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Abstract

The paper aims at derivation of the asymptotic model for surface wave propagating in a pre-stressed incompressible elastic half-
space, subject to prescribed surface loading. The approach relies on the slow-time perturbation procedure, extending the previously
known hyperbolic-elliptic formulations for surface waves in compressible linearly elastic solids. Within the derived model, the
decay away from the surface is governed by a pseudo-static elliptic equation, whereas wave propagation is described by a hyperbolic
equation on the surface. The effect of pre-stress, namely, the principal Cauchy stress σ2, is investigated. Finally, an illustrative
example of the Lamb problem is considered, demonstrating the efficiency of the approach.
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1. Introduction

Propagation of surface waves in pre-stressed elastic media
is well-studied, including the known contributions of Hayes &
Rivlin (1961), Chadwick & Jarvis (1979), Dowaikh & Ogden
(1990). These were later extended in various directions. The 3D
case of fibre-reinforced pre-stressed incompressible half-space
was addressed in Prikazchikov & Rogerson (2004). The ef-
fect of a thin coating layer was studied by Ogden & Steigmann
(2002); Steigmann & Ogden (2007). The relation between the
stretches in terms of the power law was suggested by Murphy
& Destrade (2009), investigating the effect of compressibility
on propagation of surface waves. Among more recent contri-
butions we cite Nam et al. (2016a,b), addressing the combined
effects of layered vertical structure and multiple families of fi-
bres, together with pre-stress.

An important approach to modelling of near-surface dynam-
ics, developed in recent years, relies on the explicit hyperbolic-
elliptic model for the Rayleigh wave. It was first derived us-
ing the symbolic Lourier approach by Kaplunov & Kosso-
vich (2004), and then re-established in Kaplunov et al. (2006)
through slow-time perturbation of the eigensolution in terms
of a single harmonic function, presented in Chadwick (1976).
Within the framework of the model, the decay into the inte-
rior is governed by an elliptic equation, with the propagation
along the surface described by a hyperbolic equation. The
model, originally formulated for an isotropic elastic half-plane,
has been developed to 3D setup, allowing explicit approxi-
mate solutions for the near-resonant regimes of the 3D moving
loads, see Kaplunov et al. (2013); Erbaş et al. (2017) and refer-
ences therein. The approach has also been extended to bending
Rayleigh-type waves propagating along the edge of a thin elas-
tic plate in Kaplunov et al. (2016). A systematic presentation of

the resulting theory for Rayleigh and Rayleigh-type waves may
be found in Kaplunov & Prikazchikov (2013, 2017). Recently,
the effect of anisotropy have also been incorporated, see Nobili
& Prikazchikov (2018).

In this paper we aim at further development of the methodol-
ogy, constructing the asymptotic model for surface wave, prop-
agating in a pre-stressed incompressible elastic half-space sub-
ject to prescribed surface stresses. Following Dowaikh & Og-
den (1990), we formulate the problem in terms of the shear po-
tential. Then, a slow-time perturbation scheme is established,
revealing at leading order the eigensolution for surface wave in
terms of a single plane harmonic function. Next order correc-
tion leads to a hyperbolic equation on the surface for the afore-
mentioned harmonic function. The effect of pre-stress is then
studied numerically for Varga material, revealing in particular
the unbounded growth of the coefficient in the right hand side
of the hyperbolic equation for surface displacement, as wave
speed tends to zero, and vanishing of the same coefficient as
surface wave degenerates into a shear wave. Finally, the asymp-
totic model is implemented for the Lamb problem, allowing an
elegant explicit solution for the contribution of the surface wave
pole.

2. Governing equations

Consider a homogeneous, incompressible, elastic body B,
possessing an unstressed configuration B0, occupying the do-
main X2 ≥ 0. A purely homogeneous static deformation is im-
posed on B0, resulting in a finitely deformed equilibrium state
Be, corresponding to a half-space x2 ≥ 0. Then, a small time-
dependent motion is superimposed upon the equilibrium state
Be, resulting in the current configuration Bt. Thus, the position
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vector x̃i(XA, t) in the current state Bt is given by

x̃i(XA, t) = xi(XA) + ui(x j, t). (1)

Here the one-to-one mapping xi(XA) defines the initial static
deformation, and ui(x j, t) stand for the components of superim-
posed small time-dependent motion.

