | K',
W', P, A", F',S',C',G’) is a subnetwork of N then
(@) G' =G oids,NuruE UK
(i) N’ is a network,
(iii)) K\ dom(G’) C K\ dom(Q®),
(iv) the function f:X'UN'UH'UE'UK’ — YUNUHUEUK defined by VxcX'UN'UH'UE'UK’ f(x) = x
is a homomorphism from N’ to N, called the inclusion homomorphism.

Proof. Define I = idy' n'unoE UK -
(i) By definition, G’ =1 o G o I, which equals G oI by

IoGoICGol=GoloICIoGol.
(i1) The conditions
WWN)CcyY, PWN)CY, H =A"'WuY) FE)CH, SE)CH, K =CYE),
together with VoeX W(c) = o, give us
wW:N'uY -%¥, PN -%Y¥, A:H -NuY¥, F,§"E -H, C:K —E

and Vo X’ W/(c) = o. Note for later use that these conditions can also be expressed in relation
notation as

W =WoICIoW, P =PolCIoP

F' =FolICIoF, S =So

N

CIoP, A'=Ao I:IOZ,
ClIoS, C'=Co oC.
Hence

so W =Wol=IocWol.

Since G' =IoGol, G’ is a relation on X' UN' UH' UE' UK'.
To verify idy o G’ = G’ oidy::

ids' oG =idsoloGol =IoidysoGol=I0Goidsol =IoGoloidy =G oidy

and similarly for the conditions idy: o G’ = G’ oidy, idyg o G' = G’ oidy, idg o G' = G’ oidg:
and LdK/ oG =G o ldK/
To verify that G’ preserves incidence:

WoB =WoloGol=WoG =WoGol=GoWol=GoloWol=G oW
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and
P oG =PoloGol=PoG =PoGolICPol=P

and
F oG =FoloGol=FoG =FoGoICGoFol=GoFololCGoIoFolI=G oF'

and similarly for the conditions for A, S and C.
Next we verify the minimality conditions. We have

AR N GyoGy =idg oA oAocidy N GyoGy'
—id o (A oA N GyoGy')oidy by theorem Aiii),(iv)
Cidy o (A oA N GyoGyl)oidy
Cidg oidy o idgy by theorem 14
— idy
so by theorem 14 GY; is minimal relative to A’. The other minimality conditions follow similarly.

For the final condition, G’ c G’ CGo G = L.
(iii) Using G’ = Gol,

dom(G') NK' = dom(G’ oidg') = dom(G o I o idg:) = dom(G o idg') = dom(G) N K’

so K'\ dom(G’) = K’\ dom(G) C K\ dom(G), as required.
(iv) The conditions

fENCE, FWN)CN, fH)CH, fE)VCE, fK)CK
are immediate, as are
Wof=foW, Pof=foP, Fof=foF, Sof=foS"

N flnruz 1y
UX+——— N'UX
The pullback a7 Ta’ is verified as follows. First, Aof|g = Al = A’ = f|yuz oA’
AL
Secondly, given any set X and functions p: X — H and q:X — N’UX’ such that Aop = f|y/u 5 0@,
this means Aop = q, so ApX)) C N'UY, so pX) CA- W' UY) = H, so p:X — H' and
A’ op = q, so there exists a unique function i:X — H’ such that f|g oi =p and A’ oi =g,

namely i = p.
E f‘E’ ’
«——— E
The pullback cf fle T is verified similarly.

K«+———K'

Note that f = I, and so, using G’ =Gol =I0Gol,
foG =IcGol=Gol=Gof

as required.

To verify that G’ is minimal relative to f, consider any relation R C G’ such that foR =
foG'. Now, G’ is on X' UN' UH' UE' UK’ and therefore so is R. Hence R=IocR =foR =
FoG =Io@ =@, as required. |
Definition. If N' = (X',N',H',E' ,K',W',P',A’ ,F',S',C’", ") is a subnetwork of A/, with inclusion
homomorphism f: AN’ — N, the restriction of a homomorphism p: N — AN* to N’, denoted
plnvi N’ — N*, is defined as p o f = p|s'unumrurruk; this is a homomorphism by theorem 15.
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3.8 The recognition problem and process (initial statement)

A grammar and a pattern are both represented as networks. Given a semi-definite network
Ny (representing a grammar) and an image, the recognition problem is to construct a definite
network N7 (representing a pattern) and a homomorphism p: N7 — Ny (called the parse). (This
statement will be refined in §4.7.)

The pattern is constructed by a process of successive extension, pruning, merging and
partitioning; the pattern is not definite during this process but at the end the hypotheses of
theorem 23 are satisfied and so the pattern is definite.



4. Embeddings and the Definite Match Function

4.1 Introduction

The account of the recognition problem given in the previous sections has one very obvious
deficiency: it does not say what relation should hold between the pattern and the image to
make the pattern a good interpretation of the image. Indeed, it does not make any use of the
image at all, nor does it involve any geometry.

In this section this deficiency will be rectified. Each symbol (and node) in the pattern
must be embedded in the image plane using an affine transformation; the collection of all
these affine transformations is called an embedding token. The grammar imposes constraints
on the embedding token, stipulating that if two symbols are grammatically related then
their embedding transformations must be geometrically related; the collection of all these
constraints is called an embedding type. Embedding types make use of the concept of a
fleximap, introduced in (2004, §5).

The aim of recognition is to construct a definite pattern and embedding token that match,
or satisfy the constraints of, the image, the grammar and embedding type. The degree of
match is expressed by the definite match function DM.

This section defines embedding tokens and types (slightly modifying the definitions in
(2004, §6.4)), and the DM function. It also refines the use of templates (introduced in (2004,
84)), defines a symmetry of the grammar, and demonstrates the affine invariance of the whole
framework.

4.2 Embedding tokens and types

Asin (2004), G is the group of affine transformations on the plane, a six-dimensional Lie group.
The composition or product of two affine transformations is written as g - g’. Composition of
two higher-level functions such as homomorphisms, embedding tokens or embedding types will
be written using the ‘o’ symbol.

Definition. An embedding token for a network &,N,H,E,K,W,P,A,F,S,C,QG) is a function
u:X UN — G such that
vn,n*eN (G(n,n*) = un) = u(n™)).

The product u; - us of embedding tokens u; and us is defined as in (2004, §6.4):
VxeX UN (u1 - ug)(x) = u1(x) - us(x).

It follows immediately that u; - us is an embedding token. As before we can also define the
induced embedding token u of on N’, where u is an embedding token on A and f: N’ — N is
a homomorphism. However, we must check that u o f satisfies the definition of an embedding
token, as follows.

Theorem 25. If u is an embedding token for A and f: N/ — A is a homomorphism then uof
is an embedding token for N’.

Proof We shall use the notation N/ = &',N’,H",E',K',W',P', A", F',S’,C’',G'), N = (X,N,H,

E,K,W,P,A,F,S,C,G) and u' =uof. Clearly u:X' UN’' — G. Consider any n,n*cN’ such
that G’(n,n*). We have fo G’ = G of, and hence G'(n,n*) implies (f o G')(f(n),n*), which
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implies (G o f)(f(n),n*), i.e., G{f(n),f(n*)). Since u is an embedding token for A this implies
u(f(n)) = u(f(n*)), ie., u'(n) = u'/(n*). Thus v’ is an embedding token for N’. |

Definition. An embedding type for a network (X,N,H,E,K,W,P,A,F,S,C,Q) is a sextuple
(sub,con,rel,symm,tem,in), in which sub:{(c,06*)eX x X | G(o,06*)} — Flex, con:N — Flex,
rel: E — Flex, symm:¥Y — Sub(G), tem:¥ — Tem, and in:¥ — Flex where Flex is the set of
all fleximaps, Sub(G) is the set of all subgroups of G, and Tem is the set of all templates;
moreover, for every ¢ € X, the fleximap in(c) must have nominal part equal to the identity
transformation.

This definition of embedding type is just as in (2004, §6.4), except for the presence of sub. The
meaning of sub is that if ¢* is a subsymbol of ¢ then sub(c,c*) is a fleximap describing the
relationship between the embeddings of 6* and o.

Embedding tokens are constrained by a symmetry condition. If u is an embedding token
for N and v is an embedding type for N, where N = X,N,H,E,K,W,P,A,F,S,C,QG), the
symmetry condition for N,u,v is

VneN uP®) ! um) e symm(P(n)).

This states that each node n is embedded in the image plane in the same way as the part
P(n), up to a symmetry of P(n).

Given an embedding type v = (subi,cony,rely,symmi,tem,in1) and an embedding token
u for a network &,N,H,E,K,W,P,A,F,S,C,G), we can define an embedding type v -u for the
same network by v - u = (subg,cong,rely, symmi,tems,ins), where

Vo,6* X (G(o,6*) = subs(c,6*) = ulc)~ - subi(c,c")- u(c*))
vneN cons(n) = uWrn))~! - coni(n) - un)
VecE rels(e) = u(A(S(e) ! - reli(e) - u(A(F(e)))
VoeX temo(c) = temi(c) o u(oc)
VoeX ing(o) = u(o) ! ini(o) - ulo)

Given an embedding type v = (sub,con,rel,symm, tem,in) for a network N and a homo-
morphism f: N/ — N, there is an induced embedding type v o f for A/’ defined by

vof = (sub,conof,relof,symmof,temof,inof).

where
Vo,6*cX (G(o,06*) = sub'(c,c”) = sub(f(c),f(c*))).

Theorem 26. (Lemma 1 of (2004, §6.4)) If f/: N/ — A is a homomorphism, v is an embedding
type for NV, and u is an embedding token for A/, then

W-wof=@of) (wof).

Proof The proof is a slightly adapted version of the one in (2004, §6.4). Let N/ = (X/,N’,
H E' K' W P,A,F,S,C,G),N=XN,HEKW,P,A,F,S,C,G) and v = (suby,cony,rely,
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symmyq,temq,iny). Then v - u = (subg,cong,rels, symmq,tems,ing), where
Vo,6*cX (G(o,6*) = subs(c,6*) = ulc)~ ! subi(c,c")- u(c*))
vneN cons(n) = u(Wrn)~! - coni(n) - un)
VecE rels(e) = u(A(S(e)) ! - reli(e) - u(A(F(e)))
VoeX temo(c) = tem(c) o u(oc)
VoeX ing(o) = ulo)!-ini(o) - ulc)
and hence
(v-u)of = (sub’,cong of,rely of,symmi o f,temgof,ingof)
where
Vo,6*cX’ (G'(c,6%) = sub'(c,c6*) = subs(f(c),f(c*))).
We also have vof = (sub”,conyof,rely of,symmyof,temyof,iny of), where
Vo,6*eY’ (G'(c,06%) = sub’(c,06*) = subi(f(c),f(c*))).
Hence (vof) - (uof) = (subs,cons,rels,symm of,tems,ins), where
Vo,6*cX’ (G'(c,6%) = subs(c,6*) = wof)o) ! sub’(c,6%) - (uof)c*)
= u(f(c)) " - sub1(f(0),f(c*)) - u(f(c*))
= suby(f(c),f(c*)) = sub'(c,6*))
VneN’' cons(n) = wof)(W'(n))~1-(coniof)n)- (wof)n)
= u(f(W @)~ - con1(f(n)) - u(f(n))
= u(W({fn)~" - con1(f(n)) - u(f(n))
= congy(f(n)) = (cong o f)(n)

VecE' rels(e) = (uof)A'(S'(e) ! - (reliof)e) - (uo A (F'(e))
= u(f(A' (S - reli(f(e)) - u(fA'(F'(e))))
= u(ASF@)) ! - reli(f(e) - u(AF(f(e))))
= rely(f(e)) = (rels o f)(e)

VoeX' tems(c) = (temi o f)(o) o (uof)o)
= tem1(f(c)) o u(f(c))
= tema(f(0)) = (temy o f)(o)

VoeX' ing(o) = (wof)o) - (inyof)o) - (uof)o)
= u(fe) ' -ini(f(o)) - u(f (o))
= iny(f(c)) = (ing o f)(o)

which shows that (v-u)of =@Wof) - (wof). |
Definition. If N' = (X',N',H,E' ,K',W',P',A’,F',S',C’, (') is a subnetwork of \/, with inclusion
homomorphism f: N’ — N,
(1) the restriction of u, an embedding token for N, to A/, denoted u|y-, is defined as uof =
u|sun; this is an embedding token for N by theorem 25;

(ii) the restriction of v, an embedding type for N, to N, denoted v|y-, is defined as vof, an
embedding type for A’.
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4.3 Symmetries

Definition. A symmetry of a network N = (X,N,H,E,K,W,P,A,F,S,C,G), with respect to
the embedding type v = (sub,con,rel,symm,tem,in), is a pair (a,s), where a:N — N is an
automorphism of A and s is an embedding token for N, such that

e Voek s(o) € symm(o),
e VneN s(n) € symm(P(n)),
ev-s=voa.
This is just as in (2004, §7.5). However, the operation of global application of a symmetry

of the grammar to the pattern, in lemma 2, needs to be generalised to local symmetries, in
which different symmetries are applied to different symbols of the pattern

Definition. Given networks N7 = (X1,N1,H1,E{,K;,W1,P1,A1,F1,S1,C1,G1) and Ny = (X, Ny,
Hy,Ey,Ky,Wy,Py,Ap,Fo,So,Co,Go), a homomorphism p: N7 — Ny, and an embedding token v
on Ny, define Sy as the group of symmetries of Ay with respect to v. A local symmetry of N1
with respect to Ny, p,v is a function ©: X1 — Sy such that

e Vo,6*€X; (G1(6,6%) = n(c) = n(c*)),
o VecE1 n(W1(A1(F1(e)) = n(W1(A1(S1(e)))),
o VneN; a(P1(n))(p(P1(n)) = a(Wi(n))(p(P1(n))),

where 7 is decomposed into components by VocX; n(c) = (a(o),s(c)), for functions a,s.

Given a local symmetry n and an embedding token u for N7, the application of © to p,u
produces a new homomorphism p’: N1 — N, defined by

VoeX; p'(o) =alo)p(o))

vneN; p'(n) = a(Wi(n))(p(n))

VheH; p'(h) =a(Wi(A1(h))(ph))

VecE; p'(e) = a(Wi(A1(F1(e))))(p(e))
VkeK; p'(k) = a(Wi(A1(F1(C1(R)N(p(R)),

and a new embedding token u’ = u - s’ for N7, where the embedding token s’ is defined by
VoeX; s'(o) =s(o)(p(o))

VneN; s'(n) = s(Wi(n))(p(n)).

Theorem 27. In the above definition, p’: N7 — A is a homomorphism and s’,u’ are embedding
tokens for N7, as claimed.

Proof. We shall continue to use the above notation.
First we verify that p’: N7 — Ay is a homomorphism. The conditions

p'E1) CXy, p'WN1) TNy, p'(Hy)CHy p'(E1)CEy p'&K)CK

are immediate.



4. Embeddings and the definite match function
Next we check Wyop' =p’ o Wy

vneN:y Wo@p'(n)) = Wy (a(W1(n))(p(n)))
= a(W1(n))(Wo(p(n)))  since a(W1(n)) is an automorphism
= a(Wi(n)) (p(W1(n)))  since p is an homomorphism
= p'(Wi(n)),

VoeX; Wo@'(c)) =p'(c) = p'(Wi(0)).

Next we check Pyop’ =p’ o Py:

VneNy Py(p'(n)) = Po(a(Wi(n))(p(n)))
= a(Wi(n))(Po(p(n)))  since a(W1(n)) is an automorphism
= a(W1(n))(p(P1(n)))  since p is an homomorphism
= a(P1(n))(p(P1(n)))  since = is a local symmetry
= p'(P1(n)).

Next we check Foop' =p’oF;:

VecE; Fo(p'(e) = Fo(a(Wi(A1(F1(e)))(ple)))
= a(W1(A1(F1(e))) (Fo(ple)))  since a(W1(A1(Fi(e)))) is an automorphism
= a(W1(A1(F1(e)))) (p(F1(e)))  since p is a homomorphism
= p'(F1(e)).

Next we check Sgop’ =p’oSi:

VecE1 So(p'() = So(a(Wi(A1(F1(e)))(ple))
= a(W1(A1(F1())) (So(p(e))
= a(W1(A1(F1(e))) (p(S1(e))
= a(W1(A1(S1(e))) (p(S1(e))
= p'(S1(e)).

since a(W1(A1(F1(e)))) is an automorphism

since p is a homomorphism

~— ~— — ~—

since 7 is a local symmetry

p’ ‘Nluzl
NoUZLy +—— N;UX;

Next we check that a#t ,,  t4; is a pullback in the category of sets. The equation
Hy +——+ H,

0
Agop'lm, =Dp'|n,us, oA follows by

VheH; Aop'(h)) = Ao (a(Wi(A1(h))(p(R)))
= a(W1(A1(h))) (Ao(p(h)))  since a(W1(A;(h))) is an automorphism
= a(W1(A1(h))) (p(A1(R)))  since p is an homomorphism
=p'(A1(h)).

