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Abstract. A two-dimensional model describing the equilibrium state of a cracked
inhomogeneous body with a rigid circular inclusion is investigated. The body
is assumed to have a crack that reaches the boundary of the rigid inclusion.
We assume that the Signorini condition, ensuring non-penetration of the crack
faces, is satisfied. We analyze the dependence of solutions on the radius of rigid
inclusion. The existence of a solution of the optimal control problem is proven.
For this problem, a cost functional is defined by an arbitrary continuous func-

tional, with the radius of inclusion chosen as the control parameter.
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1. Introduction

The problems related to deformation of composites containing both cracks
and inclusions are subject of considerable scientific interest which is caused by
growing trends in the applications of composites [1, 2, 3, 4, 5, 6, 7, 8, 9, 10,
11, 12, 13, 14, 15, 16]. In particular, general representations of the solutions
for a radial crack near a single and midway between two rigid inclusions are
given in the paper [17]. Note that derivation of expressions was carried out
under the assumption that the appropriate shear stresses on the crack faces
are equal to zero. The plane problems for a cracked body with a rectilinear
crack located midway between two circular elastic or rigid grains (inclusions)
are investigated in [18]. The effect of a rigid elliptical inclusion on a straight
crack was discussed in [19]. The interaction between an elliptical inclusion and



a crack is analyzed in [20, 21]. For a more detailed review of studies related
to the crack-inhomogeneity interaction, the interested reader can refer to the
papers [22, 23].

It is well known that imposing of linear boundary conditions on the
crack may lead to physical inconsistency of mathematical models since mu-
tual penetration of the crack faces may happen [18, 24]. In recent years, a
crack theory with non-penetration conditions has been under active study
[25, 26, 27, 28, 29, 30]. This approach to solving crack problems is character-
ized by inequality type boundary conditions at the crack faces, is indeed what
we employ in the present paper. Within this approach, various problems for
bodies with rigid inclusions has been successfully formulated and investigated
using variational methods, see for example [9, 25, 27, 31, 32, 33, 34]. In con-
trast to a previous study of an optimal control problem for a two-dimensional
elastic body with a rigid delaminated inclusion, as considered in [31], we sup-
pose that crack curve touches the inclusion’s boundary only at the crack’s tip.
This means that displacements on the crack’s faces are not required to have
a prescribed structure of infinitesimal rigid displacements. Another difference
between the problems that have been considered in [31] is that in the present
work a family of rigid inclusions have not a fixed common boundary curve.
The optimal control problem analyzed in this paper consists in the best choice
of the radius r* € [ro, R] of the circular rigid inclusion. A cost functional is
defined using an arbitrary continuous functional in the Sobolev space. The
existence of the solution to the optimal control problem is proved. In addition,
for a family of variational problems describing equilibrium of cracked bodies
with inclusions of different radiuses r € [rg, R], we prove the continuous de-
pendence of the solutions with respect to the parameter r. The limit case of
the control parameter r9g — 0 implies the change of topology, and it should
be described by topological control, see e.g. [16] and the example of a circular
hole at the tip of a crack in [35].

2. Family of equilibrium problems

Let Q@ C R? be a bounded domain with smooth boundary I' € Cb!. We
consider the family of open balls {w,} of radius r € [rg, R] such that

a) wy C wyr for all v/ 7" € [ro, R]: 1" < r”;

b) wr C

c) the circles dw,, r € [ro, R], enclosing the balls w, intersect at a single
point P with coordinate x, = (x1p, z2p) (see Fig. 1).



We consider a smooth curve v C 2 that is without any self-intersections
and has the following properties: ¥ C 2, exactly one endpoint of v coincides
with P and has a non-zero angle with dwg.

Fig. 1.

We assume that v can be extended in such a way that this extension crosses I'
at two points, and 2 is divided into two subdomains €27 and Q9 with Lipschitz
boundaries 09, 9y and meas(I' N 0€;) > 0, i = 1,2. This condition is
sufficient for Korn’s inequality to hold in the non-Lipschitz domain €, = Q\7.
We denote by W = (w1, ws) the displacement vector and also introduce the
Sobolev spaces

HY(Q)={ve H(Q,) |v=0 on T}, H(Q,) =H"(Q,).

The tensors describing the deformation of the elastic part of the inhomoge-
neous body may be introduced through

1 . .
gij(W) = 5( i T wii), 4,5 =1,2,

O-Z](W) = cijklsij(W)a Za] = 17 27
where ¢;;; is the associated elasticity tensor, assumed as usual to be symmetric
and positive definite, implying that

Cijk:l = Cklij = Cjikl) ’i,j, k,l = 1, 2, Cijkl = const.,

cijibiién > col€)?, V& & =&, i,j=1,2, co=const, co>0.
By virtue of the the assumption concerning the domain €2, Korn’s inequality
may be assumed to hold in the form

/ 033 (W)eig(W)da = el W, YW € H(Q,), (1)
Q'Y
with the constant ¢ > 0 independent of W, see [24, 36].