The governing linearised equations of incremental motion
are given by

Amilkuk,lm − pt,i = ρui,tt, (2)

see e.g. Pichugin & Rogerson (2002). Here Amilk are the com-
ponents of the fourth order elasticity tensor, a comma indicates
differentiation along the appropriate spatial or time variable, ρ
is volume mass density, and pt is the time-dependent incremen-
tal component of pressure arising due to the incompressibility
constraint

ui,i = 0. (3)

We remark that the only non-zero components of the elasticity
tensor are of the form Aii j j, Ai ji j or Ai j ji, see Ogden (1984) for
more detail.

The linearised measure of incremental stress is given by

τmi = Amilkuk,l + p̄um,i − ptδmi, (4)

where δmi is the Kronecker delta, and p̄ denotes static pressure
in the equilibrium configuration Be.

Throughout this paper the plane-strain assumption is
adopted, i.e. the focus is on motions for which u3 = 0 and
the components u1, u2 are independent of x3. The associated
equations of incremental motion may be written explicitly as

A1111u1,11 + (A1122 + A1221) u2,12

+A2121u1,22 − pt,1 = ρu1,tt, (5a)
A1212u2,11 + (A1122 + A1221) u1,12

+A2222u2,22 − pt,2 = ρu2,tt, (5b)

along with the incompressibility condition

u1,1 + u2,2 = 0. (6)

The boundary conditions on the surface x2 = 0 are consid-
ered in the form of prescribed stresses f(x1, t) = ( f1, f2)T , i.e.

τ21 = A2121u1,2 + (A1221 + p̄) u2,1 = f1, (7a)
τ22 = A1122u1,1 + (A2222 + p̄) u2,2 − pt = f2. (7b)

Following the consideration in Dowaikh & Ogden (1990),
the displacement field is represented as

u1 = ψ,2, u2 = −ψ,1, (8)

satisfying automatically the incompressibility condition, where
ψ is a generalisation of the scalar shear Lamé potential, known
within 2D isotropic elasticity.

Rewriting (5) in terms of the potential ψ, and eliminating pt,
we result in

αψ,1111 + 2βψ,1122 + γψ,2222 = ρ
(
ψ,11tt + ψ,22tt

)
, (9)

where

α = A1212, γ = A2121,

2β = A1111 + A2222 − 2(A1122 + A1221).

We remark that the parameters α, β and γ should satisfy the
strong ellipticity conditions

α > 0, β +
√
αγ > 0. (10)

Also, note a useful relation

p̄ = A2121 − A1221 − σ2, (11)

following from a more general result in Ogden (1984), where
σ2 is the normal Cauchy stress component. Using the latter
along with (8), the boundary conditions (7) are expressed as

γψ,22 − (γ − σ2)ψ,11 = f1, (12a)
(2β + γ − σ2)ψ,112 + γψ,222 − ρψ,2tt = − f2,1. (12b)

3. Perturbation scheme

Below we focus on waves with phase velocity c deviating
slightly from surface wave speed cR, motivating a small param-
eter

ε =

∣∣∣∣∣ c
cR
− 1

∣∣∣∣∣ � 1. (13)

Our ultimate goal is extraction of the contribution of surface
wave to the overall dynamic response. Clearly, this is meaning-
ful provided that surface wave dominates over the bulk waves,
which is typical, say, in the near-resonant regimes of moving
loads or in the far-field of the load, for more detail see Kaplunov
& Prikazchikov (2017).

First, we introduce the scaling

ξ = x1 − cRt, τ = εt, (14)

where τ is slow time. The boundary value problem (9), (12) is
then rewritten as

γψ,2222 +
(
2β − ρc2

R

)
ψ,ξξ22 +

(
α − ρc2

R

)
ψξξξξ

+2ερcR

(
ψξξξτ + ψ22ξτ

)
− ε2ρ

(
ψξξττ + ψ22ττ

)
= 0,

(15)

subject to (x2 = 0)

γψ,22 − (γ − σ2)ψ,ξξ = f1, (16a)

(2β + γ − σ2 − ρc2
R)ψ,ξξ2 + γψ,222

+ 2ρcRεψ,2ξτ − ρε
2ψ,2ττ = − f2,1. (16b)

Now, the potential ψ is expanded as asymptotic series

ψ =
1
ε

(
ψ(0)(ξ, x2, τ) + εψ(1)(ξ, x2, τ) + ...