The other half of the pullback condition is

VhoeHy Vx1EN1UXy (Aglho) =p'(x1) = Fh1€H; (A1(h1) = x1 Ap'(h1) = hy)). (1)
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To prove this, consider any h¢cH, and any x; € N1UX{. Define a* = a(W1(x1)), an automorphism

(a*OP)\Nluzl
NyULy +——— N;UY;
of Ny. By theorem 15, a*op: N7 — N is a homomorphism, so the pullback a4 @oplg.  TA1
HO <—1 H1
implies

Ao(ho) = a*(p(xl)) = dlhieH; (Al(hl) =x1 N a*(p(h1)) = hyo). (2)

Now, p’(x1) = a*(p(x1)); and, for any hi€H;, if A1(h1) = x1 then p’(h1) = a(W1(A1(h1)(p(h1)) =
a*(p(h1)). Thus (2) may be rewritten, and quantifiers over kg and x; added, to give (1). This
completes the proof of the pullback.
Emm E,
The pullback cgt ', TC1 18 verified similarly.
Ky+— K;

Next we check that Gy o p’ = p’ o G1 and G, is minimal relative to p’. Let us restrict our
attention to nodes in the first instance. In view of theorem 14, we have to show

VnoeNy VnieN1 (Go(no,p'(n})) < InieN;y (ng =p'(n1) A Gi(ny,ni)));

3)
Vno€eNy VI‘L}K eN; 351n1 eN1 (ng :p’(nl) VAN Gl(nl,n’{)).

To prove these, consider any noc€Nj and any nj€N;. Define a* = a(W1(n])), an automorphism
of Ny. By theorem 15, a* o p: N7 — Ny is a homomorphism, so

Go(no,a*(p(ny)) & In1eN; (ng =a*(Pn1) A Gi(ni,n}));

<1 X . 4)
3='n1€N; (ng = a*(p(n1) A Gi(ng,ni)).

Now, the condition Gy(no,a*(p(n}))) is equivalent to Go(ng,p’(n})), since a*((n})) = p'(n).
Moreover, for any ni€Ny, if Gi(ni,n}) then G1(Wi(n1), Wi(n})), by W10 Gy C Gy o Wy, so
t(Wi(ny1)) = ©(Wi(n3)), so a(Wi(n1)) = a(Wi(n})) = a*, so p'(n1) = a(Wi(n1))(pn1)) = a*(p(ny)).
Thus the condition ny = a*(p(n1)) A G1(n1,n}) is equivalent to ng = p’(n1) A Gi(n1,n}). Hence
(4) may be rewritten (quantifying over no and nj) as (3), as required. This deals with the
node case. Statements similar to (3) for symbols, hooks, edges and facets can be proved in the
same way, completing the proof that Gy op’ = p’ 0 G; and G, is minimal relative to p’.

This completes the proof that p’: N7 — Ny is a homomorphism.

Next we verify that s’ is an embedding token for N;. Consider any n,n* €N; such that
G1(n,n*) holds. We must show that s'(n) = s'(n*).

First, ©1(W1(n)) is a symmetry of Ny, so s(W1(n)) is an embedding token for N,; moreover,
Go(p(n),p(n*)) holds; so s(W1(n))(p(n)) = s(Wi(n))(p(n*)).

Secondly, we have G1(W1(n), W1(n*)), so n(W1(n)) = t(W1(n*)), so s(W1(n)) = s(W1(n*)).

Putting these two observations together,

s'(n) = s(W1(n))(p(n)) = s(W1(n)(pn*)) = s(W1(n*)(pnr*)) = s'(n*)

as required. It follows now that u’ = u - s’ is an embedding token for N7. |
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4.4 Templates and saturation

The concepts of an image, a template, and the correlation function p; . are carried over from
(2004, t4), with two modifications.

The first modification is intended to prevent two identical symbol tokens from forming at
the same place in the image, or more generally to prevent two or more symbol tokens from
claiming credit for the same patch of the image. If two or more symbol tokens’ templates over-
lap in the image plane, i.e., if there are points x in the image plane where tem(c)(u(c) 1(x)) > 0
for two or more symbol tokens o, then the point x should become saturated and the contribu-
tion it makes to the correlation function should be reduced. For this it is necessary to calculate
the saturation sat(x) of each point x, which is roughly the sum of tem(c)(u(c)~1(x)) over each
symbol token o. (However, this needs modification for subsymbols to avoid double-counting.)
The formal definition of saturation follows.

Suppose we are given a definite network N' = (X,N,H,E,K,W,P,A,F,S,C,G), an em-
bedding token u for N, and a function tem:X — Tem. The (definite) saturation function,
sat:R? — R, is defined by

VxeR?  sat(x) = Z(l — g5) tem(c)(u(c) " 1(x))
cEL

where g; = [{0*€X | G(6*,0) }|. We call sat(x) the saturation at x.

The correlation function p; 7, between an image I and a template 7', was defined in (2004,
§4.2) by

b1 (@) = |det()| / T() Tgw)) — Ip) d%u = / T(g (@) U(x) — o) d%

for any affine transformation g, where g is the matrix representation of g and I, is a positive
real constant associated with 7. This must now be modified to take account of saturation:

P17 508 = |det(g)) / w(sat(gw))) Tw) (gw)) — I) d*u = / w(sat(x)) T(g ' (x)) U(x) — I) d*x

where w is a weighting function that suppresses the integrand at points x where sat(x) is
above 1. A suitable definition of w is

1 if s <1,
VseR w(s) = { (1.6 —5)/0.6 if1<s<1.6,
0 if 1.6 <s.

The second modification is to give the factor of |det(g)| that occurs in the formula for
P17.s:(8) an adjustable exponent:

P17 50t = \det(g)|1 " / w(sat(gw))) Tw) I(gw)) — Iy) d*u

= |det(g)|~* /w(sat(x))T(g_l(x))(I(x) —Iy)d%

where £ is a constant characteristic of the template, with 0 < %2 < 1 normally.
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The calculation of template force in (2004, §4.3) is affected by these two changes as follows.
For any geG and A€ A,

P11sa(@ - €xpA) = |det(g - expA)|* / w(sat(x)) T((g - expA) ()T (x) — Ip) d*x
= |det(g - exp A)|* / w(sat(x)) T((g exp A) ' %)I(x) — Iy) d*x
= | det(g)| e kA / w(sat(x)) T(exp(—A)g ~1x)I(x) — Ip) d*x
— | det(Z)| *(I — k tr(A) + 0(4)) / w(sat() T((1— A + o(A)g %) (x) — Ip) d*
= | det(8)|*(I — k tr(A) + o(A))-
/ w(sat(x)) (T(E %) — (VT %)AZ % + 0(A))U(x) — Ip) d%
= p17.6at@ — R tr(A)p; 1 10r(@)
— | det(g) " / wisat()) (VT %)AZ 'x)Ix) — Ip) A% + o(A)
where I is the 6 x 6 identity matrix. Hence the derivative p; 7u.:G — (A — R) is defined by
VEEG VAEA D; 140 @A) = — ktr(A)p; 1 40r(8)
= |det(@)| / w(sat@) (VT ')Az 1% )I6) — L) d
= — ktr(A)p 1 oarl®
= | det(@)| " / wisat(gw)) (VT@)AT ) Tgw) — Ip) du.
This gives a matrix representation for the force,
VEEG Prrsats@ = — Py 1@ — | det(@)| 7" / wisat() (8 'T(VT(g @) I ) — Ip) d*x

— — k1@ — | det(@)| / wisatgw)) (@(VTw))I(gw)) — Ip) du.

4.5 The definite match function

The definite match function DM measures how well a definite network N = X,N,H,E,K,W,
P,A,F,S,C,G) matches an image I, given an embedding token u for N, and an embedding
type v = (sub,con,rel,symm,tem,in) for N. It is defined by

DM, N, u,0) = 01 jom(@sat@(©)) — OE\PA)| — Y Egpioon (ulo) ™! - ulc™))
[ (0,6%)|G(0,6*)
= Y Eeoney @Wn) ™" - um)) — > Ereey (wASE@) ™ - uAFE)))
neN ecE

where 0 is a positive real constant and sat is the definite saturation function, as defined in
the previous section.

The first term on the right-hand side is a sum over all symbols; tem(c) is the template
for 6, and Py om(0)sa:(4(0)) measures the correlation between the template (embedded in the
image using u(c)) and the image 1.
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The second term on the right-hand side applies a fixed penalty of 6 for each ‘bare’ symbol,
i.e., each symbol that is not a part of another symbol. This term encourages the symbols to
connect themselves together rather than remaining separate.

The third term measures how well each subsymbol matches its supersymbol geometrically.
The summation is over all pairs (c,c*) such that ¢ is a supersymbol of ¢*; sub(c,c*) is a
fleximap that defines what the geometric relationship between ¢* and ¢ should be; u(c)~!-u(c*)
is the actual relationship between them; the quadratic penalty function E.(G) calculates the
penalty for the deviation between an affine transformation G and a fleximap t, as defined in
(2004, §5.3).

The fourth term measures how well each part matches its whole geometrically. The
summation is over all nodes n; P(n) is the part symbol and W(n) is the whole symbol. The
node n has its own embedding u(n), which equals u(P(n)) up to a symmetry; w(W(n))~1 - u(n) is
the actual geometric relationship between the part (or rather the node) and the whole; con(n)
is a fleximap specifying what the relationship should be.

The final term measures how well each pair of siblings match geometrically. The sum is
over every edge e, representing a sibling relationship between two nodes A(F(e)) and A(S(e));
uw(A(S(e))~! - u(A(F(e))) is the actual relationship and rel(e) is the fleximap specifying what the
relationship should be.

All these fleximaps are provided by the embedding type v; the final component in of v is
not used yet.

The way DM will be used in the statement of the recognition problem is as follows. An
embedding type v for the grammar N, is given at the outset. The parsing homomorphism
p: N1 — Ny induces an embedding type vop for V7. An embedding token u for N7 is constructed
by the parser, satisfying the symmetry condition for Ni,u,v o p. At the end of recognition,
when N7 is definite, we measure how well © matches v o p by calculating DM, N1,u,v o p).

4.6 Invariance theorems

Lemmas 1 and 2 from (2004, §7) hold for the definite match function DM; I shall restate them
here, but with lemma 2 generalised from global symmetries to local symmetries. I shall also
add two new theorems on the affine invariance of the p and match functions.

Theorem 28. (Lemma 1 of (2004, §7.3): invariance under affine transformation of the symbols’
internal frames of reference.) For any image I, definite network A/, embedding tokens u,u’
for \V, and embedding type v for N, then

DMU,N,u-u',v-u')=DMI,N,u,v);

Proof. The proof is very similar to the one in (2004), but I shall restate it in full. Let
v = (suby,cony,reli,symmy,tem,iny); then v - u' = (subg,cong,rels, symm,tems,ing), where

Vo,0*€X (G(o,0%) = suby(o,6*) =u'(c)" ! subi(o,c*) u'(c*))
VneN cong(n) = u'/(Wn))~ ! - coni(n) - u'(n)
VecE rely(e) = u'(A(S(e)! - reli(e) - u'(A(F(e)))
VoY tema(c) =temi(c)ou'(c)

VoeX ing(o) =u'(c)™!-ini(o) u'(o)
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Now, first, for any ce€X,

pI,temg(c),sat((u : u’)(c)) = pI,teml(G)ou’(c),sat(u(c) : u/(G)) = pI,teml(c),sat(u(G))

using lemma 1 of (2004, §4.2). Note that the saturation function sat is unchanged by the
application of u’. This is because

VoeX VaeR? tema(o)(u - u')(6) 1(x) = (tem1(c) o/ (6))(w/(6) 1 (u(c) 1 (x))) = tem1(c)u(c) 1(x))

and so the calculation of sat(x) is unaffected.
Secondly, for any ¢,c*€X such that G(c,c*),
Eupy00(@ - u)0) - - u)0™) = Eyro)-1.subi0,6)uwicn @ (0) 71 - w(o) - ule™) - u'(6%))
= Equp (.00 @(©) ! - u(c®))
by lemma 1 of (2004, §5.3).
Thirdly, for any n€N,
E onyi)(@ - u)YW@m) ™t - (u - u)n))
= E w1 comymyw @ W@) ™t uWm) ™ - um) - v'(n))
= Eeon,y@W(@n) ! - u(n))
by lemma 1 of (2004, §5.3).
Fourthly, for any ecE, using the abbreviations n; = A(F(e)) and ng = A(S(e)),
Eroyo(@ - u)n2) ™ (- u)n1) = Eyriny 1 retyeyurnp@ @) - ulng) ™t - ulng) - u'(nq)
= E o,0ng) " - u(ng))
and, using the abbreviations 61, = W(A(F(e))) and 69 = W(A(S(e))),
Einyop(@ - u)o2) ™ - (- u')(61)) = E o)) Linyop)uiep@(02) 1 - ulo2) ™t - ulor) - u'(61))
= Ejp op(ulo2) ! - uls1))

by lemma 1 of (2004, §5.3) again, using the assumption that u'(c1) = u/(62) (which holds under
the conditions of (i) or (ii)).

Thus each term of DM, N,u-u’,v-u’) equals the corresponding term of DM, N ,u,v). |
Theorem 29. (Invariance of DM under a local symmetry.) Given an image I, a semi-definite
network Nj, a definite network N7, a homomorphism p: N7 — Ny, an embedding token u for
N1, an embedding type v for Ny, and a local symmetry n of A7 with respect to Ny,p,v, the
application of © to p,u produces a homomorphism p’: V7 — Ny and an embedding token u’ for
Ni1.

Then

(i) DMI,N1,u’,vop’) = DMUI,N1,u,v op),

(ii) The symmetry condition holds for Ni,u’,v o p’ iff it holds for Ni,u,v op.

Proof. We begin by recapitulating the relevant definitions and notation. Define functions a,s
by VoeX; n(c) = (a(o),s(c)). Then p’ is given by
VoeX; p'(o) =alo)p(o))
vneN: p'(n) = a(Wi(n))(p(n))
VheH; p'(h) = a(Wi(A1(h)(p(h)) (D
VecE; p'(e) = a(Wi(A1(F1(e))))(p(e))
VekeK; p'(k) = a(Wi(A1(F1(C1(R)ON)(p(R))
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and u' = u - s/, where s’ is an embedding token for N7 defined by
VoeX: §'(o) =s(c)(p(c))
VneN; s'(n) = s(Wi(n))(p(n)).

(2)

Also, v = (sub,con,rel,symm,tem,in), and, for any c'eX{, (a(c’),s(c")) is a symmetry of N

with respect to v, so voa(c’) = v -s(c'); in terms of components this means

(subt,con o a(c’), rel o a(c’), symm o a(c?), tem o a(c'),in o a(c)) = v o a(c’)

=v-s(c") = (sub',con',rel’,symm, tem’,in") ®
where sub?,subf,cont,relt tem?,in' are defined by
Vo,6*€Xy (Golo,6%) = subl(c,c) = subla(s’)(c),alc")c"))
Vo,0*€Xy (Golo,0%) = sub(c,6*) = (s(c™)0)! - sublo,c”) - s(ci)c™))
VreNy con'(n) = (s(cH(Wo(m)) 1 - con(n) - s(c)n) @
VecEq rel'(e) = (s(c")(Ao(So(@)) " - relle) - s(c")Ao(Fo(e)))
VoeX, tem'(c)=tem(c)os(ct)(o)
VoeX, inf(o) =(s(co))™!-in(o) - s(c)(o).
I claim that v op’ = (v op) -s’. To verify the claim we may write the left-hand side as
vop' = (sub',conop’,rel op’,symmop’ ,temop’,inop’)
where
Vo,6*cX; (Gi(o,06%) = sub'(c,6") = sub(p’(c),p’(c*))) (5)
and the right-hand side as
(wop)-s" = (sub”,con”,rel”,symm o p,tem” ,in"’)
where
Vo,6*cX; (Gi(o,6%) = sub”(c,6*) =s'(6)"! sub(p(c),p(c*)) - s'(c*))
VneN; con’(n) =s' (Wi(n)~ ! - con(p(n)) - s'(n)
VecE; rel’(e) =s'(A1(S1(e) ! - rel(p(e)) - s'(A1(F1(e))) (6)
VoecX, tem' (o) = tem(p(c))os'(c)
VoeX; in”(c) =5'(6)7!-in(p(o))-s'(o).
Now we can verify the claim by comparing the six components of v op’ and (vop)-s'.
Vo,0*€X; (G1(o,0") =
sub’(c,6*) = sub(p’'(c),p'(c*)) by (5)
= sub (a(0)(p(c)), a(c*)(p(c™))) by (1)
= sub (a(c)(p(c)),a(c)(p(c*))) since 7 is a local symmetry
= subi(p(c), p(c*)) by (4) with ¢f =0
= sub'(p(c),p(c™)) by (3)

— (s(o)p(o)) ' - sub(p(6),p(c*) - s(6)p(c*) by (4)

= (s(cs)(p(cs)))_1 -sub(p(c),p(c*)) - s(c*)(p(c*)) since 7 is a local symmetry

=s'(6)7! - sub(p(c), p(c*)) - s'(c*) by (2)
= sub’(c,0")) by (6)



4. Embeddings and the definite match function

vneN; (con op’)(n) = con(p’'(n)) = con(a(W(n))(p(n))) by (1)
= con'(p(n)) by (3) with o' = W;(n)
= (s(W1 () (Wo(@(n)) - con(p(n)) - s(W1())(p(n)) by (4)
— (s(W1i()@(W1())) " con(p(n) - s(W1(n))p(n)) since Woop = p o W,
=s'(W1i(n)) ™! - con(p(n)) - s'(n) by (2)
= con’'(n) by (6)

VecE; (rel op’)e) =rel(p'(e)) = rel (a(W1(A1(F1(e)(p(e))) by (1)
= rel’(p(e)) by (3) with of = W1(A1(F1(e)))
= (s(cM)(Ae(So@@))) " - rel(p(e)) - s(o NAoFo(p(e)) by (4)
= (s((ST)(p(Al(Sl(e)))))71 -rel(p(e)) - s(cN(pA1(Fi(e)))) since p is a homomorphism
= (S(Wl(Al(Sl(e))))(p(Al(Sl(e)))))_1 -rel(p(e)) - s(c")(p(A1(F1(e))))

since 7 is a local symmetry

= 5'(A1(S1(e)) " - rel(p(e)) - s'(A1(F1(e))) by (2)
=rel’ (e) by (6)

VocXi (symm op’)(c) =symm(p’(c)) = symm(a(c)(p(c))) by (1)
= symm(p(c)) by (3), with 6T =0
= (symm o p)(c)

VoeX, (temop’)o) = tem(p'(c)) = tem(a(c)(p(c))) by (1)

= tem'(p(c)) by (3) with 6' =0
= tem(p(c)) o s(c)(p(c)) by (4)
= tem(p(c)) o s'(c) by (2)
= tem/ (o) by (6)
VoeX; (inop’)o) = in(p’(c)) = in(a(c)(p(c))) by (1)
= in'(p(c)) by (3) with 6f =0
= (s(c)p(e)) ! -in(p(o)) - s(6)(p(c)) by (4)
=s'(6)"" - in(p(0)) - s'(0) by (2)
=in"(o) by (6).