Remark 1. The inequality (1) yields the equivalence of the standard norm
in H()y) and the semi-norm determined by the left-hand side of (1).



In order to formulate a mathematical model, we fix the parameter r €
[ro, R] and suppose that the ball w, models the rigid inclusion, with the domain
Q,\w, corresponding to the elastic part of the body. To be precise, we have
in mind that the rigid inclusion allows only a displacement W|,,. = p within
the space, R(w,), of infinitesimal rigid displacements on w,., where

R(wr) - {P - (917[)2) |P($) - b(l‘Qu _Il) + (01762); bu C1,C2 S R7 HARS Wr}y

see [15]. We further suppose that the curve =y reaches the inclusion’s boundary
at the point P and describes a crack in the undeformed state of the body.
The condition of mutual non-penetration of opposite faces of the crack is

given in [29] and takes the form
Wy >0 on 7,

where v = (v1,12) is a unit normal to v, [v] = v|,+ — v|,~ is the jump of
a function v on ~. A zero Dirichlet boundary condition is imposed on the
external boundary I'. We now introduce the energy functional

1

1,2,) = 5 [ 0()e(W)do — [ W, 2)

Q, Q,
where F' = (f1, f2) € L*(£2,)? is the vector of prescribed exterior forces. The
equilibrium problem of the cracked body may be formulated as the following

minimization problem

Find U, € K,, such that II(U,,Q,) = Wmf{ (W, Q), (3)
€K,

where
K,={WeHQ,)|[Wly>0 on ~, W, = p, where p € R(w,)}.

In [15] it has been established that the problem (3) is known to have a unique
solution, U, € K,; a solution which satisfies the variational inequality [15]

U, € K, /aij(Ur)eij(W _U)ds > /F(W _Udr YW e K, (4)
Q, Q,

3. Optimal control problem

We define the cost functional J : [rg, R] — R of an optimal control problem
through use of the equality J(r) = G(U,), where U, is the solution of the prob-
lem (3) and G(x) : H(€2,) — R is an arbitrary continuous functional, which is
continuous in strong topology. As examples of such physically motivated func-

tionals, we provide the following. The functional G1(W) = ||[W — Wyl (q,)



characterizes the deviation of the displacement vector from a given vector
function Wy. A further functional

Go(W) _/{;Cal 0ij(W)eij(W) = 0ij(W)wi G, } -

Q'Y
- [€haw. cecr@, )
Qy
is essentially a derivative of a potential energy functional with respect to the
perturbation parameter of a rectilinear crack in the direction x1, further details
may be found in [29].
Consider the optimal control problem:
Find r* € [ro,R] such that J(r*)= sup J(r). (6)
r€lro,R]
Theorem 1.There exists a solution of the optimal control problem (6).
PRrROOF. Let {ry,} be a maximizing sequence. By virtue of the boundedness
of the segment [rg, R], we can extract a convergent subsequence {ry,, } C {r,}
such that
Tn, = 7" as k—o0, r*€][ry,R]
Without loss of generality, we assume that for sufficiently large k it holds
rn, 7 r*. If this were not the case, there would exist a sequence {r,,} such
that r,, = r*, and therefore J(r*) is solution of (6). Consider the case of the
subsequence {ry, } satistying ry,, # r* for sufficiently large k. Now we take into
account Lemma 2, proved below: the solutions Uy, of (3), corresponding to the
parameters 7y, , converge to the solution U,« strongly in H(Qy) as k — oo.
This allows us to obtain convergence

J(rp,) = J(r"),

indicating that

J(r*) = sup J(r).
r€lro,R]

The theorem is proved.

4. Auxiliary lemmas

Now we have to justify some auxiliary lemmas which had to used within the
proof of the above theorem. In establishing the proof, we needed Lemma 2;
however before proceeding further we prove the following lemma.

Lemma 1. Let r* € [ro, R) be a fized real number and let {r,} C [r*, R] be

a sequence of real numbers converging to v* as n — oo. Then for an arbitrary



function W € K,« there exist a subsequence {rp} = {ry,} C {rn} and a
sequence of functions {Wy} such that Wy € K, , k € N and Wi, — W weakly
in H(S,) as k — oo.

