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Abstract

We consider a plane visco-elastic body, composed of Maxwell material, with a crack and a thin rigid
inclusion. The statement of the problem includes boundary conditions in the form of inequalities, together
with an integral condition describing the equilibrium conditions of the inclusion. An equivalent variational
statement is provided and used to prove the uniqueness of the problem’s solution. The analysis is carried
out in respect of perfect and non-perfect bonding of the rigid inclusion. Additional smoothness properties
of the solutions, namely the existence of the time derivative, are also established.
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1 Introduction

Obtaining a mathematical description of the equilibrium state of viscoelastic bodies with defects, such
as cracks and inclusions, is complicated both by non-stationary equations and non-smooth domains. The
classical formulation of problems in domains with cracks assumes boundary conditions in the form of
equalities. This scenario has been widely investigated, with the methodology firmly established and
properties of the solutions well understood. The approach in our present contribution however, assumes
inequality-type conditions on the crack faces; such conditions have a clear physical interpretation and are
thus better motivated than their classical counterparts. In this case, the faces of the crack are consid-
ered part of the border and restrictions on the displacements in the form of inequalities, and excluding
mutual penetration of points of opposite faces, are imposed. In respect of this condition, and since the
displacements may have different values for each of the faces, we introduce appropriate jump conditions.
Notwithstanding its physically motivated attraction, such a formulation does lead to the certain difficul-
ties. For example, a correct differential formulation requires boundary conditions, in the form of equalities
and inequalities, to be prescribed on that part of boundary corresponding to the crack faces. In conse-
quence, this is essentially a problem with unknown boundary conditions. Initially, only non-penetration
conditions, in the form of inequalities, are prescribed on the faces of the crack . Based on these condi-
tions, together with further assumptions, we determine the set of admissible displacements for which the
solution might be sought. The problem is formulated as a variational inequality and the complete system
of differential equations and boundary conditions then derived from this inequality. Additional boundary
conditions, derived from a variational inequality, also have a physical interpretation. Further complexity
arises because an equivalent variational formulation cannot be established through the minimization of
an associated energy functional, as is the case for elastic bodies. The variational formulation is in the
form of a so-called variational inequality, allowing analysis of solvability and elucidation of qualitative
properties of the solution.

One specific problem involving inequality-type boundary conditions for an inelastic plate, with a crack,
is considered in [1]; the analogous equilibrium problem for a 3D viscoelastic body, of Maxwell type, was
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also investigated in [2]. Additional results, for a wide class of constitutive laws and crack models, were
studied in [3], within which the method of variational inequalities proved to be highly effective. We also
observe that [3, 4, 5, 6, 7, 8, 9, 10, 11] include descriptions of these methods within various elastic and
viscoelastic applications. Over the last few years, this methodology has been actively used to investigate
problems involving inclusions without perfect bonding, results may be found in [5, 12, 13, 14, 15, 16]. A
discussion of the problem of a viscoelasticity body with a crack at the boundary of a volume inclusion
has also been carried out in [17].

In this present paper, we study the equilibrium problem of a viscoelastic body, of Maxwell type,
having a crack and thin rigid inclusion. Existence and uniqueness of the solution are established, with
an additional property also obtained relating to the smoothness of solution. This paper is organised as
follows. In Section 2 the equilibrium problem is formulated and the appropriate constitute theory briefly
reviewed. Within Section 3, the problem of a thin rigid inclusion, with perfect bonding, is considered. A
thin rigid inclusion, without perfect bonding, is considered in Section 4. The final problem, that of an
inclusion crossing the boundary at zero angle, is considered in Section 5. For this problem, because of
the geometric features, and unlike previous cases, Korn’s inequality, see [18], cannot be used. Solvability
of the problem is established by use of the so-called method of fictitious domains.

2 Formulation of the problem

Suppose that in its natural undeformed state, a two-dimensional viscoelastic body B, of Maxwell type,
occupies the domain Ω ⊂ R2 with smooth boundary Γ. We denote the displacement vector of points in
B by u = (u1, u2). The constitutive relation will be assumed in the form

σ̇ = Aε̇+Bε,

where ε and σ denote components of the infinitesimal strain and stress tensors, respectively, and with a
superimposed dot indicating differentiation with respect to time. The components of the strain tensor
are related to the displacement gradient through

εij(u) =
1

2
(ui,j + uj, i) , u = u(x, t), x = (x1, x2) ∈ Ω, t ∈ (0, T ).

From the above equations of state, the components of the stress tensor may be represented in the form

σij(x, t) = aijkl(x)εkl(u(x, t)) +

t∫

0

bijkl(x)εkl(u(x, τ)) dτ, i, j = 1, 2, (1)

where here and henceforth summation over repeated indices is assumed. The coefficients aijkl(x), bijkl(x) ∈
L∞(Ω), i, j, k, l = 1, 2 are the components of positive definite symmetric tensors A and B, so for example

aijkl = ajikl = aklij ,

aijklξklξij ≥ c0|ξ|
2, ∀ξij = ξji,

within which c0 is a positive constant and where similar relations hold for bijkl. We emphasise that, in
contrast to the elastic case, we cannot calculate the components of stress locally with respect to time;
they depend on the full loading history. It is remarked, in passing, that quasi-stationary boundary value
problems, for equations using relations of the type presented in (1), were studied in [1], [3], [2], [17].