This completes the verification of the claim that vop’ = (vop)-s'.
Now we are in a position to prove part (i) of the theorem:

DM, N1,u’',vop’) =DMUI,N1,u-s",vop’)

=DM ,N1,u-s',(vop)-s’) by the claim
=DMI,N1,u,v op) by theorem 28(i).
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For part (ii), consider any ncN;. Recall that, for any ofcX;, symm o a(c’) = symm, by
(3), so, taking o' = P1(n), symm(a(P1(n))(p(P1(n)))) = symm(p(P1(n))) and hence

symm(p'(P1(n))) = symm(p(P1(n))). (7)
Secondly, since (a(P1(n)),s(P1(n))) is a symmetry of N, with respect to v,
s(P1(n)(p(P1(n))) € symm(p(P1(n))) (8)
and, since (a(W1(n)),s(W1(n))) is a symmetry of A with respect to v,
s(W1(n))(p(n)) € symm(Po(p(n))) = symm(p(P1(n))). 9)

Now, suppose that the symmetry condition holds for Nj,u,v o p. Then, for any neNy,
w(P1(n)~! - u(n) € symm(p(P1(n))), so

w(Pr(n) U/ () = (sPrm)PP1()) - wPi() ! - uln) - s(W1()(p(n))
€ symm(p(P1(n))) by (8) and (9)
= symm(p’(P1(n))) by (7)

so the symmetry condition for Nj,u’,v o p’ holds. Conversely, suppose that the symmetry
condition for N1,u’,v op/ holds. Then, for any T’LGNl, u’(Pl(n))*l -u'(n) € symm(p’(Pl(n))) _
symm(p(P1(n))), by (7), so from

uPr(n) - u(n) = (S(Pl(n))(p(Pl(n))))f1 ‘uP1() - u) - s(Wi(n))(p(n))

we have

u(Py() ' - un) = s(P1()pP1(n) - ' (P1(n)) - &' (n) - (s(W1(m))pn)))
€ symm(p(P1(n))) by (8) and (9)

so the symmetry condition for Ni,u,v o p holds. |

Theorem 30. (Affine invariance of the p function.) For any template T, any image I, and any
affine transformations g,g’,

pIogfl,T,satogfl(g 'g,) = | det(§)|1ik pI,T,sat(g/)'

(Recall that g is the matrix representation of g.)

Proof. Recall the definition
P17.sat(®) = |det(@)|' " /w(sat(g(u))) T(w) ((gw)) — Io) d*w.
Now,
Prog—1 Tsatog—1(& - &) = |det(g g " / w((sat o g™ (g - 8)w)) Tw) (o g~ (g - g)w) — Ip) d*u

= |det(g)|1* |det(g")|** / w(sat(g'w))) Tw) I(g' W) — I) d*u

= ’det@)‘l_k pI,T,sat(g,)'
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Theorem 31. (Affine invariance of DM.) For any affine g such that |det(g)| = 1, any image
I, any definite network N' = (X,N,H,E,K,W,P,A,F,S,C,G), any embedding token u for N/,
and any embedding type v for A/, define a new, affine-transformed image I’ = og™!

new, affine-transformed embedding token u’ for N by VxeX UN u/(x) =g - u(x). Then

,and a

DMI',N,u',v) = DMUI, N ,u,v).

Proof. Let sat be the definite saturation function calculated using the embedding token u.
Then the saturation function calculated using u’ is sat’ = sat o g~ !, by the definition of sat in
84.4. By theorem 30

Vo EL P semio)sar’ @' (0)) = Pr om(o).sat@(S)).

Also,
Vo,6°€X u'(c) t-u'(c*)=u0) - g7t g -u(c*) =u6) ! ulc*)

and similarly

VvneN WWwn) ' v'®n) =uWhn) - uhr)
VecE u'(ASE)) ! u'(AF(e) = u(A(S(e) ! - u(A(F(e)))
VecE u/(W(ASE)) ! - /' (WAF(E))) = u(WABE)) ! - u(WAFE))))

Thus the each term of DM(I', N ,u’,v) equals the corresponding term of DM, N, u,v). |

4.7 The recognition problem - definitive statement

With the help of the theory developed so far we can now give a definitive statement of the
recognition problem, taking account of embeddings.

Given a semi-definite network N, (representing a grammar), an embedding type v for N,
and an image I, the recognition problem is to construct a definite network N; (representing
a pattern), a homomorphism p: N7 — Ay, and an embedding token u for N7, maximising
DM(I,N1,u,v op), subject to the symmetry condition for ANVi,u,v op.
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5.1 Introduction

During recognition, when many competing grammatical possibilities are being considered in
parallel in the same pattern, some possibilities are evaluated as better than others. That is,
each symbol token ¢ in the pattern has associated with it a real number i(c)<[0,1] (called
an inclusion value) indicating the algorithm’s degree of confidence that ¢ should be present
in the final pattern. If i(c) = 1 then the algorithm has decided definitely to include it in the
final pattern; if i(c) = 0 the algorithm has decided definitely to prune it (but hasn’t yet done
s0); intermediate values indicate uncertainty about whether to keep it. Similarly each node
token n and edge token e has an inclusion value i(n) or i(e) indicating the algorithm’s degree
of confidence that it should be included in the final pattern. (Hooks and facets do not need
their own inclusion values as they stand or fall with the symbol, node or edge they belong to.)

The function i is called an inclusion function and is accompanied by a second inclusion
function j, defined below.

By the end of the recognition process, each inclusion value have been driven to the
extremes, 0 or 1, and the symbols, nodes and edges with inclusion value 0 have all been
pruned.

5.2 Definition of inclusion functions

Definition. A pair of inclusion functions on a network N = (X,N,H,E,K,W,P,A,F,S,C,G) is
defined as (i,7), where i:X UNUE — [0,1] and j:X UN U H U (K\dom(G)) — [0, 1], such that

VoeX i(o) =j(o) + Z (1 —gni(n), where g, = |{n* eEN | G(n*,n)}‘ (1)

neP~1({c})
vreN (W) =j@) +in) (2)
VheH iAW) =jh) + > i) + > ife) (3)
ecF-1({h}) ecS—1({h})
VkeK\dom(G) iCk) =jk)+ Y iUCE"). (4)
k*|G(k,Ek*)

(This is a slightly modified version of the definition in (2004, §7.2), taking account of subsym-
bols. The summation notation in (4) means a sum over all £2* such that G(&, £*).)

This definition may be interpreted informally as follows. (In the following explanation I
shall use the future tense to state conditions that will hold at the end of recognition when the
pattern is definite, and the present tense for what holds during recognition when the pattern
is indefinite.)

Line (1). At the end of recognition each symbol ¢ will be either a ‘bare’ symbol (with
P~1({c}) = 0) or a part of one larger symbol (with [P~1({c})| = 1). Hence the nodes presently
in P~1({c}) are in competition with one another; at most one will survive to the end. i(c) is
interpreted as the degree of confidence in o, j(c) is the degree of confidence that ¢ will be a
bare symbol, and i(n) is the degree of confidence in n. An exception to this competition is that
if n is a subnode of n* (i.e., G(n*,n)) then they may both be correct; the 1 — g, factor allows
for this co-existence.
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Line (2). i(W(n)) is the degree of confidence in W(n), j(n) is the degree of confidence that
W(n) will survive to the end but n will not, and i(n) is the degree of confidence in n.

Line (3) expresses the fact that each hook 2 will have a single edge incident to it (i.e.,
IF1({h})|+|S~1({h})| = 1); hence the edges presently in F~1({h})US~1({h}) are in competition
with one another. Thus i(A(h)) is the degree of confidence in the node or symbol A(h), i(e) is
the degree of confidence in e, and j(h) is the degree of confidence that A(h) will survive to the
end but that none of its present edges will (i.e., the correct edge has yet to be created).

Line (4) expresses the fact that each facet 2 that is not itself a sub-facet will be glued
to a single sub-facet. Hence if £ is presently glued to several sub-facets then they are in
competition with one another; i(C(k*)) is the degree of confidence in the edge C(k*), j(k) is the
degree of confidence that C(k) is correct but that none of &’s present sub-facets is.

Theorem 32. If N = X,N,H,E,K,W,P,A,F,S,C,QG) is a definite network and (i,j) is a pair
of inclusion functions on N satisfying VxeX UN UE i(x) = 1, then

Voel j(o) = { 0 6 €PWN) = vy cn j(n)=0, VheH j(h)=0, VEkeK)\dom(G) j(k) = 0.
1 otherwise

Proof. For any ceX,
i(c) =jlo) + Y (1—gyin)

neP-1({c})

where g, = [{n*eN | G(n*,n) }|, so
1 :](0) + ‘P_l({(j})‘ — ’GN o idp—l({c})’.

This implies j(o) € Z, and since also j(c) € [0, 1] we have j(c) € {0,1}. Now, for any o € X, if
6 ¢ P(N) then P~'({c}) = (), which immediately gives |P~'({c})| — |Gy o idp-1((s})| = 0 and so
J(@) = 1. Conversely, if j(c) = 1 then |P~!'({c})| — |Gy © idp-1((6})| = 0, so by theorem 13(ii)
(applied to N,X,P,Gy) P~Y({c}) = 0, so c ¢ P(N). This shows that j(c) = 1 if o ¢ P(N) and
Jj(o) =0 if 6 € P(N).
For any neN,
i(c) = j(n) +i(n)

and hence j(n) = 0.
For any heH,
(AR =jh) + > i) + Y ile)

ecF-1({h}) ecS—1({h})

and, thanks to the sum diagram E Ly ; gl E, there is a unique ecE such that either F(e) = h
or S(e) = h; so j(h) = 0.
For any k <K\ dom(G),
(CR) =jk)+ Y UCE")).
k* |Gk k)

By the definiteness condition idgx = Gk o Glgl U GIEI o Gk, there exists £*cK such that G(k, k*)
(otherwise (Gg o GIEI U Glgl o Gk)(k, k) would not hold); moreover, this £* is unique (for if there
were a second, £**, then (Gg o GI}1 U GI}1 o Gg)(k*,k**) would hold). Thus j(k) = 0. |
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5.3 The recognition process

With the help of the theory developed so far we can give an initial description of the recognition
process. It constructs a pattern A7, a homomorphism p: N7 — Ny (where N is the grammar),
and a pair of inclusion functions (i,j) on N7, by a sequence of structural operations on the
pattern.

The recognition process must ensure that, at the end, the following conditions hold.

e VxcXiUN1UE ilx) =1,
e N\ is definite.



6. The Indefinite Match Function

6.1 Introduction

In section 4 we constructed the definite match function DM, which measures how well a
definite pattern (with an embedding token) matches the image, the grammar and embedding
type. Now we shall generalise it to the indefinite match function IM, which applies to patterns
that are not necessarily definite, with inclusion functions. The affine invariance theorems of
§4.6 are generalised to IM.

The recognition process attempts to maximise the value of IM during recognition, so that
the final, definite pattern will maximise DM.

6.2 Template matching

The template matching function of §4.4 is generalised as follows.

Suppose we are given a network N = X,N,H,E,K,W,P,A,F,S,C,G), an embedding
token u for N, a function tem:¥ — Tem, and a pair (i,j) of inclusion functions on N. The
(indefinite) saturation function, sat:R? — R, is defined by

VxeR? sat(x) = Y (1 - go)i(o) tem(c)u(o) ' (x))
ocX

where g; = [{o*€X | G(c*,0) }|.
In the special case where the inclusion functions satisfy VoeX i(c) = 1, as at the end of
recognition, the definition of sat reduces to the definite saturation function defined in §4.4.

The correlation function p; 7, between an image I and a template 7' is as in §4.4, except
for using the indefinite saturation function,

P17 sat(8) = \det(g)|1 " / w(sat(gw))) T(w) I(gw)) — Iy) d%u

= | det(g)|™* /w(sat(x)) T(g  (x)) U(x) — Ip) d«
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6.3 The indefinite match function

The indefinite match function IM measures how well a (not necessarily definite) network
N=E,N,H,E,K,W,P,A F,S,C,G) matches an image I, given an embedding token u for N/,
an embedding type v = (sub,con,rel,symm,tem,in) for A/, a pair of inclusion functions (z,7) on
N, and a function B:X UH U (K\ dom(G)) — [0, ). It is defined by

IM(I,N7 u,U,i,j,B) -
> (0P tom(e)sat@(6) —j(6)B(©)) — Y (6" Eup(0,0w(e) T - u(c™)

ceX (0,6*)|G(0,6*)

=Y i E ony@W@) ! - u) = Y jRBMR) — Y j(k)B(k)
neN heH keK\ dom(G)

— > i@ (Ereiey@AS @) - wAF(E))) + Einwurem@WASE)) " - w(WAFE))))
ecE

where sat is the indefinite saturation function. Observe that the B function imposes a penalty
for each ‘bare’ symbol, hook and facet, i.e., each symbol that is not a part of any other symbol
(j(o) = 1), each hook with no incident edges (j(h) = 1), and each facet that should be glued to
a sub-facet but is not (j(k) = 1). A function B:X UH U(K\ dom(G)) — [0, o) is called a bareness
function for N'. The final term, E;,wure))(: - ), has no counterpart in DM; it is to penalise
edges between two nodes belonging to different wholes (see §9.6).

The following theorem shows that DM is a special case of IM.

Theorem 33. If
(a) N is definite,
(b) VxeX UN UE i(x) = 1,
(c) VoeX\P(N) B(c) =6,

then IM(I,N,u,v,i,j,B) = DM(I,N ,u,v).

Proof. By theorem 32,

voer jio) = { 0 6 ePWN) = vycN j(n)=0, VheH j(h)=0, VkeK\dom(G) j(k)= 0.
1 otherwise

It follows that each term of IM(I,N,u,v,i,j, B) simplifies to the corresponding term of DM(I,

N,u,v) or vanishes; in particular, for each ecE, the term

Einwadmen wWASE)) ! - u(WAFE)))))

vanishes since W(A(S(e))) = W(A(F'(e))) by the definiteness conditions. |

In the recognition process an embedding token u for A7 is constructed, along with A\;
and p. An embedding type v o p is induced using p from the given embedding type v for Nj.
Throughout recognition we measure how well u matches v o p by calculating IM(I, N1,u,v o
p,i,7,B), and we seek to maximise this by continually adjusting u, subject to the symmetry
condition for N7,u,v op.
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6.4 Invariance theorems
I shall generalise the invariance theorems of §4.6 from DM to IM.

Theorem 34. (Lemma 1 of (2004, §7.3): invariance under affine transformation of the symbols’
internal frames of reference.) For any image I, network N, embedding tokens u,u’ for N,
embedding type v for N, inclusion functions i,j on A/, and bareness function B for N,

IMI,N,u-u',v-u,i,jB)=IMUI,N,u,v,i,j,B),

provided ' oWoAoF =u'"oWoAoS.

Proof. As in theorem 28, each term of IM(I,N,u-u’,v-u’,i,j, B) equals the corresponding term
of IMUI,N,u,v,i,j,B). 1

Theorem 35. (Invariance of the match functions under a local symmetry.) Given an image I,
a semi-definite network A, a network N7, a homomorphism p: A7 — ANy, an embedding token
u for N7, an embedding type v for Ny, and a local symmetry n of N7 with respect to Ny,p,v,
the application of © to p,u produces a homomorphism p’: N7 — ANy and an embedding token
u' for M.