)
. (17)

Let us obtain the two-term asymptotic solution of the equation
of motion (15). At leading order we have

γψ(0)
,2222 +

(
2β − ρc2

R

)
ψ(0)
,ξξ22 +

(
α − ρc2

R

)
ψ(0)
ξξξξ = 0. (18)
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It is clear that provided the surface wave exists, the last PDE is
elliptic, hence, it may be rearranged in operator form as

∆1∆2ψ
(0) = 0, (19)

where
∆ j = ∂22 + κ2

j∂ξξ, j = 1, 2 (20)

with

γ
(
κ2

1 + κ2
2

)
= 2β − ρc2

R, γκ2
1κ

2
2 = α − ρc2

R. (21)

Below we assume that κ2
j > 0, allowing solution of (19) as

ψ(0) (ξ, x2, τ) =

2∑
j=1

ψ(0)
j , (22)

where ψ(0)
j = ψ(0)

j

(
ξ, κ jx2, τ

)
( j = 1, 2) are arbitrary functions,

harmonic in the first two arguments, i.e. ∆ jψ
(0)
j = 0. In what

follows we employ the Cauchy-Riemann identities for a har-
monic function u(x, ky), taking the form

∂u
∂x

=
1
k
∂u∗

∂y
,

∂u
∂y

= −k
∂u∗

∂x
, (23)

with the asterisk denoting a harmonic conjugate.
At next order, (15) implies

∆1∆2ψ
(1) = −2ρcR

(
ψ(0)
ξξξτ + ψ(0)

22ξτ

)
= 2ρcR

[
(κ2

1 − 1)ψ(0)
1,ξξξτ + (κ2

2 − 1)ψ(0)
2,ξξξτ

]
.

(24)

Following the procedure similar to that presented in detail in
Nobili & Prikazchikov (2018), the solution for the correction
ψ(1) may be found in the form

ψ(1) (ξ, x2, τ) =

2∑
j=1

(
ψ(1,0)

j + x2e jψ
(0)∗

j,τ

)
, (25)

where ψ(1,0)
j = ψ(1,0)

j

(
ξ, κ jx2, τ

)
are once again arbitrary har-

monic functions, and

e j =
ρcR(κ2

j − 1)

γκ j(κ2
m − κ

2
j )
, j,m ∈ {1, 2}, j , m. (26)

Now, once the leading order solution (22) and the correction
(25) are obtained, we proceed with analysis of boundary condi-
tions. Substituting (17) into (16), using (22) and (25), perform-
ing standard manipulations with plane harmonic functions, and
integrating the second equation with respect to ξ, at leading or-
der we arrive at

AΨ(0)
,ξξ = 0. (27)

Here Ψ(0) =
(
ψ(0)

1 , ψ(0)
2

)T
, and the components of the matrix A

are given by ( j = 1, 2)

a1 j =γ(κ2
j + 1) − σ2, (28a)

a2 j =κ j

(
2β − ρc2

R − σ2 + γ(1 − κ2
j )
)
. (28b)

Then, the solvability of (27) dictates vanishing of the associ-
ated determinant det A = 0. Separating the factor (κ2 − κ1) and
making use of (21), this condition may be re-cast as

γ(α−ρc2
R)+(2β+2γ−2σ2−ρc2

R)
√
γ(α − ρc2

R) = (γ−σ2)2, (29)

which coincides with the surface wave equation, see Eq.(5.17)
in Dowaikh & Ogden (1990). In addition, conditions (27) imply
a relationship between the harmonic functions ψ(0)

1 and ψ(0)
2 as

ψ(0)
2 (ξ, 0, τ) = θψ(0)

1 (ξ, 0, τ) , (30)

where

θ = −
a11

a12
= −

γ(κ2
1 + 1) − σ2

γ(κ2
2 + 1) − σ2

. (31)

Note that this relation on the boundary implies a dependence
over the interior, following from the corollary of the maxi-
mum principle for harmonic functions, see e.g. Sobolev (1964).
Therefore,

ψ(0)
2 (ξ, κ2x2, τ) = θψ(0)

1 (ξ, κ2x2, τ) . (32)

At next order, the boundary conditions at x2 = 0 yield

a11ψ
(1,0)
1,ξξ + a12ψ

(1,0)
2,ξξ = − f1 + 2γ

(
e1κ1ψ

(0)
1,ξτ + e2κ2ψ

(0)
2,ξτ

)
, (33a)

a21ψ
(1,0)∗
1,ξξ + a22ψ

(1,0)∗
2,ξξ = − f2 − g1ψ

(0)∗
1,ξτ − g2ψ

(0)∗
2,ξτ, (33b)

where

g j = e j

(
2β − ρc2

R − σ2 + γ(1 − 3κ2
j )
)
− 2κ jρcR. (34)