We now assume that the above mentioned viscoelastic body has a thin rigid inclusion, with shape
defined by the curve γ ⊂ Ω; with γ assumed smooth, unclosed and without self-intersections. We will
denote the unit normal to γ by ν = (ν1, ν2) and, in view of the cut within the domain, assume that
Ωγ = Ω\γ. It is further assumed that we can extend γ to the boundary Γ, so that Ωγ is divided into two
sub-domains, Ω+ and Ω−, both with Lipschitz boundaries, and with the measure of (Γ ∩ ∂Ω±) strictly
positive. For notational convenience, it will also assumed that γ+ = ∂Ω+ ∩ γ and γ− = ∂Ω− ∩ γ. The
direction of the normal ν is chosen so that if ν−, the external normal to ∂Ω−, coincides with ν, then
ν+ = −ν.
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Within the aforementioned framework, we now wish to introduce the concept of a rigid inclusion. To
do this, we first introduce the space R(γ) of the rigid infinitesimal displacements, see [5], as

R(γ) = {ρ = (ρ1, ρ2) | ρ(x) = Dx+G, x ∈ γ},

where

D =

(
0 d

−d 0

)
, G = (g1, g2),

with d, g1 and g2 constants. We also define another space Rγ by

Rγ = {ρ = (ρ1, ρ2) | ρ(x, t) = D(t)x+G(t) on γ × (0, T )},

where

D(t) =

(
0 d(t)
−d(t) 0

)
, G(t) = (g1(t), g2(t)), d(t), g1(t), g2(t) ∈ L2(0, T ).

Note: It is noted that the viscoelastic body B may be assumed to contain a thin rigid inclusion whenever
the function u on γ × (0, T ) coincides with an element of Rγ , that is when

u = ρ0 on γ × (0, T ), ρ0 ∈ Rγ .

3 A thin rigid inclusion with perfect bonding

We now consider the first equilibrium problem, within which our two-dimensional viscoelastic body has a
thin rigid inclusion with perfect bonding. Our aim is to find a function u, such that u = ρ0 on γ× (0, T ),
where ρ0 ∈ Rγ . Moreover, we wish to find a tensor function σ = {σij}, satisfying

−σij,j(x, t) = fi(x, t) in Qγ , i = 1, 2, (2)

σij(x, t) = aijkl(x)εkl(u(x, t)) +

t∫

0

bijkl(x)εkl(u(x, τ)) dτ in Qγ , i, j = 1, 2, (3)

where Qγ = Ωγ × (0, T ), see Fig.1, and with

u(x, t) = 0 on Γ× (0, T ), (4)

∫

γ

[σij(x, t)νj(x)]ρi(x) dγ = 0, t ∈ (0, T ), ∀ρ ∈ R(γ), (5)

with [·] denoting the jump of function on γ, so for example

[v] = v+ − v−,

where v+ and v− are the values of v on γ+ and γ−. We also note that

σij,j(x, t) =
(∂σ1j(x, t)

∂xj
,
∂σ2j(x, t)

∂xj

)
,

σij(x, t)νj(x) = σν(x, t)νi(x) + σsi(x, t), σν(x, t) = σij(x, t)νj(x)νi(x).

Within this problem, (2) are the equilibrium equations for a given external force f = (f1, f2), (3) describe
the viscoelastic state in accordance with the Maxwell model, the boundary condition (4) model the
clamping of the body at its boundary and condition (5) is the equilibrium equation of the thin rigid
inclusion at time t.

To investigate the problem, we begin by considering the function spaces

Hγ = {v = (v1, v2) ∈ L2(0, T ;H1(Ω))× L2(0, T ;H1(Ω))| v = 0 on Γ× (0, T ), v|γ×(0,T ) ∈ Rγ}
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Figure 1: Domain Qγ = Ωγ × (0, T ).

and denote by H∗
γ the dual to Hγ . The linear operator Λ : Hγ → H∗

γ is now introduced by the formula

(Λu,u) =

T∫

0

〈A(x) ε(u(x, t)), ε(u(x, t))〉Ω dt

+

T∫

0

〈

t∫

0

B(x) ε(u(x, τ)) dτ, ε(u(x, t))〉Ω dt, u ∈ Hγ ,

with 〈· , ·〉Ω a scalar product in L2(Ω); ε(u(x, t)) = {εij(u(x, t))}; A(x) ε(u(x, t)) = {aijkl(x) εkl(u(x, t))};
B(x) ε(u(x, τ)) = {bijkl(x) εkl(u(x, τ))}.