PRrOOF. First note that if there exists a subsequence {r,, } such that
Tn, = 1", then the assertion of the lemma holds for Wj, = W, k € N. Therefore,
below we assume that r, > r* for sufficiently large n. Denote by p* = W =
(b*zo + c], —b*x1 + ¢5) the function describing the structure of W in w,«. We
extend the definition of p* to the whole domain €2 by the equality:

pf = (e 4+, —b'r1+¢3), x€Q.

It is now necessary to fix an arbitrary value r € (rg, R] and consider the

following family of auxiliary problems:

Find an element W, € K, such that p(W,) = inlg p(x), (7)
X€K;.

where p(x) = [ o4(x — W)eij(x — W)dz,
Q'Y

Kl={xeH®)| x=W on 7% ¥, =p}.

It is easy to see that the functional p(x) is coercive and weakly lower semi-
continuous on the space H(§)). It can be verified that the set K7 is convex and
closed in H(£2). These properties provide the existence of a unique solution
W, of the problem (7), see [24]. The solution is characterized equivalently by

the variational inequality

W, € K/, /o—ij(wr Wi (x — Wy)de =0 Wy € K. (8)
Q’Y
Note that the solution Wg of (8) for » = R belongs to the set K| with r’ €

(ro, R]. Substituting Wg as test functions into (8), it is possible to establish
Vr € (ro, R] that

/ 013 (Wi — W)eys (Wi)da + / 013 (W e (W )dar > / 013 (W )ess (W, ).

$y Qy Qy
Using Korn’s inequality, we obtain from this relation the following uniform
upper bound:

IWel <c Vre(ro,R].

It is therefore possible to extract from the sequence {W, } a subsequence
{Wi}, defined by equalities Wy, = W,,, , k € N (note that henceforth we define
a sequence {ri} by the equality r, = 7y, ), with {W}} weakly converging to
some function W in H (25).
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It is now necessary to show that W o= W. By construction, (W —
W) € H}(Q,\w,+)? and consequently, bearing in mind the weak closeness
of H}(2,\w,+)?, we have (W — W) € H¢(Q,\w,+)% Now consider functions
of the form xf = Wi + a, where « is the function defined by zero extension
of some arbitrary function & € C§°(Q2,\w+)? into Q.. One can observe that
Xf € K;k holds for sufficiently large k. It is now possible to substitute the
elements of these sequences, Xz and x, , as test functions into the inequalities

(8), revealing that

W, € K. / 01y (Wie — Weis (a)dar = 0. ()
Q'Y

The function « is now fixed and by passing to the limit in (9) it is established
that

/ 1y (W =T )eis () dar = / oo (W= W)egs(@)dz =0 Va e C(Q\@,-)>.
Q, QN\wx

Hence, by consideration of the density of C§°(Q2,\wy+) in HE (2, \@p+), it is
inferred that W—W = 0 in H{ (9, \w,~)?2. Finally, by construction, the equality
W = W is satisfied in wyx; In consequence W =W in H (24) and we conclude
that there is a sequence {Wy} such that Wy, € K, , k € N and W), - W
weakly in H(Q,) as k& — oco. The Lemma is thus proved. We are now in a
position to prove an auxiliary statement (Lemma 2) which was used in the
proof of the Theorem 1.

Lemma 2. Let r* € [ro, R] be a fized real number. Then U, — U, strongly
in H(Qy) as 7 — r*, where Uy, Uy~ are the solutions of (3), corresponding to
parameters r € (ro, R|, r* € [ro, R].

PROOF. The proof of this lemma will be established by contradiction. To
begin we assume that there exists a number ¢y > 0 and a sequence {r,} C
(ro, R] such that r,, — r*, ||Uy — Up<|| > €9, where U,, = U,,,, n € N are the
solutions of (3), corresponding to 7.

In view of the fact that W% = 0 € K, for all r € [rg, R], we can substitute
W = WY in (4) for fixed r € (rg, R, yielding

U, € K,, /Uij(Ur)eij(Ur)d:c < /FUrda: Vr € [ro, R],
Q, Q,

from which we conclude that for all r € [rg, R] the following estimate holds

10U < e,



for some constant ¢ > 0 independent of r. Consequently, replacing U, by its
subsequence if necessary, we can assume that

U, — U weakly in H(Q,) as n — oo. (10)

We will now show that U € K,~. We first note that Unlw,, = pn € R(wr,)
and that, in accordance with Sobolev’s embedding theorem [24], we deduce
that

Uplw. = Uly,.  strongly in Lo(w.+)? as n — oo, (11)

Unly — Ul strongly in La(y)? as n — oo. (12)

Choosing a subsequence, if necessary, we assume that as n — oo it holds
U, — U a.e. on wyp+. This allows us to conclude that each of the numerical
sequences {b"}, {c'}, {ch}, defining the structure of p,, on wy,,, is bounded in
its absolute value. Thus, we can extract subsequences (retain notation) such
that

b" —b, ¢ —¢, 1=1,2, as n— oo.