Using (30), conditions (33) may be rearranged as

AΨ(1,0)
,ξξ = Bψ(0)

1,ξτ − F, (35)

where the components of the matrix A were defined in (28), and

Ψ(0) =

(
ψ(1,0)

1
ψ(1,0)

2

)
, B =

(
b1
b2

)
=

(
2γ(e1κ1 + θe2κ2)

g1 + θg2

)
, (36)

with the forcing term F =
(

f1, f ∗2
)
. Note that since the vertical

load component f2 does not depend on x2, the asterisk here is
interpreted as a Hilbert transform. Since A is singular, from the
solvability condition of (35) we deduce

ψ(0)
1,ξτ =

1
a21b1 − a11b2

(
a21 f1 − a11 f ∗2

)
. (37)

Employing the relation

∂ξτ =
cR

2ε

∂11 −
1
c2

R

∂tt

 + O(ε), (38)

(37) may be re-cast in the original variables as a hyperbolic
equation at the surface x2 = 0

ψ1,11 −
1
c2

R

ψ1,tt =
2
(
a21 f1 − a11 f ∗2

)
cR(a21b1 − a11b2)

(39)

where ψ1 = ε−1ψ(0)
1 . Now, assuming ψ ≈ ε−1ψ(0), we result in a

hyperbolic-elliptic formulation for the auxiliary plane harmonic
function ψ1(x1 − cRt, κ1x2).
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4. Asymptotic model for surface wave

Thus, the explicit model for surface wave is expressed in
terms of the function ψ1 which should satisfy the pseudo-static
elliptic equation

ψ1,22 + κ2
1ψ1,11 = 0 (40)

over the interior, along with the hyperbolic equation (39) on the
boundary x2 = 0.

Note that in view of (8), (22), and (32), the displacements
may be expressed through ψ1 as

u1(x1, x2, t) = ψ1,2(x1, κ1x2, t) + θψ1,2(x1, κ2x2, t), (41)

and

u2(x1, x2, t) = −ψ1,1(x1, κ1x2, t) − θψ1,1(x1, κ2x2, t). (42)

Hence, (39) implies the following hyperbolic equations for sur-
face displacements (at x2 = 0)

u1,11 −
1
c2

R

u1,tt = −
2 (κ1 + θκ2)

(
a21 f ∗1,1 + a11 f2,1

)
cR(a21b1 − a11b2)

, (43)

and

u2,11 −
1
c2

R

u2,tt = −
2 (1 + θ)

(
a21 f1,1 − a11 f ∗2,1

)
cR(a21b1 − a11b2)

, (44)

In fact, hyperbolic equations for surface displacements were
presented earlier in a simpler framework of linear isotropic elas-
ticity (e.g. Eq. (98) in Kaplunov & Prikazchikov (2017)). In-
deed, for the case of vertical loading the hyperbolic equation
for surface tangential displacement may be written as

u1,11 −
1
c2

R

u1,tt = −
1 − β4

R

4µB
f2,1. (45)

In absence of primary deformation (λ1 = λ2 = λ3 = 1) we have
αR = 1, and βR = κ1. Then, due to incompressibility constraint,
the constant B is given by

B = β4
R − βR − 1 + β−1

R . (46)

It may be shown that for a vertical load ( f1 = 0), in absence of
pre-stress, equation (43) coincides with (45).

4.1. Effect of pre-stress
Let us now illustrate the effect of pre-stress on the coefficients

in the derived hyperbolic equations. Consider, for example, the
case of vertical loading, for which (43) yields

u1,11 −
1
c2

R

u1,tt = A1R f2,1, (47)

with
A1R = −

2a11 (κ1 + θκ2)
cR(a21b1 − a11b2)

. (48)

As known from Dowaikh & Ogden (1990), the existence of sur-
face wave in a pre-stressed incompressible elastic half-plane

is guaranteed over the following range of the normal Cauchy
stress σ2,

σ2 = γ −
√
γα + Z

√
2
√
γα(β +

√
γα), −1 ≤ Z ≤ 1. (49)

The two limits of interest are the endpoints, when Z = ±1, asso-
ciated with vanishing of surface wave speed and loss of stabil-
ity, and also the special case σ2 = γ, corresponding to degener-
ation of surface wave into a shear wave. These two limits were
also analyzed in Kaplunov et al. (2004) in respect of edge vi-
brations, leading to either unbounded increase in edge spectral
density or vanishing of resonance phenomenon, respectively.