(i) For any inclusion functions i,j and bareness function B for N7, IM(I,N1,u’,vop’,i,j,B)
=IMUI,N1,u,vop,i,j,B).

(ii) The symmetry condition holds for Ni,u’,v o p’ iff it holds for Ni,u,v op.

Proof. The argument of theorem 29 generalises:

IM(I,N1,u’,vop’,i,j,B) =IM(I,N1,u-s',(vop)-s',i,j,B) sincevop' =(@op)-s'
=IM(I,N1,u,vop,i,j,B) by theorem 34.
To justify this use of theorem 34 we must check that s’ c Wy 0A;0F; =8 o Wy 0A;08S;. For
any ecEq,
s'(Wi(A1(F1(e)) = s(Wi(A1(F1(@))p(W1(A1(F1(e)))
=s(Wi(A1(F1)))(Wy(Ag(Fo(p(e))))) since p is a homomorphism
= s(W1(A1(F1(e)(Wy(Ao(So(p(e)))))  since N is semi-definite
= s(W1(A1(S1()MN(W,(Ao(So(p(e))))) since = is a local symmetry
= s(W1(A1(S1(e))(p(W1(A1(S1(e))))) since p is a homomorphism
= 5" (W1(A1(S1(e))))

as required.
For part (ii), the proof in theorem 29 applies (it does not require N7 to be definite). |

Theorem 36. (Affine invariance of the p function.) For any template 7', any image I, and any
affine transformations g,g’,

|1—k

pIogfl,T,satog*I(g : g,) = | det(g) pI,T,Sat(gl)'

(Recall that g is the matrix representation of g.)

Proof. This is identical to theorem 30, except using the indefinite saturation function. The
same proof applies. |
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Theorem 37. (Affine invariance of IM.) For any affine g such that |det(g)| = 1, any image
I, any network N = &,N,H,E,K,W,P,A,F,S,C,G), any embedding token u for A/, and any
embedding type v for A, define a new, affine-transformed image I’ = I o g~ !, and a new,
affine-transformed embedding token u’ for N by VxeX UN u/(x) = g - u(x).

For any inclusion functions i,j and bareness function B for N,

IMUI',N,u',v,i,j,B) =IMUI,N,u,v,i,j,B).

(The condition |det(g)| = 1 may be dropped if £ = 1.)

Proof. Let sat be the indefinite saturation function calculated using the embedding token wu.
As in the proof of theorem 31, each term of IM(I',N,u’,v,i,j,B) equals the corresponding
term of IMU, N, u,v,i,j,B). |

6.5 Adjustment of the embedding token

During recognition the embeddings of all the symbols and nodes are continually adjusted to
maximise IM(I,N1,u,vop,i,j,B) (subject to the symmetry condition). This is done by a process
of gradient ascent, as defined in (2004, §§7.6—7.8), but with the calculation of the derivative of
the match function in §7.6 augmented to allow for the new terms in the match function. To be
precise, theorem 3 of §7.6 is amended as follows. We make a small change in the embedding
token from u to u - Au, where

VoeX Au(o) = exp(eVy)

VneN Au(n) = exp(eVy,)

where the increments V;,V, € A are linked by the symmetry condition; then the value of IM

changes to
IMU,N,u - Au,v,i,j,B) = IMU,N,u,v,i,j,B) + € >_ Fo(V5) + ofe)
ceX
where, for each ccX,
F,=F)+F!+F?+F2{F:
F°,FL F% F3 are as before
Fi=— > AdSub,})(Fse)+ > Fog
o*|G(o,0*) o*|G(c*,0)

and, for each o,c*cX such that G(c,c%),

FG,G* = —i(G*)Esub(c’c*)*(SubG,G*)

Subs e = u(o)™ ! u(c®).
The theorem is proved by the same methods as before.

6.6 The recognition process

During the recognition process IM(I,N1,u,v op,i,j,B) is maximised, and at the end the con-
ditions of theorem 33 are satisfied, so DM(I, N1,u,v o p) is maximised.
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7.1 Introduction

This section refines the account of the recognition process by describing how the inclusion
functions i and j are determined during recognition. The inclusion functions are determined
by a simulated annealing process, governed by a temperature parameter that varies across the
pattern and with time. Where the structure of the pattern is changing, the temperature is
high, and this makes the inclusion functions take on mid-range values, so several alternative
interpretations can co-exist in parallel; when structural changes stop, the temperature declines
and the inclusion functions are pushed towards O or 1, and so a choice is forced between
alternatives and the pattern becomes definite. The temperature varies across the pattern, as
some parts of the pattern may be very active while other parts have settled down.

7.2 The inclusion vector, i

Our first step is to reformulate i,j and the constraints on them in a vector notation in order
to emphasise their linear nature (this vector notation is for use only in this section). Given
a pair of inclusion functions (i,j) on a network N = (X,N,H,E,K,W,P,A,F,S,C,QG), we shall
convert (i,7) into the inclusion vector i on N, with components i,, for all x € X, where

X=Xx{0,1} UNx{0,1} U H U E U K\dom(G).

Each component of i represents one value of i or j, as follows.

VoeX igo =i0), i1 =J(o)
VneN igo =in), iy =Jjn)
VheH i, =jh)
VecE i, =i(e)
VkeK\dom(G) i, =j(k)

The constraints on i and j can be expressed as a set of linear conditions on i of the form

VyeY ¢ -i=) cli,=0
xeX

using a set of vectors ¢, for all yeY, where
Y =X UN UH UK\dom(G)

and ¢” has components ¢}, for xcX, specified as follows. For each ccX, the constraint i(c) =
J©) + 3 ep-1((op(1 — &n)i(n) is expressed as ¢° -i = 0, where

1 if x = (5,0)

-1 if x = (0,1)

gn—1 if x = (n,0) for some ncP~1({c})
0 otherwise

®Qq



7. How the inclusion functions are determined

For each neN, the condition i(W(n)) = j(n) +i(n) is expressed as e" -i = 0, where

1 if x = (W(n),0)
ey =9 -1 ifx=@n,1) or x=(n,0)
0 otherwise

For each he€H, the condition i(A(h)) = j(h) + 3 ,cp-1((ny Ue) + X ocs-1(n}) ile) is expressed as

c¢" i =0, where

h

X

—1 ifx=horxcFY{h}) or xc S~I({h})
0 otherwise.

{ 1  ifx=(AK),0)

(Note that this assumes that F(e) # S(e) for each edge e.) For each k2 cK\dom(G), the constraint
UC(R)) = j(B) + >4 |gp-) UC(R™)) is expressed as c® -i =0, where

1 ifx=C(k)
=) 1 ifx==Fk
* -1 if x = C(k*), for some k* such that G(k,k*)

0 otherwise.

This completes the specification of the ¢¥ vectors.

Note that, using this vector notation, the IM function is linear in i (if we disregard the
dependence of the saturation function on i):

IMUI,N,u,v,i,j,B)
= Z (i(c)pI/,tem(cs),sat(u(G)) _.](G)B(G)) - Z i(G*)Esub(G,c*)(u(G)_l : u(G*))

occX (0,06*)|G(0,0*)

= iE on@(W@) - u) = Y jRBMR) — Y j(k)B(k)
neN heH keK\ dom(G)

— > i@) (Epeioy @ AS @) - wAF(E)) + Einwuzen @WWASE@)) " - u(WAF(E))))
ecE

where m is a vector whose components m, are given by

VoEX mM(s0) = P tem(o)satU(0)) — Z E b ou(c™) ! - ulo)), m( 1) = —B(o)

o*|G(c*,0)
VneN m, ) = —Econ(n)(u(W(n))’1 -u(n)), mgy) =0
VheH my; = —B(h)
Ve€E m, = —E, ) (wASEe) ™! - u(AFE©)) — Einmware) @WASE)) ! - u(WAFe))))
VkeK\dom(G) my; = —B(k)



7. How the inclusion functions are determined

7.3 How i is determined

Recall that recognition is governed by the expression IM(I,N1,u,vop,i,j,B). As shown above,
this can be expressed in the form IM(I, N1,u,v op,i,j,B) =i - m, for a suitable vector m. The
inclusion vector i is determined by maximising the expression

E=) b > (ixIniy + (1 — i) In(1 — i)

T,
xeX xeX

subject to the constraints VyeY ¢ -i = 0, where each T, is a positive number, known as the
temperature of x. To be precise, every symbol, node, hook, edge and facet has a temperature,
and we define T(;0) = T(s,1) = T and T, o) = T(n,1) = Tn. If iy = 0 we treat i, Ini, as 0, and if
i, = 1 we treat (1 —i,)In(1 —i,) as 0.)

Using the method of Lagrange multipliers, we have to maximise the Lagrangian
L= lxr;nx =Y (feIni, + A —i)In(d — i) + > Aye” -i
xeX x xeX yey

where A, is a Lagrange multiplier, for each ycY. This gives

vreX oz%:%_m( )Y ne
yey

This has the solution
. . omy
bx ZSLg<T +nyc%>

yeY

where the sigmoid function sig:R — (0, 1) is defined by YucR sig(u) = H%
the second derivatives it can be determined that this solution is a local maximum. Note that

By examining

this solution satisfies VxcX i, € (0,1), and so i and j map into [0, 1], as required.

If all the temperatures are high, all i, tend to take mid-range values. If all temperatures
are at the minimum allowed value T),;,, the % terms will become large, and all i, are likely
to become very close to 0 or 1, in which case we will round them to 0 or 1, giving
szX ixmx _ IM(I,N7 u,v, Z’J’B)

E= Tmin Tmin

7.4 Algorithm for finding i

The inclusion vector i is determined above by

veeX i =sig(TE 4> hel)
T,
yeyY
subject to the constraints VycY ¢ -i = 0, where the A, parameters are unknown. We can split
each ¢’ vector into two vectors ¢+ and ¢”~ by separating positive and negative components:

vyeY VxeX & =max(c),0), ¢ =max(-¢c,0),

X X

so that the constraints may be written as VyeY ¢’ -i = ¢~ -i. (Note that VyeY ¢’ ",e”~ #0.)
Also define

VyeY Cy+:ma§<cyx+, Cy’:ma}(c{f, C=C"+C.
x€ RIS

The following iterative algorithm seeks values of A, satisfying the constraints.

For each y€Y, initialise A, to its final value last time this algorithm was run;
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repeat

for each x€X, do i, .—szg(mx/T —I—Eyeyky Y) |

for each ycY, do A, : —7»—1— <y+ z>
until equilibrium,;

for each xeX, if i, is very close to O or 1, then round it to O or 1.

In this algorithm the semicolon means sequential composition, the ‘|’ symbol means parallel
composition, and the ‘for each’ loops are parallel loops. This means that all the assignment
statements in the ‘repeat’ loop body may be executed concurrently in any fair order. Note that
this loop is by far the most computationally expensive part of the entire recognition process,
so the high degree of parallelism is relevant from the point of view of time complexity.
The ‘for each ycY’ loop may be expressed more explicitly as
1. (1(0) + 2ner-1iop1 _gn)i(”)> |
C i(o)
(where C = max(2,max{g, |ncP ({c})}) |
i(n) +j(n)
i(W(n)) ) |
for each heH, do Ay := Ay + L1n (J(h)+zeeF—1({h§():(e}Z)")|' 2 ecS-1({h}) ‘(e)> |

(R) + > 4 g i) HC(R*
for each keK\dom(G), do Ap :=Ap + %ln(J( ) Z;;(gz;z/;))l( ( ))>

for each 6cX, do A : = Ag +

for each neN, do A, := A, + %ln(

The rationale for this algorithm is as follows. We begin with a lemma.

Lemma. (a) For any [€R and any & > 0,

sigl) ¢

(b) For any /R and any & < 0,
szg(l + 8) 68
sig(l)

Proof. (a) Since 8 > 0, and sig and the exponential function are strictly increasing,

sig+38)  14e! el+1e5<e5
sig)  14+e 170 eltd41 '

(b) Similarly, for 6 < 0,

: -1 !
szg(.l+8): l+e” e+1e5>e5.|
sig(l) I e L |

Now, consider the effect of applying one of the update rules,

1 oAy
Xy::Xy—FS, Whereazall'I(m),

on the constraint ¢ -i =¢”~ -i.
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We have i, = sig(l,), where I, = m,/T, + Zer Ayex, for each x€X. The update rule
Ay:= LAy + & causes i, to be updated to i, = sig(l, + 8¢3), for each x€X.

Case 1: ¢’ -i < ¢ -i. Then § > 0.
For each x€X such that ex > 0, part (a) of the lemma gives

SLg(lx + 80%) < eacgc § eg,cy+
sig(ly)
ie, 1<i./i, < e3C"" . Hence, taking a weighted sum over all such x,

+.q
cy i sevt

- <e .
cy+.l

1<

For each xcX such that ¢ < 0, part (b) of the lemma gives
szg(l‘x +8¢)) S oL 5 g0
sig(ly)
ie., 1>1i./i, >e " . Hence, taking a weighted sum over all such x,

cy_.i/ _ —
> e 0T
[ 1

1>

Dividing the inequalities gives
Pl S =)
cy-‘r.l/cy_.l Piiani 1

Hence . .
oti et i

;< - < L

¢V~ -1 o -1

This shows that, after the update, the constraint ¢’* -i = ¢~ - i is closer to being satisfied

than it was before.

Case 2: ¢ i >¢”" -i. Then § < 0.
For each xcX such that ¢} > 0, part (b) of the lemma gives

Slg(lx + 80’3}5) > escz > escﬁ-
sig(ly)

ie, 1>1i./i, > e Hence, taking a weighted sum over all such x,

+ .4
1>cy -1 SO+

e
c}’“r.i >

For each xcX such that ¢} < 0, part (a) of the lemma gives
Slg(l.x + 80%) < e&.; < e_gcy—
sig(ly)

ie, 1<il/i, < e~ Hence, taking a weighted sum over all such x,

i -

1< _ <e %,

¢ -1

Dividing the inequalities gives
1= ot T L S0 R |

cy+.i/cy* -1 eyt i

Hence

coti ot

. > :

[ S A A

This shows that, after the update, the constraint ¢’ -i = ¢~ - i is closer to being satisfied
than it was before.

> 1.

Case 3: ¢ -i =¢”~ -i. Then § = 0 and no change is made.




7. How the inclusion functions are determined

Thus, for each constraint ¢’ -i = ¢~ -, the update rule for A, moves i closer to satisfying
the constraint. This does not imply that i moves closer to satisfying all the constraints, still
less does it prove convergence to an i satisfying all the constraints, but it does provide some
motivation for the update rules used.

7.5 The recognition process

We can now refine further the account of the recognition process. During recognition i, and
hence (i,j), is determined by maximising

E=3" 5" S (iIni, + (1 — i) In(l — i)

T,
xeX xeX

subject to the constraints VyeY ¢ -i = 0, given temperatures T, for each xcX. (Here, i is the
inclusion vector corresponding to the pair of inclusion functions (i,j) on the pattern N7, and m
is calculated using the image I, the embedding token u on N7, and the embedding type vop
on Ni.)

In the final stages of recognition, all the temperatures will converge to the minimum
allowed temperature T,;, > 0 and so each i, is likely to approach 0 or 1, and is then rounded

to 0 or 1, giving
_ IMU, N, u,v 0p,i,j,B)

Tmin

Hence maximising E reduces to maximising IM(I,N1,u,v o p,i,j,B). As pointed out in §6.6,

E

this maximises DM(I, N1, u,v o p) for the final pattern.
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8.1 Introduction

In this section I shall define the structural operations by which the pattern is incrementally
grown during recognition. There are four kinds:

pruning operations,

extension operations,

merging two symbol tokens,

partitioning a symbol token into two.

8.2 Pruning operations

Definition. Given a network N = (X,N,H,E,K,W,P,A,F,S,C,G) and a pair (i,j) of inclusion
functions on N, a pruning operation is a transformation from A to a subnetwork A’ = (¥,
N ,H' E',K',W',P',A’",F',S’,C’,G’) such that

VoeX\X i(c) =0, VnecN\N'i(n)=0, VecE\E i()=0.

A pruning operation is trivial iff N7 = N.

Theorem 38. For any pruning operation from N to A’, given a pair (i,j) of inclusion functions
on N,

() VoeX\X' jc) =0, VhcH\H' j(h)=0, Vkc(K\dom(G)\(K'\dom(G)) jk) =0,

(1) Glyun s Jlz uN UE UK dom(ry) 18 @ pair of inclusion functions on N (called the restriction

of (i,j) to N).