Definition: We say that an element u ∈ Hγ is a generalized solution of the boundary value problem
(2)-(5) with f ∈ H1(0, T ;L2(Ω)) ×H1(0, T ;L2(Ω)) if u satisfies

u ∈ Hγ , (Λu,v) =

T∫

0

〈f ,v〉Ω dt, ∀v ∈ Hγ . (6)

Theorem 1: There exists a unique solution of the problem (6)

To prove this, we first note Korn’s inequality, see [18]

∫

Ω

ε(v)ε(v) dΩ ≥ c1‖v‖
2
(H1

0 (Ω))2 , ∀v ∈ H1
0 (Ω)×H1

0 (Ω),

with the constant c1 depending only on the domain Ω. For notational simplicity, we write ε(v) instead
of εij(v) and henceforth suppress the dependence of functions on spatial variables. It is now further
deduced that

(Λu,u) =

T∫

0

〈Aε(u(t)), ε(u(t)) 〉Ωdt+

T∫

0

〈Bε(

t∫

0

u(τ)dτ), ε(u(t)) 〉Ω dt

=

T∫

0

〈Aε(u(t)), ε(u(t)) 〉Ω dt+
1

2
〈Bε(

T∫

0

u(t)dt), ε(

T∫

0

u(t)dt) 〉Ω ≥ c2‖u‖
2
Hγ
. (7)
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Consequently, it is readily established that

(Λu,u)

‖u‖Hγ

→ +∞, ‖u‖Hγ
→ +∞,

i.e., Λ is a coercive operator. Since it is monotonic and continuous, we conclude that Λ is pseudo-
monotonic. This implies [10] that a solution to problem (6) exists. Since the operator is strictly mono-
tonic, this solution is necessarily unique. Using the method described in [1], we can also in fact deduce
an additional property of the solution of (6), namely the existence of the derivative ut(x, t) on Ω. Put
Q = Ω× (0, T ).

Lemma: If f ∈ H1(0, T ;L2(Ω))×H1(0, T ;L2(Ω)) then the derivative ut ∈ L2(0, T ;H1(Ω))×L2(0, T ;H1(Ω))
of the solution to (6) exists and the following inequality holds

‖ut(t)‖
2
Hγ

≤ c3

(
‖ft(t)‖

2
(L2(Q))2 + ‖f(t)‖2(L2(Q))2

)
.

Proof of Lemma:

We begin by rearranging (6) as

T∫

0

〈Aε(u(t)), ε(v(t)) 〉Ω dt+

T∫

0

〈Bε(

t∫

0

u(τ)dτ), ε(v(t)) 〉Ω dt

=

T∫

0

〈f(t), v(t)〉Ω dt, ∀v ∈ Hγ , (8)

and let
H1,0

γ (Ω) = {v ∈ H1(Ω)×H1(Ω) | v = 0 on Γ, v|γ ∈ R(γ)}.

For α > 0, consider the function

v(θ) =

{
v − u(t), θ ∈ (t− α, t+ α),

0, θ 6∈ (t− α, t+ α),

where v ∈ H1,0
γ (Ω) ×H1,0

γ (Ω) is a fixed element. Inserting v(θ) into (8), and dividing by 2α, it may be
established that

1

2α

t+α∫

t−α

〈A ε(u(t)), ε(v − u(t)) 〉Ω dt+
1

2α

t+α∫

t−α

〈B ε(

t∫

0

u(τ) dτ), ε(v − u(t)) 〉Ω dt

=
1

2α

t+α∫

t−α

〈f(t),v − u(t) 〉Ω dt.

Hence, as α → 0, we have for almost all t ∈ (0, T ), see [19], that

〈A ε(u(t)), ε(v − u(t)) 〉Ω + 〈B ε(

t∫

0

u(τ) dτ), ε(v − u(t)) 〉Ω

= 〈f(t),v − u(t) 〉Ω, ∀v ∈ H1,0
γ (Ω)×H1,0

γ (Ω). (9)

It is now supposed that v = u(t+ h), and accordingly

〈A ε(u(t)), ε(u(t + h)− u(t)) 〉Ω + 〈B ε(

t∫

0

u(τ) dτ), ε(u(t+ h)− u(t)) 〉Ω
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= 〈f(t),u(t + h)− u(t) 〉Ω. (10)

We now consider (9) at t+ h, using u(t) as a test function for v, and consequently deduce that

〈A ε(u(t + h)), ε(u(t)− u(t+ h)) 〉Ω + 〈B ε(

t+h∫

0

u(τ) dτ), ε(u(t) − u(t+ h)) 〉Ω

= 〈f(t + h), u(t) − u(t+ h) 〉Ω. (11)

We now put

dhv(t) =
v(t + h)− v(t)

h
, dτhv(t) =

1

h

t+h∫

t

v(τ)dτ, h > 0

and add (10) and (11) to deduce, in the new notation, that

〈A ε(dhu(t)), ε(dhu(t)) 〉Ω = 〈dhf(t), dhu(t) 〉Ω − 〈B ε(dτhu(t)), ε(dhu(t)) 〉Ω. (12)

It is now observed that

〈A ε(dhu(t)), ε(dhu(t)) 〉Ω ≥ c4‖dhu(t)‖
2
(H1(Ω))2 , (13)

hence (12) implies that

c4‖dhu(t)‖
2
(H1(Ω))2 ≤

1

λ
‖dhf(t)‖

2
(L2(Ω))2 + λ‖dhu(t)‖

2
(L2(Ω))2 +

1

λ
‖dτhu(t)‖

2
(L2(Ω))2 + λ‖dhu(t)‖

2
(L2(Ω))2 .