Let us investigate numerically the dependence of the coeffi-
cient A1R, defined in (48), on the Cauchy stress σ2. For illus-
trative purposes, we specify the strain-energy function to Varga
material, for which

W = 2µ(λ1 + λ2 + λ3 − 3), (50)

where µ is the shear modulus in the reference configuration, and
λi (i = 1, 2, 3) are the principal stretches, with λ1λ2λ3 = 1 due
to incompressibility, see e.g. Hill (2001).
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Figure 1: Effect of pre-stress on surface wave speed.

Variation of the quantity ρc2
R vs. Z over the region of ex-

istence of surface wave is presented in Fig. 1, with material
parameters chosen as µ = 4.0 kg/cm2, ρ = 1.552 · 10−3kg/cm3,
λ1 = 1.25, λ2 = 0.8, and λ3 = 1. Note that the maximum at
σ2 = γ (Z ≈ 0.5) corresponds to degeneration of surface wave.
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Figure 2: Effect of pre-stress on the coefficient A1R (48).
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The next Fig. 2 illustrates the effect of pre-stress on the con-
stant A1R for the same material parameters as in Fig. 1. It may
be observed that as Z → ±1 (cR → 0), the coefficient A1R be-
comes unbounded. It may be shown that in this case A1R grows
as O(c−2

R ). Another limit σ2 → γ reveals that A1R vanishes.

5. Illustrative example

Let us now demonstrate implementation of the model for a
given surface load. Consider the Lamb problem, corresponding
to a concentrated vertical impulse load, i.e.

f1 = 0, f2 = P0δ(x1)δ(t). (51)

In this case it is convenient to operate in terms of the conjugate
ψ∗1. Indeed, as follows from (39)

ψ∗1,11 −
1
c2

R

ψ∗1,tt = ARP0δ(x1)δ(t), (52)

with
AR =

2a11

cR(a21b1 − a11b2)
. (53)

The solution of (52) is readily obtained as

ψ∗1(x1, 0, t) =
cRARP0

2
[H(x1 − cRt) − H(x1 + cRt)] . (54)

Then, the solution is restored over the interior, e.g. using the
Poisson’s integral formula for a half-plane, resulting in

ψ∗1(x1, x2, t) =
cRARP0

2π

[
tan−1 x1 − cRt

κ1x2
− tan−1 x1 + cRt

κ1x2

]
. (55)

Therefore, using (41) and (42), the displacements are obtained
in the form

u j =
(−1) j+1

2π
cRARP0

(
U+

j − U−j
)
, (56)

where

U±1 =
κ2

1 x2

(x1 ± cRt)2 + κ2
1 x2

2

+ θ
κ2

2 x2

(x1 ± cRt)2 + κ2
2 x2

2

, (57)

and

U±2 =
x1 ± cRt

(x1 ± cRt)2 + κ2
1 x2

2

+ θ
x1 ± cRt

(x1 ± cRt)2 + κ2
2 x2

2

. (58)

6. Conclusion

A hyperbolic-elliptic formulation for surface wave, propa-
gating in a pre-stressed incompressible elastic half-space, was
developed. The model is expressed in terms of the auxiliary
plane harmonic function ψ1, containing a pseudo-static elliptic
equation (40) over the interior, with dynamic factor arising in
the hyperbolic equation (39) on the boundary. The displace-
ment field is then expressed in terms of function ψ1 as (41) and

(42), leading in particular to hyperbolic equations for surface
displacements (43) and (44).

The effect of pre-stress was illustrated numerically for Varga
strain-energy function. It was revealed that in one of the limits
associated with vanishing of surface wave speed, the coefficient
A1R in the right hand side of the hyperbolic equation (47) tends
to infinity, whereas in the second limit corresponding to degen-
eration of surface wave into a shear wave, A1R tends to zero.

The methodology presented in this paper, could be extended
further to incorporate effects of 3D and vertical inhomogene-
ity, see Kaplunov & Prikazchikov (2017) for similar consider-
ations within the linearly isotropic framework. Other exciting
developments are related to seismic meta-surfaces considered
by Colquitt et al. (2017) and composite models for thin plates,
see Erbaş et al. (2018).
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