Proof. (i) For any ceX\Y/,
i(0) =jlo) + > (1—gpin)
neP-1({c})
where i(c) = 0; moreover, the condition P(N’') C X’ implies that each ncP~1({c}) is in N\N’
and so i(n) = 0. Hence j(c) = 0.
For any heH\H', we have h ¢ H = A-'(N' UX'), so A(h) ¢ N’ UX', which means
A(h) e N\N' U Z\Y/, so i(A(h)) = 0. By the condition

(AR =jh) + > i) + Y ile)

ecF-1({h}) ecS—1({h})

this implies j(h) = 0.
For any k<(K\ dom(G))\(K"\ dom(G")), since dom(G’) C dom(G) we have k ¢ K' = C~X(E’),
so C(k) € E\E’, so i(C(k)) = 0. By the condition

i(CR) =jk)+ > iCGE)

B |Gk k")

this implies j(k) = 0.
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(11) Define i’ =1 ' UN'UE’ j, :j|Z/UN/UH’U(K/\dom(G/))7 and I = idZ'UN/UH’UE/UK“ The condition

Voel (o) =jc) + > (1-gyin)
neP-1({c})

implies the same condition for (i’,j') on A/'. We need to check that the value of g, is the same
in both cases, ie., [{n*eN’ | G'(n*,n)}| = |{n*eN | G(n*,n)}| for every neN’. In fact, for
any neN’, using G' = Gol,

{n"eN' | Gn*,n)}| = |G cidpy| = |G oI oidp| = |G oidmy| = |{n"eN | Gtn*,n)}|

as required. Moreover, >, p-1((op)(1 —&n)i(n) = 3, cp-1(5})(1 — &x)i'(n), since the right-hand
side merely omits terms (1 — g,,)i(n) for which i(n) = 0.
Secondly, the condition
vneN i(W(n)) =jn)+iln)

implies the same condition for (i’,;’) on N”.
Thirdly, the condition

VReH iAM)=jh) + Y ile) + Y i

ecF-1({h}) ecS—1({h})

implies the same condition for (',;') on . We have >, p 1y i€) = > cp-1((ny) 7' (€), since
the right-hand side merely omits terms i(e) that are equal to 0; and similarly _, g 1 o ile) =

2 eesi-i(inp b (@)
Fourthly, the condition

VEeK\dom(@) i(C(R) =jk)+ Y iCk")
k*|G(k,E*)

implies the same condition for (i’,j) on N’. For any k€K’\ dom(G’), we have & € K\dom(G) by
theorem 24(iii), so i(C(k)) = j(k) + > 4. gaz-) {(C(R")). Also,

(k" |G,k } = (" | G, k") NE* €K'} = {k* | Gk, k") AC(k*) € E' }

by G’ = Gol. Thus {k* | G'(k,k*)} C {k* | G(k,k*)}, and any k* in the latter set but not
in the former has C(k*) ¢ E' and so i(C(k*)) = 0. This shows that }_,. 5.0/ (C'(R7)) =
S gty {CED).

This completes the verification that (i’,j’) is a pair of inclusion functions on N”. |

In practice we may confine ourselves to elementary pruning operations, involving removal of
a single symbol, node or edge.

Definition. Given a network N = (X,N,H,E,K,W,P,A,F,S,C,G) and a pair of inclusion
functions (i,7) on N, an elementary pruning operation is one of the following operations.

(i) Pruning a symbol ccX transforms N to N/ = (X' ,N',H,E',K',W',P',A',F',S',C", &),
where
¥ =%\({c}uU{c* | Glo,6"}), N =W1E)nPE), H =A"N'UY),
E =F'H)NnS\(H), K =CNE,
W =W|yus, P =Py, A =Alg, F =Flg, S =S, C=Cl,
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G’ =idyunumrupug © G oidy un U UEN UK -
This operation is permitted provided Vo*cX\X' i(c*) = 0 and YneP~XZ\X') i(n) = 0.

(ii) Pruning a node neN transforms N to N” = (X', N, H',E',K',\W',P',A',F’,S’,C’,G’), where
¥ =%, N =N\({n}u{n*|G®m,n"}), H =AN'UL),
E =FYH)nS Y(H"), K =CUE,
W =W|yus, P =Py, A=Ay, F =Flg, S =S, C=Cl,
G’ =idyunurrupug © G oidy un R UE UK -
This operation is permitted provided Va*eN\N' i(n*) = 0.

(iii) Pruning an edge ecE transforms N to N’ = (X' ,N',H,E',K', W' ,P',A',F',S',C’',), where
Y=Y, N =N, H =H, E =E\({ejJu{e| Gle,e’)}), K =CUE",
W=W, P=P, A=A F =Fg, S=8Sg, C=Cl,
G’ =idyunumruEug © G o ldy un U OB UK -
This operation is permitted provided Ve*cE\E’ i(e*) = 0.

Theorem 39. All elementary pruning operations are pruning operations.

Proof. Let the network be N = (X,N,H,E,K,W,P,A,F,S,C,G) and the inclusion functions be
i,].

(i) Consider pruning a symbol c€X, producing N’ = (&',N',H,E',K',W',P',A',F',S’,
C’,G’). We must show that N’ is a subnetwork of N. The only condition that is not obvious
is Goidy numurur C ids oy orror ok © G. This is proved in five parts.

First, G oidy C idy' o G is verified as follows. For any c1,692€X, if (G oidy/)(c1,02) then
G(c1,02) and 65 € X', so 69 # 6 and G(c,02) does not hold. This implies that 6; # ¢ and
G(c,61) does not hold (by GoG = L). This gives 6;€X’, and hence (idy' 0G)(c1,63), as required.

The condition G oidys C idp o G is verified as follows.

GOidN/ = GOidNOidN/ :idNOGOidN/ - idNuzoGOidN/

C W 'oGoWo idy from Wo G C G o W by theorem 2(iv)
CW 'oGo ids: o W since N’ C W-1(X')
- W_l oidys oGo W since Goidy Cidy o G

= idW—l(Z/) o W_l (¢} G o W

so by theorem 4(vi)
Go idN/ - idw—l(E/) oG

and similarly
Goidy Cidp-1yyoG
SO
Goidy Cidwy-13yoG N idp-13zy0 G
=idwy-1zy0(GNidp-13y0G) by theorem 4(iv)
=idwy-1zyoidp-1zyo(GNG) by theorem 4(iv)
=idy o G.
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The condition G oidy C idy o G is verified as follows.
Goidy =Goidyoidy =idyoGoidy
CA 'oGoAocidy from A o G C G oA by theorem 2(iv)
—A 'oGoidyy oA since H = A" YN’ UY))
CA 'oidyiy0oGoA  since Goidy Cidy oG and Goidy Cidy oG
—idy oA 0GoA since H' = A"'(N' UE)
so by theorem 4(vi)
Goidy Cidg oG.
The condition G oidg C idg o G is verified as follows.

Goidg = Goidgoidg = idg o Goidg

C F 'oGoFo idg from F oG C G oF by theorem 2(iv)
gﬁ_loGoidH/ oF since E' C F~1(H')
CF 'oidg oGoF since G oidy C idg oG

= idel(H/) OF71 ¢} G OF
so by theorem 4(vi)
Goidg C idF—l(H/) oG
and similarly
Go ldE/ - idsfl(H/) oG

SO
Go ldE/ - idel(H/) oG N idsfl(H/) oG

=idp-1@g) o (GNidg-1gHoG) by theorem 4(iv)
= idel(H/) e} l:dsfl(H/) e} (G N G) by theorem 4(1V)
= LdE/ o@.

Finally, the condition G oidg: C idg: o G is verified as follows.

Goidg = Goidgoidyg = idg o Goidg:

CC 'oGoCoidg from C o G C G o C by theorem 2(iv)
—C 'oGoidg oC since K’ = C-Y(E')
cC 'oidg oGoC since Goidg C idg oG

—idg oC ' 0GoC since K' = C~1(E’)
so by theorem 4(vi)
Goidg Cidg o G.

It follows then that G oidy' n o ur ok C idsy N urrurug © G and hence N’ is a subnetwork
of N.
We also need to verify the conditions on the inclusion functions for a pruning operation.
The first condition, Vo* €X\X' i(c*) = 0, is given.
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The second condition, YneN\N' i(n) = 0, is verified as follows. For any ncN\N’, we
have n ¢ W-XZ') or n ¢ P~XZ'). In the former case, W(n) € £\X', so i(W(n)) = 0, so, by the
constraint i(W(n)) =j(n) +i(n), we have i(n) = 0 as required. In the latter case, n ¢ P~1(Z\X"),
so we are given that i(n) = 0 as required.

The third condition, YecE\E' i(e) = 0, is verified as follows. For any ecE\E’, we have
e¢ F-Y(H') or e ¢ SY(H"). In the former case, F(e) ¢ H', so A(F(e)) ¢ N’ UX, so i(A(F(e))) = 0.
Hence by the constraint VheH i(A(h)) =j(h) + > ,cp-1qny i€) + D ocs-1(ny ie) it follows that
i(e) = 0 as required. The latter case is similar.

This completes the proof that pruning ¢ is a pruning operation.

(ii) Consider pruning a node neN, producing N = &',N',H,E' . K',W',P',A’,F',S',C’,G').
The verification that A/’ is a subnetwork of A is similar to the one in part (i), but simpler. We
also need to verify the conditions on the inclusion functions for a pruning operation.

The first condition, Yo€X\X' i(c) = 0, is vacuously true because X' = X.

The second condition, Vr*ceN\N' i(n*) = 0, is given.

The third condition, YecE\E’ i(e) = 0, is verified exactly as in part (i).

(iii) Consider pruning an edge ecE, producing N’ = X',N',H,E',K',W',P',A',F',S’,
C’,G’). The verification that N’ is a subnetwork of N is similar to the one in part (i),
but simpler. We also need to verify the conditions on the inclusion functions for a pruning
operation.

The first two conditions, Voc€X\X' i(c) = 0 and VreN\N’ i(n) = 0, are vacuously true
because X' =X and N’ = N.

The third condition, Ve*cE\E’ i(e*) = 0, is given. |

The following theorem shows why it is sufficient to restrict attention to elementary pruning
operations.

Theorem 40. If any non-trivial pruning operation is possible on a network then an elementary
pruning operation is possible on it.

Proof. Consider a network N = &,N,H,E,K,W,P,A,F,S,C,G) with inclusion functions i,j
and suppose that a non-trivial pruning operation is possible on it, producing a proper subnet-
work N/ = &',N',H,E',K',W',P',A",F'",S’,C',G’). Then there exists ccX\X’' or ncN\N’ or
heH\H' or ecE\E' or kcK\K'. However, note that if hcH\H’ then A(h) e N\N’' UX\Y', since
H =A"Y(N'UY’); and if 2 € K\K’' then C(k) € E\E’ since K’ = C~(E’). So we can infer that
there exists 6€X\X' or ncN\N' or ecE\E'.

Consider the case where there exists c€X\X'. Then Vo*€X (G(c,6*) = 6* € X\¥'), by the
condition G oidy numuEuk C ids onorrorok © G. Defining a set Xog = {c} U{c* | G(5,56%) },
we then have Xy C X\Y', so Vo*€Xj i(c*) = 0; moreover the condition P(N’) C X’ implies
P~1(Xy) C N\N' and hence YncP~1(Xy) i(n) = 0. Hence we can perform on A the elementary
pruning operation of pruning o, giving a subnetwork N = X" ,N" H" ,E" K" ,W" P’ A" F",
S”,C",G"), with " = X\X,.

Next consider the case where there exists nc N\N’'. Then Vn*eN (G(n,n*) = n* € N\N'),
by the condition G o idy v g ok C ids oy omurug © G- Defining a set No = {n} U {n* |
G(n,n*)}, we then have Ny C N\N’, so Vn*eN, i(n*) = 0. Hence we can perform on N the
elementary pruning operation of pruning n, giving a subnetwork N = &",N”,H" E",K",
w" P’ A" F" 8", C",G"), with N” = N\Nj.
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Finally consider the case where there exists ec E\E’. Then Ve* €E (G(e,e*) = e* € E\E'), by
the condition Goidy v ook C ids N urroruk ©G. Defining a set Eg = {e}U{e* | Gle,e*) },
we then have Ey C E\E’, so Ve*cE| i(e*) = 0. Hence we can perform on A the elementary
pruning operation of pruning e, giving a subnetwork N/ = X", N",H" E" K", W" P’ A" F",
S"”,C",G"), with E” = E\E,.

Hence in all cases an elementary pruning operation is possible. |

Theorem 41. If a pruning operation is carried out on a network N, given a pair of inclusion
functions (i,7) on N, resulting in a subnetwork A’, then, for any image I and any embedding
token u, embedding type v and bareness function B for N/,

IM(I,N,,U,,U,,i,,j,,BI) :IM(I,N,U,U,i,j,B)

where u’/,v’,i’,j’, B’ are the restrictions of u,v,i,j,B to N’. Moreover, the symmetry condition
holds for N/, u’,v’ if it holds for N,u,v.

Proof We use the usual notation, N' = (X,N,H,E,K,W,P,A,F,S,C,G), N/ = &',N',H,
E . K' W P A F,S,C', G), v=(sub,con,rel,symm,tem,in), v’ = (sub’,con’,rel’,symm’, tem’,
in’). By the definition of a pruning operation and theorem 38(i),

VoeX\X i(c) =0 =j(0), VneN\N'i(n)=0, VhcH\H'jh)=0,
VecE\E' i(e) =0, Vk<(K\dom(G)\(K'\ dom(G")) j(k) = 0.

This implies that the pruning operation makes no difference to the value of IM. The only term
for which this is not obvious is Y=, ;)g(0.0) {0 )Esub(o,e) ()" - u(c*)). Since Gy = G o idy
(by theorem 24(i)), the difference

> OB upeen @) ™) = Y (6" Eup e @ (0) 7 1/ (67))

(0,6*)|G(0,6%) (0,6%)|G'(5,6*)

is the sum of i(6*)E,p(s o-)(u(c) ™! -u(c*)) over pairs (6,6*) having ¢* € ¥\X', and for such pairs
the term vanishes since i(¢*) = 0.

The symmetry condition for AV,u’,v’ immediately follows from the one for NV, u,v. |

Pruning is used in the recognition process as follows. We have a pattern N7, a parse p: N7 — N,
an embedding token u for N7, and a pair of inclusion functions (i,7) on N;. We carry out an
elementary pruning operation on N to give a subnetwork N, with a new parse p|y;: N7 — Mo
(§3.7), a new embedding token u| NI (84.2), and a new pair of inclusion functions, the restriction
of (,7) to N (theorem 38(ii)).
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8.3 Unprunability and its consequences

Definition. A network NV = &,N,H,E,K,W,P,A,F,S,C,QG) is unprunable, given a pair of
inclusion functions (i,j) on A/, iff there is no proper subnetwork N’ = (X' N’ H',E',K',\ W', P,
A F',S",C',G’) of N satisfying

VoecX\X i(c) =0, VnecN\N'i(n)=0, VecE\E i()=0.

(In other words, a network is unprunable iff no non-trivial pruning operation is possible on it,
or, equivalently by theorem 40, iff no elementary pruning operation is possible on it.)

Theorem 42. If
(a) N1 =(&4,Ny,H1,E1,K,W,P1,A1,F1,S1,C1,G1) is a network,
(b) p: N1 — Ny is a homomorphism, where N is a semi-definite network,
(c) (@i,)) is a pair of inclusion functions on N satisfying VxeX; UN; UE; i(x) € {0,1},
(d) N is unprunable, given (i,)),
then VecE; i(e) = 1.
Proof. Consider the pruning operation that transforms A to Ny = (X9,Ns,Hs, Eo, Ky, Wy, Po,
Az,Fz, Sz, Cz, Gz), where
Yo=2X1, Ny=Ni, Hy=H,, E;={ecEi|ile)=1}, Ko=Ci UEy),
Wo =Wy, Py=P;, Ay=A,, Fy=PFi|g, S2=S8ilg, Cs=Cilk,
G2 = ids,uN,UH,UE, UK, © G1 © idy, N, UH,UE, UK, -
I shall show that this is indeed a pruning operation, and then since N7 is assumed unprunable
it will follow that Ny = Nj.
First we check that N5 is a subnetwork of A;. The conditions

WiNg) C Lo, Pi(No) C Xy, Hy=A; '(NaUZXy), Fi(Es) CH,, Si(Ez) CH,

are immediate, since Yy = X1, No = N; and Hy = H;. The condition Ky = C; 1(E3) holds by
definition.
The functions Wy, Ps,As, F9,Ss,Cy are as they ought to be for a subnetwork.
To verify Gi oids, n,uH,uE,uk, C ids,UN,UH,UE,UK, © G1 We need the following derivations.
For every k,k*c€K; such that G1(k,k*), we have & € ran(G1), so k ¢ dom(Gy), so

i(C1(k)) = j(k) + Z i(C1(R") > i(C1(k7));
|Gy (k k")

thus if £* € Ky then C1(k*) € E5, so i(C1(k*)) = 1, so i(C1(R)) = 1, so C1(k) € Eq, so k € K,. This
shows
Gik o idK2 - idK2 oGik. (1)

Next,

Gizoidp, = CroGixoCy oidg, by theorem 20(iv)
= C1 0 Gig o idg, oC_lf1 since Ky = C;71(E5)
CCroidg, oGk oCr by (1)
—=idg, 0 C1 0Gig o C_lfl since Ky = C1 1(E3)
= idg, o G1i by theorem 20(iv). (2)
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Next,
G1 oidy,un,um, = Giz U Giy U Gig = ids,un,umH, © G1 (3)

since X9 = X1, No = N7 and Hy = H;. Combining (1), (2) and (3) gives

G1 o idy,uN,uH,UE, UK, C i3, N,UH,UE,UK, © G1

as required. Thus N; is indeed a subnetwork of N;. The remaining conditions for a pruning
operation,
VGGZl\Zz (o) = 0, \V/I’LENl\Nz i(n)= 0, VeGEl\Ez ile) = 0,

hold by definition of Xo, No, Es.
Since N7 is assumed unprunable, given (i,j), it follows that Ao = A7. This means that
Ey; = E; and so VecE; i(e) = 1. |

Theorem 43. If
(a) Ny=&1,N1,H{,E{,K{,W,P1,A,F1,S1,C1,G1) is a network,
(b) p: N1 — Ny is a homomorphism, where N is a semi-definite network,
(¢) (,)) is a pair of inclusion functions on N; satisfying
VxeXi UN{UE; i(x) € {0, 1}, VheH, j(h) =0, Vk EKl\dom(Gl)J(k) =0,
(d) N is unprunable, given (i,)),
then
(1) VecE  i(e) =1,
(i) VrneN; i(n) =1,
>iii) E, i A7 IVLUY) il E; is a sum diagram in the category of sets, where ¥ = {c€X |
ilc) =1},
(iv) 3f:K1\dom(G1) — K1 G =T,
(v) VneN; i(W1(n)) = 1 = i(P1(n)),
(vi) VX CXq |P1'(X)| — |Giy o idp, 1| < |X].