We now note that for sufficiently small λ > 0 there exists a constant c5 > 0 such that

‖dhu(t)‖
2
(H1(Ω))2 ≤ c5

(
‖dhf(t)‖

2
(L2(Ω))2 + ‖dτhu(t)‖

2
(L2(Ω))2

)

and integrate, for t from 0 to T − h, to establish that

T−h∫

0

‖dhu(t)‖
2
(H1(Ω))2 dt ≤ c5




T−h∫

0

‖dhf(t)‖
2
(L2(Ω))2 dt+

T−h∫

0

‖dτhu(t)‖
2
(L2(Ω))2 dt


 . (14)

It is now observed that all smooth functions v(t) satisfy

T−h∫

0

‖dτhv(t)‖
2
(L2(Ω))2dt ≤

T∫

0

‖v(t)‖2(L2(Ω))2dt, (15)

which when coupled with (14) yields

T−h∫

0

‖dhu(t)‖
2
(H1(Ω))2dt ≤ c3




T−h∫

0

‖dhf(t)‖
2
(L2(Ω))2dt+

T∫

0

‖u(t)‖2(L2(Ω))2dt


 . (16)

The first term on the right-hand side of (16) may be rearranged as

T−h∫

0

‖dhf(t)‖
2
(L2(Ω))2 dt =

T−h∫

0

‖
f(t+ h)− f(t)

h
‖2(L2(Ω))2 dt

=

T−h∫

0

‖
1

h

t+h∫

t

fτ (τ)dτ‖
2
(L2(Ω))2 dt =

T−h∫

0

‖dτhft(t)‖
2
(L2(Ω))2 dt. (17)
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Since ft(t) ∈ L2(Q)× L2(Q), we can express (15) for v = ft as

T−h∫

0

‖dτhft(t)‖
2
(L2(Ω))2 dt ≤

T∫

0

‖ft(t)‖
2
(L2(Ω))2 dt,

and consequently (16) yields

T−h∫

0

‖dhu(t)‖
2
(H1(Ω))2 dt ≤ c5




T∫

0

‖ft(t)‖
2
(L2(Ω))2 dt+

T∫

0

‖u(t)‖2(L2(Ω))2 dt


 .

For a sufficiently small h0, but such that h0 ≥ h, it may be shown that

T−h0∫

0

‖dhu(t)‖
2
(H1(Ω))2 dt ≤ c5




T∫

0

‖ft(t)‖
2
(L2(Ω))2 dt+

T∫

0

‖u(t)‖2(L2(Ω))2 dt


 ,

which, passing to the limit as h→ 0, reveals that

T−h0∫

0

‖ut(t)‖
2
(H1(Ω))2 dt ≤ c5




T∫

0

‖ft(t)‖
2
(L2(Ω))2 dt+

T∫

0

‖u(t)‖2(H1(Ω))2 dt


 .

Since h0 ≥ 0 is arbitrary, it follows that

‖ut(t)‖
2
Hγ

≤ c3

(
‖ft(t)‖

2
(L2(Q))2 + ‖u(t)‖2Hγ

)
. (18)

Thus, the derivative ut(x, t) exists; moreover taking v = u(t) in (8), we obtain

(Λu, u) =

T∫

0

〈f(t), u(t) 〉Ω dt.

Taking (7) into account, it may be readily established that

‖u(t)‖2Hγ
≤

1

λ
‖f(t)‖2(L2(Q))2 + λ‖u(t)‖2Hγ

or, for small λ > 0, that
‖u(t)‖2Hγ

≤ c6‖f(t)‖
2
(L2(Q))2 .

Then (18) implies the claim of the lemma. In passing we note that (9) is an equivalent formulation of
the problem (6). It is possible to readily confirm that (2)-(5) follow from (9), and conversely, (9) may be
derived from (2) to (5).

4 A thin rigid inclusion without perfect bonding.

In this section, a rigid inclusion without perfect bonding is considered. To model this, we assume that
B has a crack with shape defined by a curve γ. The crack has two faces γ+ and γ−, with a rigidity
condition imposed on γ−. We assume that if the visco-elastic body contains a thin rigid inclusion on one
of the crack faces, then the function u(x, t) on γ− × (0, T ) coincides with an element of Rγ , thus

u = ρ0 on γ− × (0, T ), ρ0 ∈ Rγ .

Hence, u(x, t) will clearly take different values on the two faces of the crack at some current time t. A
rigid inclusion without perfect bonding means that u(x, t) has a jump across γ. The non-penetration
condition,

[u]ν ≥ 0 on γ × (0, T ),
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is also imposed on both sides. This condition precludes the penetration of opposite crack faces into each
other. Non-penetration conditions are generally assumed non-linear; for an account of general approaches
the reader is referred to [3], [5]. We remark that in the elastic case of thin rigid inclusions without perfect
bonding, equilibrium problems have been considered in [13], [14]. These studies elucidate the qualitative
properties of solutions as well as discuss the optimal control problem for the crack shape.