We note that for the sequence {r,} there must exist either a subsequence
{rx} € {rn} converging to r* from the left or, if that is not the case, a subse-
quence {r} C {rp} such that r; > r* for all k € N.

If a subsequence {r} C {r,}, with ri > r* for all £k € N, exists then the

following strong convergence
Uklw,« = (bxa + c1, —bx1 + c2), (13)

in Ly(w+)? as k — oo, can readily be obtained. Thus, from a combination
of (11) and (13) it follows that the inclusion Ul,,. € R(w,+) must hold. Let
us now consider the case of the subsequence {r;} C {r,} converging to r*
from the left, i.e. rp, < r* for all K € N and rp — r* as k — oo. Under this
assumption, for fixed k¥’ € N and the corresponding value r’ = ry/, we have

Uklw, — (b2 + c1, —bx1 + c2) (14)

strongly in La(w,v)? as k — oo. It is possible to define a function £ = by + ¢
in w,+ and, because of (14), u1p — £ strongly in L?(w,) as k — co. In view of
the absolute continuity of the Lebesgue integral, for any ¢ > 0 we can choose
a number k' € N large enough such that

”‘CHLQ(wT*\wT/) < \/Ea ||a1”L2(wr*\wr/) < \/Ea



where the value 7" = 7/ coincides with &’. Furthermore, using twice the tri-
angle inequality, it follows that

||u1k - ‘CHLQ(UJT*\LUT/) < ||u1/€||L2(wT*\wT/) + H‘CHLQ(wT*\w,ﬂ/) <
< a1l Lo, \w) + vk — @1ll2@w\w,) + ILIL2 0w, ) <
< 2\/E+ luigx — a1||L2(wT*).

Consequently, it is established that

lurk = L1220 = Itk = L2, \0,) + luik = L2, )

< (2ve+ llurk — @l p2(w,.0))* + lluak — ﬁ||%2(wr,)- (15)

It is now noted that for sufficiently large k, the following estimates may be
established

Jutk — @l 2@,y < Ve lluik = Ll 2w ) < Ve

allowing us to deduce that (15) is less than 10e and thus uj; — £ strongly in
L%(w,+). Finally, based on the convergence (11), we deduce |y, . = £ in wy=.

Analogously, we can derive
Uolw . = —br1+ca ae in wp,

whence the inclusion C~7|wr* € R(wy+) holds. As a result, in all possible cases we
have Ul, . € R(wy+). It now remains to show that U satisfies the inequality
[U]v > 0 on ~. Bearing in mind the convergence (12), we can once again
extract a subsequence satisfying U, |, — U |y a.e. on ~*. This allows us to pass

to the limit through the following inequality

[UpJy >0 on 7.

This leads to [U]r > 0 on ~; therefore we have established that the inclusion
U € K-

Our next goals are to prove that U = U,« and establish the existence of
a sequence U, = U, , n = 1,2... of solutions strongly converging to U, in
H(2,). Observe that, as r,, — ¥, there must exist either a subsequence {ry,}
such that r,, < r* for all [ € N or, if that is not the case, a subsequence
{rn.. }, ™, > r* for all m € N. For this first case, we have the subsequence
{rn,} C (70, R] with the property r,, < r* for all [ € N. For convenience, we
denote this subsequence by {r,}. Since 7, < r*, it is noted that an arbitrary
test function W € K,- also belongs to the set K, . Consequently, it is possible
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to pass to the limit as n — oo through the following inequalities with the test
functions W € K, «:

U, € K,,, /aij(Un)eij(W —Uy)dz > /F(W —Uyp)dz, 1y € (19,77
O, Q,

Now taking into account the weak convergence of U, to U in H (Qy), the

limiting inequality takes the form

/O’Z‘j(ﬁ)Eij(W — U’)da: > /F(W — 0)d$ VW € K.