Proof. (i) is given by theorem 42.

(ii) Consider the pruning operation that transforms N7 to Ny = (X9, No,Hy, Eo, Ky, Wy, Py,
Aq,F5,S,,Cs,Gs), where

22 = 21, Ny = {nENl ’ i(n) = 1}, Hs :Al_l(Nz UZQ), E;,=FE;, K :Kl,

Wy = Wiln,us,, Pe=Piln,, Az =Ailg,, Fo=F1, S2=81, Cs=Cj,

G2 = idy,UN,UH,UE, UK, © G1 0 1d 5, UN,UH,UE, UK, -
I shall show that this is indeed a pruning operation, and then since N7 is assumed unprunable
it will follow that Ny = Nj.

First we check that A5 is a subnetwork of A7. The conditions W1(N3) C Xy and P1(IN3) C
Yo, are immediate, since Yo = X1.

Define Y = {c€X; | i(c) = 1} (as in part (iii) in the statement of the theorem). For any
hecH;, we have the condition

(A1) =jh) + D i) + D ile)
ecFi—1({h}) ecS;~({n})
where j(h) = 0; so h € A; (N2 UY) iff i(A1(h)) = 1 iff there exists ecF11({h}) or ecS1 1({h})
(where such an e is unique and belongs to just one of the two sets). This means that

E, F#Afl(Nz uY) 2 E is a sum diagram. (1)
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This implies F1(E{) CA; " '(NoUY) C Hy and S1(E;) CA; (N2 UY) C Hy, as required.
The functions Wy, Ps,As, Fo,Ss,Cy are as required for a subnetwork.

To verify Gi o ids, n,un,uE,uk, < ids, N,uH,UE,UK, © G1 We need the following derivations.

Since 22 = 21, Eg :El and Kz = Kl,
G1oids, = Gix = idy, 0 Gy,

Gioidg, = Gig = idg, o Gy, (2)
G1oidg, = Gix = idg, o G1.
Next,
Gim oidy,—1v,) € Gim ©idy, 1 v,uy)
=Gigo (F1 oﬁ_‘lfl U Si oS_fl) by theorem 7 and (1)
— G oFioF, ' U GgoSioS; |
=GioFioF; ' U GioSioS; |
=F,0G; 0171_1 U S_10GloS_1_1 by theorem 20(ii)
—Fioidg, 0GioF; ' U Sioidg, 0G10S;
Cidy, oF10GioF;, ' U idy, 0810G108; ' since Fy(E1) C Hy
=idg,0G1oF; oFTfl U idg, oG0Sy 0 S_fl by theorem 20(ii)
Cidg, o Gioidy, U idy, oGyoidy, by theorem 2(i)
=idg, o Gih. 3
Next, from A; o G; C G1 0A; we have
G oidy, -1z, C A 0GioA; o idg,-1z,) by theorem 2(iv)
— A7 0Gioidy, oAy
— A7 oidy, 0 GioA; by (2)
Cidy,0A;  0GioA; since A;~1(Zy) C H,
so by theorem 4(vi)
G oidy, -, C idy, o Gim. (4)
Hence,
G oidy, = Gig oidp,~1(v,uxy)
= Gy oidp -y, U Gigoida, -,
Cidy, o Gig by (3) and (4). 5)
Next,
Gy oidy, = idy, 0 A7 0 Giyg o A7 oidy, by theorem 20(iii)

. — . —1
Cidy, 0A1 oG oidpy, 0 Aq

Cidy, 0 A1 oidy, o Gy OA_f1 by (5)

. . — 1
=1idy, oidy,us, ©A1 0 Gz 0 Ay

=idy, oidn, ©A1 0 Giy oA, '

since A;"'(Ny) C H,

since Ho :Al_l(Nz UXs)

= idn, o G1n by theorem 20(iii). (6)
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From (2), (5) and (6),
G1 o idy,uN,UH,UE UK, C ids,UN,UH,UE, UK, © G1-
Thus N; is indeed a subnetwork of A;. The remaining conditions for a pruning operation,
VoeXi\Xqe i(c) =0, VneN;\Nzi(n)=0, VYecEi\Esi(e)=0,

hold by definition of Xo, No, Es.

Since N7 is assumed unprunable, given (i,j), it follows that Ao = Aj. This means that
Ny = N; and so VneN;7 i(n) = 1.

(iii) follows from (1), bearing in mind that Ny = Nj.

(iv) For any k€K;\ dom(G),

i(C1(R) =jR)+ Y iC1k™)

k*|G1(k,k*)

where i(C1(k)) = 1, j(k) = 0, and each i(C1(k*)) = 1, by part (i) and hypothesis (c), so there
exists a unique £* such that Gi(k,%*). Define f:K;\ dom(G;) — K; mapping k to this £*. On
the other hand, for any 2€K; A dom(G1), we have k ¢ ran(G1), so there exists no £* such that
Gi(k,k*). Thus Gz =f.

(v) VneN; i(W1(n)) = 1 holds since, for any neNy,

i(Wi(n)) =jn) +i(n)

where i(n) = 1 by part (ii), so i(W1(n)) = 1.

The other equation, VneN7 i(P1(n)) = 1, is proved using theorem 21 and theorem 13. The
hypotheses of theorem 21 hold, by parts (iii) and (iv) just proved. Theorem 21 then tells us
that G1y is acyclic. The next step is to apply theorem 13 to the sets Ni,X;, the function
P:N; — X4 and the finite relation Gixy on N;. Let us check the hypotheses of theorem 13.

Hypothesis (a): Giy o Giy € G1 0 Gy = L (since N7 is a network).

Hypothesis (b): Gy is acyclic (as just shown).

Hypothesis (¢): P; o Giny = P10 Gy C P; (since N; is a network).

Now, for any c€X; such that i(c) = 0, taking X = {c} in theorem 13(i) gives
Py ({oP| — |Gy o idp,~1((op| > 0.
Moreover, (recalling the notation g, = |{n*€Ny | G1(n*,n) }|)

0=ic) =j©) + > (A-glim)=jo) + > (1-g)

neP;—1({c}) neP;~1({c})
= j(6) + |[P1 1{o})| — {(n*,n)eN; x P 1({c}) | G1(n*,n) }|
=j(0) + [Py ' ({o})| — |Gin o idp,-1((op)|

s0 j(6) = 0 and |P;'({c})| — |Gy o idp,-1((s})| = 0. Then by theorem 13(ii) P, '({c}) = 0. The
contrapositive of this result is that if P17 1({c}) # 0 then i(c) = 1. Thus YneN; i(P1(n)) = 1,
as required.
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(vi) For any o€,

i(c) =j(o) + Z (1 — gpi(n) = j(o) + |P1 '({c})| — |Gy o idp,-1({o})|
neP;~1({c})

as in part (v), where i(c) € {0,1} and j(c) € [0, 1], so
P17 {o D] — |G 0 idp,-1¢gop| < 1.
For any X C X;, summing this inequality over all c€X gives
P17 X)| — |Gy o idp, 1) < |X]

as required. |

Theorem 44, If

(a) Nl = (Zl,Nl,Hl,El,Kl,Wl,Pl,Al,Fl,Sl,Cl,Gl) is a network,

(b) p: N1 — Ny is a homomorphism, where N is a semi-definite network,
(¢) (,)) is a pair of inclusion functions on N; satisfying

VxeX; UN; UE; i(x) € {0,1}, VheH; j(h) =0, VkeK;\dom(G,)jk) =0,
(d) N7 is unprunable, given (i,)),

AjoF: W
(e) E; :& N;UX; 3 X4 is a coequaliser diagram in the category of sets,
AIOSI

then
1) Verl UN; UE; ix) = 1,
(i1) N7 is definite.

Proof. The hypotheses of this theorem include those of theorem 43, so we can apply theorem 43.

(i) From theorem 43(i),(ii) we already have VecE; i(e) = 1 and VneN; i(n) = 1. Consider
the pruning operation that transforms N7 to No = (X9, No,Hs, Eo, Ko, Wy, Py,As,F5,Ss,Cs,Gs),
where

Yo={occXi|ilc)=1}, Ny=N;, Hy=A;"'(N2ULXy), E;=E;, K;=Ki,

Wy = Wiln,us,, P2=P1, As=Ailg, Fe=F;, S2=81, C2=0Cy,

G2 = ids,uN,UH,UE, UK, © G1 © 1d s, N, UH,UE, UK, -
I shall show that this is indeed a pruning operation, and then since N7 is assumed unprunable
it will follow that Ny = Nj.

First we check that Ny is a subnetwork. The first two conditions, W;(IN3) C X5 and
P1(Ng) C X5 follow from theorem 43(v).

Theorem 43(iii) tells us that

E, ﬂHz il E. is a sum diagram (1)

since Hy = A1 1(Na UX9) = A;"!(N; UY). This implies Fi(Es) C Hy and S1(Es) C Hs, as
required.

The functions Wy, Ps,As, Fo,Ss,Cy are as required for a subnetwork.

Next we verify the condition G oidy, n,um,uE,uk, € ids,uN,uH,UE,UK, © G1.

The hypotheses of theorem 22 are satisfied (with Y = X5). Theorem 22(iii) gives

Gl e} idzz g idz2 e} Gl. (2)
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The conditions

G1 o idN2 = isz o G1 (3)
G1 9} ldE2 = ldE2 9} G1 (4)
G1 O ldK2 = ldKz O G1 (5)

hold trivially, since Ny = N1, Eo = E1 and Ky = K;. Also,

Gio ide = idH1 oGyo ide since Hy C H;

C A_l_l 0 Gy oA oidy, from A; o G1 C G1 0A; by theorem 2(iv)

= 14_171 oGpo idN2UE2 014_1 since Hs :Al_l(Nz UXs)
CA; 'oidy,s, 0GioA; by (3)and (2)
—idy, 0A; 0GioA;  since Hy =A; \(N3 UZy)

and hence by theorem 4(vi)
G1 o} lde g lde o} Gl. (6)

From (2), (3), (4), (5) and (6) we derive G o ids,un,un,uE,uK, € ids,uN,uH,UE,UK, © G1. Hence Ny
is indeed a subnetwork of N;.
The conditions

VGEZl\Zz l(G) = O, Vn GNl\Nz Z(I’L) = 0, VeEEl\Ez l(e) =0

follow immediately from the definitions of X9, No, Eo. This completes the verification that we
have a pruning operation.

Since N; is assumed to be unprunable, given (i,j), the pruning operation must be the
trivial one, with Ny = N7. This means that Yo = X; and so Vo€X; i(c) = 1, as required.

(i1) We shall apply theorem 23; let us check its hypotheses.

Hypothesis (a) holds by theorem 43(vi).

Hypothesis (b), that E; Bl 1 il E. is a sum diagram, follows from (1) and the fact that
No = Ni.

Hypothesis (c) holds by theorem 27(iv).

Hypothesis (d) holds by hypothesis (e) of this theorem.

Thus it follows by theorem 23 that A7 is definite. |

8.4 Extension operations

Given a grammar N, a pattern N7, a homomorphism p: N7 — Ny, and an embedding token
u for Vi, an extension of (Ni,p,u) is a triple (NV],p’,u’) where N is a subnetwork of A7,
p': N{ — N is a homomorphism such that p = p’|x;,, and v’ is an embedding token for N such
that u = u/|y,.

(N],p',u’) is a minimal extension of (NVi,p,u) satisfying a condition P iff

(i) Wi,p',u) is an extension of (N7,p,u) satisfying P;

(ii) for any extension (N],p”,u”) of (N1,p,u) satisfying P, |N]| < [N/,
where the cardinality |N| of a network A is defined by |X,N,H,E,K,W,P,A,F,S,C,G)| =
X|+ IN| + |H| + |E| + K.

An extension is trivial iff N = Nj.
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Using these notions we can define the extension operations used in the algorithm. The
notation is as usual: we have a grammar Ny = (X, Ny, Hy,Eq, Ko, Wy, Py,Aq,Fo,So,Co, Go)
and an embedding type v = (sub,con,rel,symm,tem,in) on Ny, a pattern N7 = (X1,N1,H;,
E{,K,,W{,P1,A1,F1,S1,C1,G1) with a parse p: N7 — Ny, an embedding token u, a pair of
inclusion functions (i,j), and a bareness function B for N7; we shall produce an extended
network N| = (£},N|,H},E|,K,,W;,P;,A|,F},8,,C},G,) with a new parse p":N| — Nj and
embedding token u’. The threshold 6 is the positive constant used in the DM function (see
§4.5); the thresholds 0,01,02,03,04 are used only in the extension operations and may be
made dependent on parameters such as temperature.

In the extension operations the following additional conditions, referred to collectively as
the extension conditions, will be imposed.

e VoeX; (P, 1({c}) L N1 = j(o) >89 A B(o) <9),

VheH; (F~'{h}HUS,"1{r}) L E1 = j(h) > 6y),

VecE] (A[(Fi(e)) ¢ N1 vV A|(Si(e)) ¢ N1 = W (A[(F(e) = Wi(A[(S)(e))),
Vn e N\\N1 Econprup@ (Win) - u'(n)) < 61,

e the symmetry condition for NVJ,u/,vop’.

The extension operations are as follows (see figure 1 below). For each one, the extension
conditions are checked at the end and the operation is cancelled if they do not hold. (Note that
no consistent pair of inclusion functions (i’,j’) can be specified for the extended pattern N/, so
we recalculate them as in §7.4, using the old inclusion functions (i,j) as a starting point.)

(a) (Joining two symbols.) Given symbols 61,69€X1, an edge eg€E(, and affine transformations
s1esymm(p(c1)) and sy esymm(p(cz)) such that
o Py(Ag(Folep))) = p(c1) and Py(Ay(Solep))) = p(c2),
construct a minimal extension (N],p’,u’) of (Wi,p,u) (if one exists) such that A contains
nodes n1,ny and an edge e for which
o p'(e) = e, Aj(Fi(e)) = nq, A1(S}(e)) = ng, Pi(n1) = 61 and P)(ng) = o9,
e u'(n1) =u(oy)-s; and u'(ng) = u(og) - sa.
(b) (Joining three symbols.) Given symbols 61,069,63€X1, edges eg1,e92 €Ey, s1csymm(p(c1)),
se€symm(p(c3)) and ssesymm(p(cs)) such that
o Ay(Soleo1)) = AoFolep2)), Po(Ao(Foleo1))) = p(o1), Py(Ap(Soleo1)) =p(o2) and Py(Ap(Soleo2))
= p(c3),
o Ereo) (857 - u(62) 7 u(61) - 81) + Eperey (S5 1 - u(c3) ™ - ulo2) - s2) < 03,
construct a minimal extension (NV{,p’,u’) of (Ny,p,u) (if one exists) such that N] contains
nodes ni,ng,n3 and edges eq,eg for which
e p'(e1) = eo1, p'le2) = ez, Aj(Fi(e1)) = ni, Al(Si(e1)) = ng = Aj(Fi(e2)), A[(S}(e2)) = ns,
Pi(n1) = 61, P{(n3) = 62 and Pj(n3) = o3,
o u'(n1) = u(oy) - s1, u'(n2) = u(oy) - s and u'(n3) = u(os) - s3.
(There are also variations of operation (b), in which the directions of eg; and e; are reversed,
or the directions of eps and ey are reversed.)
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(c) (Extending from a hook.) Given a hook 2 €Hj, construct a minimal extension (N7, p’,u’) of
(N1,p,u) such that

o 0'(F,'({h}) = Fy '(p({h}) and p'(S, '({h}) = S; ' (({R})),
o VecE\E1 E i)' A5(S1@)1 - u' (A (F;(e)))) = 0.
(d) (Extending from a facet.) Given a facet £cK; such that
o WiA1(F1(C1(R)) = Wi(A1(S1(C1(k))))
o j(k) > 69,

construct a minimal extension (N],p’,u’) of (N1, p,u) such that

e po G’l_l o id{k} = Gal opo id{k}.
(e) (Extending from a part to a whole.) Given a symbol c€X, construct a minimal extension
WV, p’,u') of (N,p,u) such that

e p'(P;71({c}) = Py tp({c}),

e VnEN\N1 E onpriny@ Wim) 1 - u'(n)) = 0.
(f) (Filling in a missing part between two parts.) Given nodes ni,n3eN;, hooks hi,hscH,,
edges eg1,e02€Eo and an affine transformation f such that

o Wi(n1) = Wilng), Ai(h1) = n1, Ai(hs) = ns, Ao(Soleo1)) = Ao(Foleo2)), Foleor) = p(hl) and

Soleo2) = p(hs),

L] Erel(e()l)(f_l ° u(nl)) +Erel(e02)(u(n3)_1 f) < 94)
construct a minimal extension (NV{,p’,u’) of (Ny,p,u) (if one exists) such that N] contains
edges e1,es and a node ng for which

e p'(e1) = eo1, p'(e2) = egz, Fi(e1) = hy1, Aj(S)(e1)) = ng = A (Fi(e2)) and S(e2) = hs,

e if ng ¢ Ny then u'(ng) =f.