A formal statement of the problem is now considered. We wish to find functions u = (u1, u2), ρ
0 ∈ Rγ ,

and σ = {σij}, i, j = 1, 2 satisfying:

−σij,j = fi in Qγ , i = 1, 2, (19)

σ(t) = A ε(u(t)) +

t∫

0

B ε(u(τ)) dτ in Qγ (20)

u = 0 on Γ× (0, T ), (21)

[u]ν ≥ 0, u− = ρ0, σ
+
ν ≤ 0, σ+

s = 0 on γ × (0, T ), (22)

σ+
ν [u]ν = 0 on γ × (0, T ), (23)

∫

γ

[σ(t)ν]ρ dγ = 0, t ∈ (0, T ), ∀ρ ∈ R(γ). (24)

We again begin by considering the function spaces

H1
Γ(Ωγ) = {v ∈ H1(Ωγ)×H1(Ωγ) | v = 0 on Γ, v|γ− ∈ R(γ)},

Hγ− = {v = (v1, v2) ∈ L2(0, T ;H1
Γ(Ωγ))× L2(0, T ;H1

Γ(Ωγ)) | v = 0 on Γ× (0, T ), v|γ−×(0,T ) ∈ Rγ},

and the set of admissible displacements

Kγ = {v ∈ Hγ− | v(t) ∈ Kγ , t ∈ (0, T )},

where Kγ is the closed convex subset

Kγ = {v ∈ H1
Γ(Ωγ) | [v]ν ≥ 0 on γ}.

Definition: We say that an element u ∈ Kγ is a generalized solution of the boundary value problem
(19)-(24), with f ∈ H1(0, T ;L2(Ω))×H1(0, T ;L2(Ω)), if u satisfies the variational inequality

u ∈ Kγ , ut ∈ L2(0, T ;H1(Ωγ))× L2(0, T ;H1(Ωγ))

T∫

0

〈Aε(u(t)), ε(v(t)− u(t))〉Ωγ
dt+

T∫

0

〈

t∫

0

Bε(u(τ)) dτ, ε(v(t)− u(t))〉Ωγ
dt

≥

T∫

0

〈f(t),v(t)− u(t)〉Ωγ
dt, ∀v ∈ Kγ . (25)

Theorem 2: There exists a unique solution of the problem (25).

Similarly to the previous section, we first establish the existence of a unique solution of the variational
inequality (25). Having done so, we verify that this variational inequality is an equivalent statement
of (19)-(24), thus establishing unique solvability. Since Korn’s inequality is satisfied, it is possible to
utilise the established theorem concerning the existence of a solution of the variational inequality for
pseudo-monotone operators [10]. This implies that the solution to problem (25) exists. Moreover, since
the operator is strictly monotonic, the solution is unique. As in the previously established lemma, we
can show that the derivative ut ∈ L2(0, T ;H1(Ωγ))× L2(0, T ;H1(Ωγ)) of the solution to (25) exists.

Now we verify that, assuming sufficient smoothness of solutions, (19)-(24) is equivalent to (25). Sup-
pose that (25) has a smooth solution. First, let us deduce from the variational inequality (25) the
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equations and boundary conditions (19)-(24). Analogously to the proof of the previously established
Lemma (see the deduction of (9)), we can consider (25) for a fixed t ∈ (0, T ):

〈Aε(u(t)), ε(v − u(t))〉Ωγ
+ 〈

t∫

0

Bε(u(τ)), ε(v − u(t)) dτ〉Ωγ

≥ 〈f(t),v − u(t)〉Ωγ
, ∀v ∈ Kγ , t ∈ (0, T ).

This variational inequality may now be expressed as

〈σ(t), ε(v − u(t))〉Ωγ
≥ 〈f(t), v − u(t)〉Ωγ

, ∀v ∈ Kγ , t ∈ (0, T ). (26)

Here, as previously, we find σ(t) using (1), and so it involves integration from 0 to t.
Inserting v = u(t) + v, v ∈ C∞

0 (Ωγ) × C∞
0 (Ωγ), into (26) and integrating by parts, it is possible to

show that (19) holds for t ∈ (0, T ) in Ωγ in the sense of distributions. Using (19), we can now derive the
last two conditions of (22). Indeed, take an arbitrary point x0 on γ, denote by D(x0) a neighborhood of

x0 and put D+ = Ω+ ∩D(x0). Then take a smooth function ψ with supp(ψ) ⊂ D
+
, and ψν ≥ 0 on γ+,

where ψ = ψνν + ψs; and upon inserting a test element v = u+ ψ into (25) and integrating by parts,
we obtain ∫

γ+

σ(t)ν ψ dγ+ ≤ 0.

The vector functions σ(t)ν and ψ may be expressed as

σ(t)ν = σν(t)ν + σs(t), ψ = ψνν +ψs.