Q, Q,
Due to the arbitrariness of W € K.~ the last inequality is variational. Unique-
ness of its solution yields the equality U = U,«. To complete the proof for the
first case, we must establish the strong convergence U,, — U,«. By substituting
W = 2U, and W = 0 into the variational inequalities (4) for r € (ro, R], we
establish that

U, € Ky, /Jij(Ur)eij(UT)daz = /FUrdx Vr e (ro, R]. (16)
Q, Q,
In view of (4), the following relations may be established
U, € K,, /O’ij(Ur)é“ij(W)dx > /Fde YW e K, (17)
Q, Q,

which hold for all » € (1, R]. The equalities (16), together with the weak
convergence U, — U+ in H(€y) as n — oo, imply that

n—oo n—o0

lim [ 04(Un)eij(Uy)dx = lim [ FU,dx = /FUT*daz = /aij(Ur*)eij(UT*)d:z.
Y Q'Y Q’Y vy
Since we have the equivalence of norms (see Remark 1 in Section 2), one can
see that U, — U, strongly in H(),) as n — oo. Thus, in the first case we
have obtained a contradiction to the assumption: |U,, —U,+|| > € for alln € N.
The second case is now considered. For convenience we keep the same
notation for the subsequence. In doing so, we have r,, — r* and r, > r*. Let
us recall that by (10), we have U,, — U weakly in H(Q,) as n — co. We will
in fact prove that U,, — U strongly in H(f,) as n — oo. In view of the weak
convergence U, — U in H(Q,) as n — oo, the first relation in (16) may be
used to show that
lim [ 04j(Un)eij(Up)dx = /FUdm (18)

n—oo

Q, Q,
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Next, substituting W = U,» € K,» C K,, for arbitrary fixed numbers
r,r’ € (rg, R] such that ' > r, in (17) as a test function, we arrive at the

inequality

/ 043 (Un)es (Uyr)dae > / FU,da.
Q, Q,

We therefore conclude that for all r,, and ry, satistying r, < r,, the following

inequality is fulfilled

/Uz‘j(Un)&‘j(Um)da: > /FUmdx. (19)
Qy Qy
If we fix an arbitrary value m in (19) and pass to the limit in the last relation

as n — oo it may be shown that

Qy Qy

Passing to the limit in (20) as m — oo, confirms

/Uij(ﬁ)&j(ﬁ)dl’ > /Fde
Q, Q,
This inequality, the formula (18) and the weak lower semicontinuity of the

bilinear form defined by the integral [ o;;(-)e;;(-)dz yield the following chain
Q'Y
of relations

/O’l](U)él](U)d:E > /FUde‘: lim O'ij(Un)gij(Un)d.T > /O’ij(U)&'j(U)dl‘,

n—o0

Y 2y Qy Qy
indicating that

/O’z‘j(ﬁ)&‘ij(ﬁ)dx: lim O'Z](Un)EZ](Un)dJZ

n—oo
Q, Q,
Again, by the equivalence of norms (see Remark 1 in Section 2) that U, — U
strongly in H(§2,) as n — oo.

Now, let us prove that U = U,~. For this purpose we will analyze the
variational inequality (4) and its limiting case. We can now apply the assertion
of Lemma 1 to justify a passage to a limit in the variational inequalities. From
Lemma 1, for any W € K,« there exist a subsequence {ry} = {ry, } C {rn}
and a sequence of functions {Wj} such that Wy € K,, and W), — W weakly
in H(S,) as k — oc.
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The properties established above for the convergent sequences {W}} and
{U,} allow us to pass to the limit as k — oo through following inequalities,
derived from (4) for r, and with the test functions Wi:

/Uij(Uk)Eij(Wk - Uk)dx Z /F(Wk - Uk)dl'

Q, Q,

As a result, we have

/o—ij(ﬁ)eij(w — )dz > /F(W _ )z YW € K.

Q, Q,

The unique solvability of this variational inequality implies that U =U,-.
Therefore, in either case, there exist a subsequence {r,, } C {r,} such
that r, — r*, Uy — U, strongly in H(2,), which is a contradiction. The

Lemma is thus proved.

5. Conclusion

In this paper, we have analyzed a family of variational problems describing
equilibrium of cracked bodies with inclusions of different radii r € [rg, R]. The
existence of the solution to the optimal control problem (6) is proved. For this
problem, the cost functional J(r) is defined by an arbitrary continuous func-
tional, with r the control parameter. Lemmas 1 and 2 establish a qualitative
connection between the equilibrium problems for bodies with rigid circular
inclusions of varying radii. This lemmas allow us to prove the strong conver-
gence U, — U, in the Sobolev space H(£),), where {U,} are the solutions of
(3) depending on the radius 7.

The mathematical technique developed in the present work may be ap-
plied for another types of inhomogeneous bodies. For example, analogous prob-
lems for a three-dimensional elastic body may be investigated, as could the
Reissner-Mindlin plate as well as Kirchhoff-Love plate reinforced by rigid in-
clusions. Within the theoretical framework of developed methodology, various

cases of different rigid inclusion shapes could also be considered.
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