(There are also variations of operation (f), in which the directions of ey; and e; are reversed,
or the directions of eps and ey are reversed.)

(g) (Filling in a symbol between part and whole.) Given symbols 61,63€%1, symbols

Go1, 002,003 €Xo, nodes nog1, ngs €Ny, sesymm(cpz), and an affine transformation f such that
e p(c1) = 601, p(63) = G03, Wo(n01) = 601, Po(no1) = co2 = Wo(no2) and Po(noz) = o3,
b Econ(nol)(u(cl)_1 : f) +Econ(n02)(f_1 . u(03) -8) < 04,

construct a minimal extension (NV],p’,u’) of (N1,p,u) such that N contains a symbol 65 and
nodes ni,ng for which

e p'(n1) = no1, p'(n2) = no2, Win1) = o1, Pi(n1) = o2 = Wi(nz) and P(nz) = o3,
e if n; ¢ N; then u'(n1) = u/(c2) =,

e if ng ¢ N; then u'(ng) = u(cg) - s.

These extension operations are applied concurrently, in a fair order, controlled by probabilities;
the probability is low in cases where new symbols would be created (particularly operations (a)
and (e)), to avoid the creation of too many new symbols.

These operations are depicted in figure 1. In this figure rectangles represent symbols,
circles represent nodes, small filled discs represent hooks, lines with arrowheads halfway
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along represent edges, and small crosses represent facets (shown only for operation (e)); the W
and P functions, which map each node to the whole and part symbols, are represented by lines
with arrowheads at the end. For each operation solid lines are used for the symbols, nodes,
etc., assumed to be present in the pattern before the extension operation; dashed lines are used
for the symbols, nodes, etc., added by the extension operation (if they are not already present
in N7). Thus, for example, operation (g) adds one symbol and two nodes (and their associated
hooks), unless a suitable symbol or suitable nodes already exist in N;. Note, however, that
whenever an edge is added the appropriate number of superedges must also be added, in order
that p’ satisfy the conditions for a homomorphism; and the same applies to symbols, nodes,
etc.; these are not shown in the figure.

@ ® -

P 7o
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Figure 1. The extension operations. The figure shows the relevant parts of the pattern
N/ after each extension operation. Solid lines depict what must be present before the
operation; dashed lines depict what is added if not already present.

8.5 Inextendability and its consequences

Definition. (N1,p,u) is inextendable, given i,j,v, B, iff none of the extension operations can be
applied to it, other than ones giving a trivial extension.

Theorem 45. If

(a) N1 =&1,Ny,H{,E{,K;,W,P1,A1,F1,S1,C1,G1) is a network with an embedding token u
and a bareness function B,

(b) p: N1 — Ny is a homomorphism, where N is a semi-definite network with an embedding
type v,

(c) (i,)) is a pair of inclusion functions on N; satisfying VxeX,UN7 i(x)€{0,1} and VecE1 i(e) =
1,

(d) (W1,p,u) is inextendable, given i,j,v,B,

(e) WioAjoF; =Wi0A108;,

then VheH; j(h) = 0 and VkeK;\ dom(G,) j(k) = 0.

Proof. For any heH;, we have

(AR =jh) + Y i) + > il o)

ecF,~1({h}) ecS;—1({h})

This implies that j(h) is an integer, and hence must be 0 or 1. Suppose j(h) = 1. Then
the operation of extending from A (extension operation (c)) is possible, giving an extension
(NV],p’,u) such that p'(F} '({h})) = F; (p({h})) and p'(S; '({R}) = S;i(p({h})). However,
we are assuming (N1,p,u) is inextendable, so (NV],p’,u’) = (NV1,p,u). Thus p(F;'({h}) =
Fy'(p({h}) and p(ST'({h}) = S (({A})).

Now, Ny = XEo,No,Hy,Eq, Ko, Wy, Po,Ao,Fo,So,Co,Go) is semi-definite and so satisfies
Fo(E¢)USo(Eo) = Hy. This means that F, '(p({2})) # 0 or Sy *(p({h})) # 0. Hence p(F; '({h})) #
0 or p(S;'({h})) # 0. Hence F;'({h}) # 0 or S{'({h}) # 0. Any edge e in these sets has i(e) = 1,
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by hypothesis (c), so by (1) i(A(h)) > 2, which is impossible. This contradiction establishes that
j(h) = 0 as required.
For any k<K;\ dom(G;), we have

i(C(R)) = j(k) + Z i(C(R™)).

k*|Gq(k,k*)

This implies that j(k) is an integer, and hence must be 0 or 1. Suppose j(k) = 1. Then
>k |Gy HC(EY)) = 0, and hence by hypothesis (c) there are no k* such that Gi(k, k") holds.
This can be expressed as

Gloidg,y = L. (2)

Also, since k ¢ dom(G;) we have
Gl O ld{k} = _L (3)

Now, by hypothesis (e) and since j(k) = 1, the operation of extending from % (extension
operation (d)) is possible, giving an extension (N7, p’,u’) such that FoG’l_loid{k} =G, 1oﬁoid{k}.
However, we are assuming (N1, p,u) is inextendable, hence (NV],p’,u’) = (N1,p,u). Thus

ﬁoGl_loid{k} :Go_l Of)Oid{k}. 4)

Since N is semi-definite, Gy is minimal relative to N, and hence idg, C Gox oG(jK1 U G&% oGk
Then

poidipy C Gog o Gogopoidiy U Gog o Gog opoidpy
C Gy OGa1 opoidgy U Gal oGoopoidy
=Gopopo Gl_1 oidgy U Gal opoGyoidyy by (4) and since p is a homomorphism
=1l uUul=1 by (2) and (3).

But this is absurd, since (p oid;,)(p(k), k) holds. This contradiction establishes that j(k) = 0,
as required. |

8.6 Merging two symbol tokens

We may merge two symbol tokens of the same type that have similar embedding transfor-
mations (up to a symmetry transformation). Two symbol tokens c1,62€X; of type co€Xy
are considered to have similar embeddings up to a symmetry transformation iff there exists
s € symm(co) such that E;, (s - u(c2)™! - u(c1)) is below a threshold. If this condition holds
then the symmetry s is applied to o5 (this is a local symmetry operation; the other symbols
are unchanged); 61 and o3 are replaced by a single symbol; and the nodes and edges of 6, and
o9 are pooled. Local symmetry operations have already been defined in §4.3. The merging
itself is formally defined as follows.

Definition. Given a network N7 = (X1,N1,H{,E,K{,W1,P1,A1,F1,S1,C1,G1), and a homo-
morphism p: N7 — Ny, and two symbols 61,02€X; such that p(c1) = p(c3), the operation of
merging o1 and o5 produces a new network N = (X},N}|,H},E}|,K|,W!,P|,A",F,,8,,C",G}))
and a homomorphism u:N; — N] defined as follows. First note that there are bijections
Pla, 1o A1 M ({o1}) — Ao '({p(o1)}) and and pls,-1((6,1): A1 {o2}) = Ao '({p(c1)}) and
hence a bijection y :p[;ll_l({cl}) oPla, 1oy A1 {o2}) = A171({o1}). Now define
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21 =%\ {o2}, N} =Ny, H; = H1 \ A1 '({c2}), E} = E1, Kj = K,

o (o] lf O = O2 o 'Y(h) lfAl(h) = 02
VoL, nlo) = {0 otherwise ’ VheH, u(h) = {h otherwise ’

VxeN, UE{UK; u(x) =x

VoeXi Wi(o) = o, YneN; Wi(n) = w(Wi(n)),

P} =uoPy, A} :AlyH{, Fi=poFy, S{=pno8S;, C;=0Cy,

Gy =EoGrop .
This gives the network N] and homomorphism p: N7 — M.

Note that p is surjective and satisfies Vx,y€X;UNUH;UE1UK; (W(x) = u(y) = px) = p()),
so there exists a unique function p’ such that p’ ou = p; this p’ is a homomorphism from N
to Np. This is the new parse.

If u is the old embedding token on N, we can define a new embedding token u’ on N] by

G if 6 =01

/ / _
u(c) otherwise’ VneN; u'(n) = un)

VoecX] u'(c) = {
where G is an affine transformation intermediate between u(c;) and u(c9)-s. This is calculated
as follows. Find A€ A such that u(cg)-s-u(c1)~! = exp(A); then choose G = exp(A4/2) - u(c1) =
exp(—A/2) - u(oy) - s.

No consistent pair of inclusion functions (i’,j') can be specified for the new network N7,
so we recalculate them as in §7.4, using the restriction of the old inclusion functions (i,j) to
N] as a starting point.

8.7 Partitioning a symbol token into two

Consider any pattern A7 = (X1,N1,H,E{,K1,W1,P1,A1,F1,S1,C1,G1). For any cgcXq, if the
nodes and symbol in W;~1({c¢}) can be partitioned into two disjoint non-empty subsets 71, T,
such that there is no edge between any element 7; and any element of T, then 69 may be
replaced by two symbols, (69,1) and (o9, 2), with (6, 1) getting the nodes of 77 and (o9, 2)
getting the nodes of T5. The subsymbols of o, are glued to (6¢, 1) or (69, 2) as appropriate (or
duplicated if necessary). The nodes above 6y must be duplicated; i.e., n is replaced by (n,1)
and (n,j), for two indices i,j, and likewise for their hooks, edges and facets. This operation is
called partitioning cy. It is roughly the inverse of the merging operation.

Definition. In a network &,N,H,E,K,W,P,A,F,S,C,G), a symbol 6o€X is partitionable iff
there exist sets 71, T2 such that Ty UTy = W~ 1({co}) and T1 N Ty = () and T1,Ts # 0 and
F 1A Y T))NS YA (Ty)) =0 and ST1A-NT))NF YA XTy)) = 0.

The network X,N,H,E,K,W,P,A,F,S,C,Q) is partitionable iff at least one symbol in X
is partitionable; otherwise it is unpartitionable.
Definition. If a symbol o is partitionable in N' = (X,N,H,E,K,W,P,A,F,S,C,Q), with sets
T1,Ts, then partitioning o is the construction of a new network N’ as follows.

First define a function I on X UN UE by

I(co) = {1, 2},

VreNNT; Un) = {1} x IP(n)) A Vn* (G(n,n*) = I(n*)=1(n)))
VreN NTy U(n) = {2} x I(P(n)) A Vn* (G(n,n*) = I(n*)=1(n)))
Vo* (G(c0,6%) = I(6*) = Upennw-1(fo+p PrOj1U (1))
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o for all other o€k, I(c) = {0},
e for all other neN, I(n) = I(W(n)) x I(P(n)),
o VecE I(e) = I(A(F(e))) x I(A(S(e))),
where the function proj; is defined by V(,j) proj.1(i,j) =i.
Define the new network N/ = X',N',H',E',K',W',P',A",F'",S',C",G"), by
e Y ={(6,))|ccX ANicl(c)}, N ={(n,i)|ncN Aicl(n)},
e H ={(h,i) |heH NicllAh)}, E' = {(e,i) |ecE Nicl(e)},
o K'={(k,i) | keK N ic€I(C(R))},
e V(o,i)cX’ W(o,i) = (,1), Y(n,(,))eN’ W (n,(,)) = (Wn),i),
e V(n,@,7)eN’ P'(n,(,)) = (P(n),)), V(h,1))eH' A'(h,i) = (A(h),1),
o Ve, @, ) el Flle,(i,)) = (Fle),1), Ve, @,k S'e, @,)) = (S(e),)),
o Y(k,i)eK' C'(k,i) = (C(k),1),
* V(o,1),(c",)EXL’ (G'((0,1),(c*,)) iff G(o,6%) A c(i,))),
o V(n,i),n*,))eN’' (G'((n,1),(n*,j)) iff G(n,n*) A co@i,))),
o Y(h,i),(h*,))eH' (G'((h,D),(h*,))) iff G(h,h*) A co(i,))),
o V(e,i),(e*,))eE' (G'((e,1),(e*,))) iff Gle,e*) A c4(i,))),
o V(k,1),(k*,))eK' (G'((k,D),(k*,))) iff G(k,k*) N c4(i,))),

where
c@,y) iff i=jvi=0
co(@,)), (R, 1) iff  cG,k) A c(,l)
ca(@, ), (R, D) iff  co(, k) A c2(,1).

Define a homomorphism m: N/ — A by V(x,i)eX' UN' UH' UE' UK’ 7(x,i) = x.

During the recognition process any partitionable symbol in the pattern A7 may be parti-
tioned, producing a new network N7, with a homomorphism n: N] — N;. The parse p: N7 — N
becomes p o n: N] — Ny and the embedding token u becomes u o m. The new pair of inclusion
functions is (i o m,j o ).

Theorem 46. If N = (X,N,H,E,K,W,P,A,F,S,C, Q) is an unpartitionable network satisfying
AoF
the condition WoAoF = WoAoSthen E _I{NUX Xy isa coequaliser diagram in the

AoS
category of sets.

Proof. Consider any set X and function a: N UYX — X such that c cAoF =0 0AoS. We must
show that there exists a unique function u:¥ — X such that c = poW.

Define u = alz. Consider any symbol ceX.

Define T1 = {xe W 1({c}) | alx) = a(c)} and Ty = {xe W 1({o}) | alx) # a(c)}. Then
Ty UTy; =W-1({c}) and T1 N T = (). Note also that ¢ € T4, so T1 # .

Since WoAoF =WoAoS and acAoF =ao0A oS we have, for any ecE,

ec F7YANTY) iff AF@E)eT; iff WAWFE) =0 A a(AF(e))) = alo)
iff W(ASE)) =0 A a(A(S(e)) = al(c) iff A(S()) T,
iff ecST'ANTY)
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so F~1A~1(T)) = S~ Y (A~X(T")), and similarly F~1(A~X(Ts)) = S~ (A~ 1(Ts)). Then

FATMTO)NS A H(T)) =F "AT (M) NF HAY(T) = F 1A (T1 N Ty))
=F A0 =0

and similarly S~1A"NT)) N F~ 1A XTy)) = 0.

So all the conditions for ¢ to be partitionable have been verified, except Ty # (. But ¢ is not
partitionable, by hypothesis, so Ty = (). This means that YncW—1({c}) a(n) = a(c) = W(W(n)).

Since we have shown this for arbitrary c€X we have VvneN U X a(n) = uw(W(n)), i.e.,
o = u o W, as required.

Conversely, consider any function p:Y¥ — X such that « = po W. Then VoeX a(c) =
uw(W(o)) = u(o), so u = aly. This shows that u is unique.

This completes the verification of the coequaliser condition. |

8.8 The outcome of the recognition process

The recognition process must ensure that, at the end, the pattern N7, the homomorphism
p: N1 — Ny, the inclusion functions i,j, and the embedding token u satisfy the conditions

e VxcX; UN; UE; i(x) € {0,1},

e N7 is unprunable, given (i,j),

e (NV1,p,u) is inextendable, given i,j,v,B,
e M7 is unpartitionable,

e WioAjoF; =W;0A 1081,

e VoeX \P1(N;) B(o) = 6.

It will be shown in §9.6 that these conditions imply that VxeX; UN; UE7 i(x) = 1 and N7 is
definite; hence the recognition process is finished.



9. The Whole Recognition Process

9.1 Introduction

This section completes the account of recognition by filling in some missing details: the line
operations, the determination of temperature, the determination of the bareness function, and
the halting condition.

At the end of recognition the pattern should be definite and all the symbols’, nodes’ and
edges’ inclusion values should be 1. Previous sections have stated various sufficient conditions
for this to be the case. Now I shall show that (under some mild assumptions) these conditions
are indeed satisfied at the end of recognition, and that the definite match function DM is
maximised.

9.2 Line operations

I shall assume the grammar contains a symbol type called line; symbol tokens of this type are
called lines. Geometrically they are infinitely thin line segments, and their embeddings are
always similarities. Parsing starts with a set of randomly arranged lines, symbols of other
types being built up from there. There is no necessary reason to start with lines, but it is
convenient for a wide range of examples, so I shall provide some special operations for dealing
with lines.

(a) Create a line. A line symbol token ¢ is created; its initial embedding u(c) is chosen by
a random search aiming to maximise p; 7 ,,(u(c)). This operation is applied throughout
recognition (though mostly at the start when most of the image is not covered by symbol
tokens).