Since ψ is arbitrary, it is deduced that σs(t) = 0 on γ+, and accordingly

∫

γ+

σν(t) · ψν dγ
+ ≤ 0,

which by assumptions on ψ implies that σν(t) ≤ 0 on γ+.
We shall now deduce (24). To do this, take ũ ∈ H1(Ω) ×H1(Ω) with ũ = 0 on Γ and ũ = ρ on γ±,

where ρ ∈ R(γ), and insert, as a test element, the function v = u± ũ into (26), yielding

〈σ(t), ε(ũ)〉Ωγ
= 〈f(t), ũ〉Ωγ

.

Taking into account the above relations, together with the assumptions on ũ, we can write
∫

γ+

[σ(t)ν]ρ dγ+ = 0,

where ũ = ρ on γ, ρ ∈ R(γ). Since ũ is an arbitrary function, the last relation necessarily coincides with
(24).

Let us now verify the validity of (23). Suppose first that the strict inequality [u(t)]ν > 0 holds at
some point x0 ∈ γ, indicating the absence of contact between the faces of the crack at some time t.
This inequality must then hold in some neighborhood D of x0. Now put D+ = D ∩ Ω+ and choose

v = u(t) ± λψ, where λ > 0 and ψ is an arbitrary smooth function with supp(ψ) ⊂ D
+
. Then, for

sufficiently small λ, the element v belongs to Kγ . With the use of (26), we now obtain

〈σ(t), ε(ψ)〉D+ = 〈f(t), ψ〉D+ . (27)

Integrating by parts, and using the relation (19), we infer that

∫

γ∩∂D+

σν(t)ψν dγ = 0.
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This implies that σ+
ν (t) = 0 in a neighborhood of x0. It is now supposed that σ+

ν (x0, t) < 0. In this
case, inserting first the test element v = 0 and then v = 2u(t) into (26), we obtain two inequalities, from
which it follows

〈σ(t), ε(u(t))〉Ωγ
= 〈f(t), u(t)〉Ωγ

.

Further integration by parts yields
∫

γ−

σ(t)ν ρ0(t) dγ− −

∫

γ+

σ(t)ν u(t) dγ+ = 0,

∫

γ−

σ(t)ν ρ0(t) dγ− −

∫

γ+

σ(t)ν u(t) dγ+ −

∫

γ+

σ(t)ν ρ0(t) dγ+ +

∫

γ+

σ(t)ν ρ0(t) dγ+ = 0,

thus

−

∫

γ

[σ(t)ν]ρ0(t) dγ −

∫

γ+

σ(t)ν (u(t)− ρ0(t)) dγ+ = 0.

Taking (23) into account, we may establish that
∫

γ+

σ(t)ν
(
u(t)− ρ0(t)

)
dγ+ = 0,

and so ∫

γ

σ+
ν (t)ν [u(t)] dγ = 0.

Since the integrand does not change sign along the curve γ, it follows that

σ+
ν (t) [u(t)]ν = 0

at all points of γ. Consequently, on assuming that σ+
ν (x0, t) < 0, we infer that [u(x0, t)]ν(x0) = 0. Thus,

for fixed t, we have deduced all equations and conditions (19)-(24) from the variational inequality (26).
Conversely, multiplying (19) by v − u(t), with v ∈ Kγ , and then integrating by parts, we obtain

〈σ(t), ε(v − u(t))〉Ωγ
− 〈f(t), v − u(t)〉Ωγ

=

∫

γ−

σ(t)ν(v − u(t)) dγ− −

∫

γ+

σ(t)ν(v − u(t)) dγ+.

We now introduce L in the form

L ≡

∫

γ−

σ(t)ν(v − u(t)) dγ− −

∫

γ+

σ(t)ν(v − u(t)) dγ+,

where it is noted that L ≥ 0 would imply (26). To establish the non-negativity of L, we first note that

L =

∫

γ−

σ(t)ν(v − u(t)) dγ− −

∫

γ+

σ(t)ν(v − u(t)− ρ− ρ0(t) + ρ+ ρ0(t)) dγ
+

=

∫

γ−

σ(t)ν(v − u(t)) dγ− −

∫

γ+

σ(t)ν(ρ− ρ0(t)) dγ
+ −

∫

γ+

σ(t)ν(v − u(t)− ρ+ ρ0(t)) dγ
+

= −

∫

γ

[σ(t)ν](ρ− ρ0(t)) dγ −

∫

γ+

σ(t)ν(v − u(t)− ρ+ ρ0(t)) dγ
+

= −

∫

γ

σ+
ν (t)ν[v] dγ +

∫

γ

σ+
ν (t)ν[u(t)] dγ ≥ 0.

We have therefore shown that the solution to (19)-(24) satisfies the variational inequality (26). Moreover,
inequality (25) coincides with (26) for almost all t ∈ (0, T ). Therefore, we have justified the claim that,
in view of the equivalence of (19)-(24) to the variational inequality (25), the original problem is uniquely
solvable.
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5 An inclusion crossing the external boundary at zero angle.

The scenario in which an inclusion γ without perfect bonding crosses the boundary Γ at a point x̂ with
zero angle, implying that the curves γ and Γ have a common tangent at the point x̂, is now considered.
We begin by introducing f ∈ L2(0, T ;L2(R2)) × L2(0, T ;L2(R2)) and are required to find the functions
u = (u1, u2), ρ0 ∈ Rγ , σ = {σij}, i, j = 1, 2, such that

−σij, j = fi in Qγ , i = 1, 2 (28)

σ(t) = A ε(u(t)) +

t∫

0

B ε(u(τ)) dτ in Qγ , (29)

u = 0 on Γ× (0, T ), (30)

[u]ν ≥ 0, on γ × (0, T ), (31)

u = ρ0 on γ− × (0, T ), (32)

σν ≤ 0, σs = 0 on γ+ × (0, T ), (33)

(σν)
+[u]ν = 0 on γ × (0, T ), (34)

∫

γ

[σ(t)ν ]ρ dγ = 0, t ∈ (0, T ), ∀ρ ∈ R(γ), ρ(x̂) = 0. (35)

The problem (28)-(35) can be written in terms of the variational inequality

u ∈ Kγ ,

T∫

0

〈Aε(u(t)), ε(v(t) − u(t)) 〉
Ωγ
dt+

T∫

0

〈Bε(

t∫

0

u(τ) dτ), ε(v(t) − u(t)) 〉
Ωγ
dt

≥

T∫

0

〈 f(t),v(t) − u(t) 〉
Ωγ
dt, ∀v ∈ Kγ , (36)

with the set Kγ as defined in previous sections. In view of the zero angle at the point x̂, we can not use
Korn’s inequality to obtain the an estimate analogous to (7), see [5], [12] for details. We shall therefore
prove solvability in this case by using the fictitious domain method, see for example [4], [14].

Theorem 3: The problem (36) has a unique solution.

To prove this we first add a fictitious domain Ω0, see Fig.2, and introduce the following notation

Σ = Γ ∩ ∂Ω0, Σ0 = Σ \ ∂Σ, Ωγ = Ωγ ∪ Ω0 ∪ Σ0, Γ̃ = (∂Ωγ) \ γ±.

We will essentially consider a family of boundary value problems in the extended domainQγ = Ωγ×(0, T ).

For the small parameter λ > 0, we introduce tensors through the relations

Aλ =

{
A in Ωγ

λ−1A in Ω0,
Bλ =

{
B in Ωγ

λ−1B in Ω0.

The differential formulation of the equilibrium problem is as follows. We have to find functions uλ,
ρλ0 ∈ Rγ , σ

λ = {σλ
ij}, such that

−σλ
ij, j = fi in Qγ , i = 1, 2, (37)

σλ(t) = Aλ ε(uλ(t)) +

t∫

0

Bλ ε(uλ(τ)) dτ, in Qγ , (38)

11



Figure 2: Fictitious domain Ω0 constructing.

uλ = 0 on Γ̃× (0, T ), (39)

[uλ]ν ≥ 0, on γ × (0, T ), (40)

uλ = ρλ0 on γ− × (0, T ), (41)

σλ
ν ≤ 0, σλ

s = 0 on γ+ × (0, T ), (42)

(σλ
ν )

+[uλ]ν = 0 on γ × (0, T ), (43)
∫

γ

[σλ(t)ν ]ρ dγ = 0, ∀ρ ∈ R(γ), t ∈ (0, T ). (44)

To begin, we introduce functional spaces for the problem (37)-(44) in the forms

H̃1(Ωγ) = {v ∈ H1(Ωγ)×H1(Ωγ) | v = 0 on Γ̃, v|γ− ∈ R(γ)},

Hγ = {v = (v1, v2) ∈ L2(0, T ; H̃1(Ωγ))× L2(0, T ; H̃1(Ωγ)) | v = 0 on Γ̃× (0, T ), v|γ−×(0,T ) ∈ Rγ},

and let Hγ∗ denote the dual space to Hγ and introduce the linear operator Λλ : Hγ → Hγ∗ through the
formula

(Λλu,u) =

T∫

0

〈Aλε(u(t)), ε(u(t)) 〉
Ωγ dt+

T∫

0

〈Bλε(

t∫

0

u(τ) dτ), ε(u(t)) 〉
Ωγ dt, u ∈ Hγ .