(b) Randomise a line. If a line’s inclusion value falls too low, and it is bare (not part of
another symbol token), a new random embedding transformation is chosen for it by the
same method as in (a).

(c) Remove a bare line. If a line is not part of another symbol and its temperature falls below
a threshold, it has a small probability of being removed. The purpose of this is to tidy up
the pattern by removing lines that have not been incorporated into higher-level symbols.

(d) Glue two lines together, end to end. If two lines are nearly collinear, with an end of one
line close to an end of the other, as measured by a fleximap, the two lines are replaced by
a single large line. Their bars are connected together, end to end.
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9.3 How temperature is determined

Every symbol token, node token, hook token, edge token and facet token has a temperature.
These change continually by the following three processes. (There are two parameters control-
ling the spread of temperature across the network, p = 0.3 and y = 0.2. The notation X = Y
means the assignment statement ¥ := max(X,Y), and X <= Y means X = Y and Y = X.)

1. Every symbol, node, hook, edge or facet token created by a line operation or an extension
operation is given a high initial temperature.

2. Temperature is spread through the pattern by applying the following operations periodi-
cally.

e For every hook hecH1, do TAl(h) = Ty BTh = TAl(h)'
e For every edge ecEq, do Tr,) <> Te; Ts,e) <> Te.

e For every node neNq, do
Tp,ny = Tn; YT = Tw,(n)s
if n € dom(G,) then YTy, () = T, else YT, = Tp, ().

e For every pair k,k*€K; such that Gi(k,k*), do T} <= Tp-.

e For each kcK;, do T,y <= T.

3. Periodically each temperature T declines by the formula
T:=a+nT

where the constant 1 is slightly below 1 and the constant a is small and positive. In the
absence of other temperature changes all temperatures will converge to Ty, = a/(1 —n).
The value of a is chosen so as to give a desired minimum temperature, T),;,.

The temperatures perform a simulated annealing function. Wherever the structure of the
pattern changes, temperature is increased, by process 1. These increases in temperatures are
spread to neighbouring parts of the pattern, by process 2. In the absence of changes in the
structure the temperature will decline, by process 3. The general effect of this is that rapidly
changing areas of the pattern will be hot, and areas that have settled down will become cold.

Where the pattern is hot the inclusion values will take mid-range values; this allows rival
grammatical possibilities to co-exist. Where the pattern is cold the inclusion values tend to
be driven towards 0 or 1, and this forces a choice to be made between the rival grammatical
possibilities, leading to a definite pattern.

As recognition finishes, structural and geometric changes cease and the temperature
declines to T),;, throughout the pattern. All the inclusion values are likely to approach 0 or
1. However, this is not guaranteed; it is possible to construct a network in which there is no
consistent final assignment of 0 or 1 inclusion values, except for the trivial solution in which
all inclusion values are O (consider, for example, the case of an edge that is connected to the
same hook at both ends where the hook has no other incident edges). Nevertheless, in realistic
cases the inclusion values do go to 0 or 1, and this will be assumed in what follows.
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9.4 How the bareness function B is determined

For each hcH,, B(h) is initially 0 and increases by a fixed amount every time an extension
operation is applied that adds edges to F1~1({2}) US1 1({h}).

For each k<cK;, B(k) is initially 0 and increases by a fixed amount every time an extension
operation is applied that adds facets to {k*<cK; | G1(k,k*) }.

For each 6cXq, if Py~ '(p({c})) = 0 then B(oc) is initially set to 6 (where 6 is the constant
used in the DM function), and never changes thereafter. If Py~!(p({c})) # 0 then B(o) is
initially set to a positive value 69 < 0; B(c) is increased by a fixed amount every time
extension operation (a), (b), (e) or (g) is applied that adds nodes to P;~!({c}). The increment
is chosen so that 6 — 0 is a multiple of the increment.

The purpose of all this is to prevent the recognition algorithm from getting stuck in an
infinite loop by trying the same thing over and over again. Suppose a hook 4 is bare, and then
edges are added to it by the operation of extending from £, then the edges are removed by a
pruning operation; and this is repeated indefinitely. The value of B(h) will increase each time
edges are added, making the algorithm more and more unwilling to remove all the edges and
leave the hook bare. Eventually the algorithm will either keep an edge or remove the node
A(h) altogether; either way, the infinite loop is averted. Likewise, the monotonic increase in
B(k) prevents the algorithm from repeatedly adding and removing sub-facets to % forever.

The monotonic increase in B(c) prevents the algorithm from making any further attempts
to add nodes above ¢ using extension operations (a), (b), (e) or (g), once B(c) has increased to
0. It follows that B(c) can never increase above 6. Throughout recognition we have

VYoeX, B(c) <0, with equality if Py~ (p({c})) = 0. (1)

At the end of recognition all the B(c) values for bare symbol tokens ¢ should equal 6. This is
ensured by the following theorem.

Theorem 47. If

(a) Ny=&1,N1,H{,E{,K{,W,P1,A,F1,S1,C1,G1) is a definite network satisfying W; 0A; o
Fi=W;0A;08;,

(b) p: N1 — Np is a homomorphism, where Ny = (Xg,No,Ho, Eo, Ko, Wy, Py,Ao,Fo,So, Co, Go) is
a semi-definite network,

(¢) (i,j) is a pair of inclusion functions on N7 satisfying VxeX{ UN; UE7 i(x) =1,

(d) u is an embedding token for N7 and v is an embedding type for N,

(e) B is a bareness function for N satisfying Vo c€X, B(c) < 0, with equality if Py~ !(p({c})) =
0,

(H (N1,p,u) is inextendable, given i,j,v, B,

then

VGEZl\Pl(Nl) B(G) = 0.

Proof. Consider any c€X;\P1(N1). In view of hypotheses (a) and (c), and the fact that
c ¢ P1(N;), theorem 32 tells us that j(c) = 1. Now, if Py~ (p({c})) = () then B(c) = 6 by
hypothesis (e). Suppose, on the other hand, Py '(p({c})) # 0. Then hypothesis (e) gives
B(c) < 6. Suppose that B(c) < 6. Then, since j(c) = 1, extension operation (e) is possible,
giving an extension (NV{,p’,u’) of (NV1,p,u) such that p'(P;"1({c})) = Py~ (p({c})). However
hypothesis (f) tells us that this is a trivial extension, so (NV{,p’,u’) = (N1,p,u). This means
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p(P171({c})) = Py~ '(p({c})). But this is impossible: the left-hand side is empty, since ¢ ¢
P{(N7), but the right-hand side is non-empty. This contradiction establishes that B(c) = 0, as
required. |

9.5 Summary of the entire recognition process

The input to the parser is an image I, a semi-definite network N (representing a grammar),
and an embedding type v for Ay. During recognition, a network A7 (representing a pattern),
a homomorphism p: N7 — N, a pair of inclusion functions (i,j), an embedding token u, and a
bareness function B for A; are constructed.

The recognition process is a sequence of steps, called cycles. In each cycle,

e i and j are recalculated (§7.4);
e u is adjusted (subject to the symmetry condition) to increase IM(I, N1,u,vop,i,j,B) (§6.5);
e all temperatures spread and decline a little (§9.3);

e structural operations are applied to N7 if the conditions are satisfied (elementary pruning
operations, extension operations, merging two symbol tokens, and partitioning a symbol
token into two); every new symbol, node, hook, edge or facet is given a high temperature
(89.3), and some bareness values are increased after an extension operation (§9.4);

e line operations are applied to A7 (§9.2).

The algorithm halts when
e no further structural operations are possible (except for trivial extensions);

e the temperatures have declined very close to the minimum 7,;,.

9.6 The outcome of recognition

At the end of recognition, condition (1) will hold (since it holds throughout recognition); also,
the pattern N7 = (X1,N1,H1,E{,K1,W,P1,A1,F1,S1,C1,G1) and the inclusion functions i,j
are likely to satisfy the condition

VxeXi UN{UE; i(x) € {O, 1} (2)

This is likely because the lowering of temperature at the end of recognition pushes all inclusion
values to 0 or 1.
Also, the condition
Wl OAl OF1:W1 OA1 OSl. (3)

is likely to hold. This is because the term E;,,w,u,, @) @ (W1(A1(S1(e))) ™! - u(W1(A1(F1(e)))))
in IM(I,N1,u,v o p,i,j,B) penalises any edge ecE; for which W1(A1(F1(e))) # W1(A1(S1(e))).
The penalty is large and increases in effect as temperature falls. This term generates a force
that pulls the two symbols W1(A1(#1(e))) and W1(A1(S1(e))) closer together; eventually, either
they will merge or i(e) will fall so low that e is pruned.

Conditions (2) and (3) are not guaranteed to hold, but they can be expected to hold in
practice. Assuming they do hold we can apply the following theorem.

Theorem 48. If
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(a) N7 = &X4,N1,H,E1,K1,W{,P1,A1,F1,51,C1,G1) is a network satisfying Wy o A; o F; =
Wi0A;08;,

(b) p: N1 — Np is a homomorphism, where Ny = (Xg,No,Ho, Eo, Koy, Wy, Py,Ag,Fo,So, Co, Go) is
a semi-definite network,

(c) (i,)) is a pair of inclusion functions on N7 satisfying VxeX; UN; UE; i(x) € {0,1},

(d) u is an embedding token for N; and v is an embedding type for N,

(e) B is a bareness function for N satisfying Vo c€X, B(c) < 0, with equality if Py~ !(p({c})) =
0,

(D A7 is unprunable, given (i,j),

(g) (W1,p,u) is inextendable, given i,j,v, B,

(h) N7 is unpartitionable,

then

(1) N is definite,
2) Verl UNiUE; i(x) = 1,
3) IMUI,N,u,v,i,j,B) = DM(I,N,u,v).

Proof. Theorem 46, using hypotheses (a,h), tells us that

. AroF W . . . .
G) E; :§ N;UX; = X, is a coequaliser diagram in the category of sets.
A0S,

Theorem 42, using hypotheses (c,f), gives
(j) VecE; i(e) = 1.

So theorem 45, using hypotheses (a,c,g) and (j), gives
(k) VheH; j(h) = 0 and VkcK;\ dom(G,) j(k) = 0.

Then theorem 44, using hypotheses (c,f) and (i,k), gives conclusions (1,2).

Theorem 47, using hypotheses (a,e,g) and (1,2), then gives
1)) VGEZl\Pl(Nl) B(c) = 6.

Conclusion (3) then follows by theorem 33, using (1) and (1,2). |

As explained in §6.6 and §7.5, the algorithm has attempted throughout to choose i,j to
maximise E and to choose u to maximise IM(I,N7,u,v o p,i,j,B); as recognition ends this
amounts to choosing i,j,u to maximise IM(I,N1,u,v op,i,j,B), and this amounts to maximis-
ing DM, N1,u,v o p) at the end of recognition. Thus the recognition problem is solved.

It should be noted that there is a number of ways in which recognition can fail. The core
of the theory is provably correct, but the more peripheral parts of the algorithm are supported
only by heuristic arguments (which I have indicated throughout by use of the word ‘likely’).

(i) The algorithm for determining the inclusion functions (§7.4) is not guaranteed to halt. It
finds only a local maximum of E, not a global maximum.
(ii) Even for low temperature, maximising E is not precisely the same as maximising IM(I, N7,
u,vop,i,j,B).
(iii) The monotonic raising of the bareness function may cut off possible structural extensions
prematurely.
(iv) Symbol tokens may be merged or not merged, or partitioned or not partitioned, wrongly.
(Errors in merging can be corrected by partitioning and vice versa.)
(v) The whole algorithm is not guaranteed to halt.
(vi) It is not guaranteed that very low temperature will force all inclusion values to 0 or 1.
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(vii) Incoherent edges may survive to the end.
(viii) Some portions of the image may have been overlooked.

In practice it is only (iii), (iv), (v) and (viii) that matter.



Summary of Notation and Terminology

Logical notation used

A, V, =, iff | =V, 3 - "‘and’, ‘or’, implies’, ‘iff’, ‘not’, ‘for all’ and ‘there exists’ (note that Vv,
3 and — have highest precedence, followed by A and V, followed by = and iff )

Concepts from category theory presupposed

the category of sets — its objects are sets and its morphisms are functions

sum, pullback, coequaliser — limits and colimits in the category of sets

§2. Functions and Relations

function — §2.2

dom(f), ran(f) — the domain and range of function f — §2.2

f(A), f~1(B) — the image and preimage of a set under a function — §2.2

fla — the restriction of a function f to a set A — §2.2

f og — the composition of functions f and g — §2.2

(binary) relation — §2.2

dom(R), ran(R) — the domain and range of a relation R — §2.2

ids — the identity relation on a set A — §2.2

1 — the empty relation — §2.2

R C S — R is a sub-relation of S (the same symbol is used for the subset relation) — §2.2

R C S - R is a proper sub-relation of S (the same symbol is used for the proper subset relation)
- §2.2

RNS, RUS, R\S — the intersection, union and difference of two relations (or sets) — §2.2
R oS — the composition of two relations — §2.2

R~! — the inverse of a relation R — §2.2

f — the graph of a function f — §2.2

finite relation — a relation satisfied by finitely many pairs — §2.3

NE — a relation such that NE(x,y) iff x#y - §2.3

acyclic relation — §2.3

connected relation relative to a function — §2.3

minimal relation relative to a function — §2.4



Summary of notation and terminology

§3. Networks and Homomorphisms

network (symbols, nodes, hooks, edges, facets, gluing relation, subsymbol, subnode, subhook,
subedge, subfacet, supersymbol, supernode, superhook, superedge, superfacet) — §3.2
homomorphism (from a network to another) — §3.2

f~! — inverse homomorphism of f — §3.2

isomorphism — an invertible homomorphism — §3.2

automorphism — an isomorphism from a network to itself — §3.2

minimal relation relative to a network — £§3.3

semi-definite network — the grammar is a semi-definite network — §3.4

definite network — the pattern is definite at the end of recognition — §3.4
subnetwork (and proper subnetwork) — §3.7

the inclusion homomorphism (from a subnetwork to the whole network) — §3.7

p|n+ — the restriction of a homomorphism p to a subnetwork N’ — §3.7

84. Embeddings and the Definite Match Function

G — the group of all affine transformations on the plane — (2004, §3)

g - g’ — the composition of two affine transformations — (2004, §3)

E. — the ‘energy’ or penalty function for a fleximap t — (2004, §5.3)

u — an embedding token — §4.2

u1 - ug — the product of two embedding tokens — §4.2

uof — the embedding token induced by a homomorphism f from an embedding token u — §4.2
v — an embedding type — §4.2

the symmetry condition for a network, an embedding token, and an embedding type — §4.2
v-u — an embedding token defined by an embedding type v and an embedding token u — §4.2
vof — the embedding type induced by a homomorphism f from an embedding type v — §4.2
u|n — the restriction of an embedding token u to a subnetwork N’ — §4.2

v|n — the restriction of an embedding type v to a subnetwork N’ — §4.2

(a,s) — a symmetry of a network A with respect to v — §4.3

7 — a local symmetry of a network N7 with respect Ny, p,v — §4.3

the application of a local symmetry to p,u — §4.3

T — a template — (2004, §4)

I — an image, I: R?2 — R — (2004, §4)

sat(x) — (definite) saturation at a point x (used in p; r,,) — §4.4

w — the weighting function (used in p; 7 ,,) — 4.4

P11 sqr — the correlation function for an image I and a template 7' — §4.4

k — a constant in the definition of p; 7, — §4.4

DM - the definite match function — §4.5

0 — the penalty for a bare symbol (a positive real constant) — §4.5

the recognition problem (final statement) — §4.7



Summary of notation and terminology

85. Inclusion Functions

i and j — inclusion functions — §5.2

§6. The Indefinite Match Functions

sat(x) — (indefinite) saturation at a point x — §6.2
IM — the indefinite match function — §6.3

B — the bareness function — §6.3

§7. How the Inclusion Functions are Determined

i — the inclusion vector, with typical component i, (for xeX) — §7.2

X — the index set for the components of i — §7.2

Y — the index set for the constraints on i — §7.2

¢ — one constraint vector (for one ycY), with typical component ¢}, (for xcX) — §7.2
m — the vector of coefficients in IM, with typical component m, (for x€X) — §7.2

T, — the temperature of x (for xeX) — §7.3

E — an expression that is maximised to determine i — §7.3

Tnin — the minimum allowed temperature — §7.3

§8. The Extension Operations

pruning operation (and trivial pruning operation) — transforming a network into a subnetwork,
given a pair of inclusion functions — §8.2

the restriction of (i,j) to a subnetwork, N’/ — §8.2

elementary pruning operation — pruning a symbol, a node or an edge — §8.2
unprunable network — i.e., no non-trivial pruning operation is possible on it — §8.3
extension of a triple (V1,p,u) — §8.4

minimal and trivial extensions — §8.4

the extension conditions — §8.4

the extension operations — §8.4

09,01, 09,03,04 — constant thresholds used in the extension operations — §8.2
inextendable triple (N1,p,u) — §8.5

merging two symbols — §8.6

partitioning a symbol token — §8.7

partitionable and unpartitionable symbols and networks — §8.7

§89. The Whole Recognition Process

line operations — §9.2
the recognition process (full summary) — §9.5

the outcome of recognition — §9.6