The set of admissible displacements are defined by

Kγ = {v ∈ Hγ | v(t) ∈ Kγ , t ∈ (0, T )},

where
Kγ = {v ∈ H̃1(Ωγ) | [v]ν ≥ 0 on γ}.
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It is observed that, for each fixed λ , the problem (37)-(44) is analogous to that posed in (19)-(24).
We therefore deduce that the problem (37)-(44) has a unique solution for each fixed λ and is equivalent
to the variational inequality

uλ ∈ Kγ , (Λλuλ,v − uλ) ≥

T∫

0

〈f ,v − uλ 〉
Ωγ dt, ∀v ∈ Kγ . (45)

This variational inequality can be rewritten in the form

uλ ∈ Kγ ,

T∫

0

〈Aλε(uλ(t)), ε(v(t) − uλ(t)) 〉
Ωγ dt+

T∫

0

〈Bλ ε(

t∫

0

uλ(τ) dτ), ε(v(t) − uλ(t)) 〉
Ωγ dt

≥

T∫

0

〈f(t), v(t) − uλ(t)) 〉
Ωγ dt, ∀v ∈ Kγ . (46)

It is now possible to prove that the solution of the original problem (28)-(35) may be obtained as a limit
of the solution of (37)-(44). We remark that things are further complicated by the fact that the sets
within which (36) or (46) are valid are not the same, Kγ for (36) and Kγ for (46). To begin, we first
insert v = 0 and then v = 2uλ into (46), yielding two inequalities, from which it follows

T∫

0

〈Aε(uλ(t)), ε(uλ(t)) 〉
Ωγ
dt+

T∫

0

〈Bε(

t∫

0

uλ(τ) dτ), ε(uλ(t)) 〉
Ωγ
dt

+
1

λ

T∫

0

〈Aε(uλ(t)), ε(uλ(t)) 〉
Ω0
dt+

1

λ

T∫

0

〈Bε(

t∫

0

uλ(τ) dτ), ε(uλ(t)) 〉
Ω0
dt

=

T∫

0

〈 f(t), uλ(t) 〉
Ωγ dt.

We now let λ ∈ (0, λ0), where λ0 is fixed. Then from positive definiteness properties of the tensors A

and B, together with the above equation, we derive the uniform (in λ) estimates

‖uλ(t)‖(L2(0,T ;H1(Ωγ)))2 ≤ c7, ‖uλ(t)‖(L2(0,T ;H1(Ω0)))2 ≤ c8λ,

‖

t∫

0

uλ(τ) dτ‖(L2(0,T ;H̃1(Ωγ )))2 ≤ c9.

Choosing a subsequence, if necessary, we assume that as λ→ 0

uλ → u0 weakly in (L2(0, T ; H̃1(Ωγ)))2,

uλ → 0 strongly in (L2(0, T ;H1(Ω0)))
2,

t∫

0

uλ(τ) dτ →

t∫

0

u0(τ) dτ weakly in (L2(0, T ; H̃1(Ωγ)))2.

Now we take an arbitrary function v ∈ Kγ and extend it to Ω0 × (0, T ), in which it takes the value zero.
Keeping to extended function notation, we can conclude that v ∈ Kγ . The extended function v is now
inserted into (46), yielding

T∫

0

〈Aε(uλ(t)), ε(v(t)− uλ(t)) 〉
Ωγ
dt+

T∫

0

〈Bε(

t∫

0

uλ(τ) dτ), ε(v(t) − uλ(t)) 〉
Ωγ
dt
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≥
1

λ

T∫

0

〈Aε(uλ(t)), ε(uλ(t)) 〉
Ω0
dt+

1

λ

T∫

0

〈B ε(

t∫

0

uλ(τ)dτ), ε(uλ(t)) 〉
Ω0
dt+

+

T∫

0

〈 f(t),v(t) − uλ(t) 〉
Ωγ
dt−

T∫

0

〈 f(t), uλ(t) 〉
Ω0
dt. (47)

Taking in account that

lim inf
( 1
λ

T∫

0

〈A ε(uλ(t)), ε(uλ(t)) 〉
Ω0

+
1

λ

T∫

0

〈B ε(

t∫

0

uλ(τ) dτ), ε(uλ(t)) 〉
Ω0

)
≥ 0,

we pass to the limit in (47) and have

T∫

0

〈Aε(u0(t)), ε(v(t) − u0(t)) 〉
Ωγ
dt+

T∫

0

〈Bε(

t∫

0

u0(τ) dτ), ε(v(t) − u0(t)) 〉
Ωγ
dt ≥

≥

T∫

0

〈 f(t),v(t) − u0(t) 〉
Ωγ
dt. (48)

Since uλ ∈ Kγ , it is then the case that u0 ∈ Kγ . The restriction of u0 on Qγ belonging to Kγ , together
with inequality (48), are fulfilled for all v ∈ Kγ . Hence, we can write (48) in the form

u ∈ Kγ ,

T∫

0

〈Aε(u(t)), ε(v(t) − u(t)) 〉
Ωγ
dt+

T∫

0

〈Bε(

t∫

0

u(τ) dτ), ε(v(t) − u(t)) 〉
Ωγ
dt

≥

T∫

0

〈 f(t),v(t) − u(t) 〉
Ωγ
dt, ∀v ∈ Kγ .

The last inequality coincides with (36). Thus, the restriction of u0 on Qγ coincides with the solution u

of (36). So, the solvability of (36) is therefore confirmed and established as unique, proof of the Theorem
then being complete. In conclusion we remark that in the case of zero angle between γ and Γ we can
not obtain the existence of the derivative ut of the solution to (36) because we do not have the Korn’s
inequality in the domain Ωγ .
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