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Abstract

We derive a reduced theory describing the incremental deformation of an
electrodes-coated dielectric plate that takes the leading-order thickness effec-
t into account. By focusing on deformations that are symmetric with respect
to the mid-plane, a power series expansion of the incremental deformation
and electric field in the thickness direction is used to reduce the second vari-
ation of the total energy to an optimal form. The associated Euler-Lagrange
equations are then the governing equations for the reduced model. The valid-
ity of this reduced model is verified by comparing the bifurcation condition
derived from it with the two-term expansion of the exact bifurcation condi-
tion in two special cases. We compare our model with another approximate
theory that recently appeared in the literature.

Keywords: Nonlinear electroelasticity, dielectric membranes, Euler-Lagrange
equations, stability, bifurcation.

1. Introduction

Stability and bifurcation criteria of dielectric plates and membranes have
received considerable attention during the last few years. Early experimental

Preprint submitted to Elsevier September 3, 2018



studies include the works by Stark and Garton [39] and Blok and LeGrand
[2]. They stipulated that non-uniform thinning of an electroelastic plate is
caused by microscopic imperfections in the material that experience higher
than average fields, resulting in confined indentations. The intensity of the
electric field ceases to be uniform, increases locally, and induces electrome-
chanical instability and inhomogeneous deformations.

More recently, pre-stretched membranes have been investigated to quan-
tify (i) pull-in failure which is thought to occur when the voltage reaches a
maximum in uniform loading, (ii) dielectric strength failure when the elec-
tric field in the material exceeds a critical value and electric discharge oc-
curs between the electrodes and (iii) material failure when the membrane is
stretched beyond a critical value [34]. Failure due to electro-creasing and
electro-cavitation as well as methods to suppress instabilities are discussed
in [52].

The theory of small deformations superimposed on large deformations for
a general electroelastic material is developed in [17] and used in [18, 44] to
analyze stability of a biaxially stretched electroelastic plate. The theory [17]
is used in [6, 36, 1, 37, 38] to investigate multilayered dielectric composites
and in [22] to study both diffuse and shear-band type modes of instability.
Of interest are also the results reported in [47], where the effect of an electric
actuation on the appearance of a pear-shaped configuration of an elastomer
ballon and its dependence on the material models are analyzed.

Theoretical predictions of instabilities in electroelastic plates and mem-
branes are frequently restricted to the use of the Hessian approach, where
the deformation is assumed homogeneous. This approach was used in, for
example, [49, 50, 32, 31, 12, 13, 28, 14, 29, 45, 53, 48, 51, 24]. In a recent
paper it is shown that marginal violation of the Hessian stability criterion
corresponds exactly to the satisfaction of the bifurcation condition for lo-
calized necking [21]. This necking phenomenon is usually unstable and is
quickly followed by the two-phase deformation described in [23, 49].

A simplified model to account for the initial uniform thinning followed by
non-homogeneous deformation of thin electroelastic films was developed in
[8]. In [9] an approach based on tension field theory was used to determine
the onset of compression induced wrinkling. More recently, the same authors
employed an energy approach to determine the existence of non-homogeneous
equilibrium configurations in thin films [10, 11]. See also the analysis in
[15], which is concerned with wrinkling instabilities. The effect of thickness
imperfections on electromechanical instabilities is evaluated in [35]. Non-
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homogeneous deformations are used in [54] to estimate the onset of pull-in
instability noting that non-local effects significantly decrease the instability
threshold.

Although in many applications dielectric elastomers are used as thin
sheets which can be modeled by a membrane theory to leading order, there
is very often a need to take the leading-order thickness effect into account
in order to explain some of the phenomena observed (for instance, localized
thinning). Therefore, in this paper we derive a reduced model that can be
used to investigate the stability of a thin electroelastic sheet with flexible
electrodes coated on the top and bottom faces. We compare our model with
the approximate theory proposed in [11, 55].

The paper is organized as follows. Section 2 defines kinematic quantities
to describe the deformation of highly deformable materials. We also summa-
rize the basic equations of the nonlinear theory of electroelasticity and the
corresponding constitutive equations. The framework governing linearized
incremental deformations and electric fields superimposed on a known finite-
ly deformed configuration is included. The problem is defined in Section 3
and the reduced model derived in Section 4. In Section 5 we specialize the
associated Euler-Lagrange equations to two specific problems when the ma-
terial is assumed to be a neo-Hookean dielectric. First, we consider a pure
shear where the primary and incremental deformations are both plane strain
and show that the bifurcation condition is consistent with the results ob-
tained from [18]. In the second problem the stability of a thin plate subject
to biaxial extension is analyzed. The associated Euler-Lagrange equations
are derived and compared with the corresponding formulation in [18]. It is
also shown that the derived model is different from the model proposed in
[11, 55] even in the purely mechanical case. To understand this discrepancy,
we derive in Section 6 another reduced model by starting from the same rep-
resentation for the total energy functional as in [11] but using the expansion
of Section 4. Tt is shown that this model recovers the model of [11, 55] under
the same assumptions made in the latter papers, but is different from the
model of Section 5 due to the approximation that is introduced in the elec-
tric part of the total energy. The paper is concluded with a summary and
additional remarks in the final section.



2. Basic equations

2.1. Kinematics

Consider a deformable electro-sensitive body, which in the absence of
mechanical loads and electric fields is unstressed and occupies the reference
configuration B, with boundary 0B,. The location of a typical material par-
ticle in B, is identified by its position vector X relative to some fixed origin.
The body is then subject to an electric field and mechanical loads as a result
of which it deforms and occupies the configuration B with boundary 0. The
corresponding deformation is described in terms of the vector function x as
x = x(X), where x denotes the position of the particle in B and X € B,. It
is assumed that x has sufficient regularity for the ensuing analysis.

The deformation gradient tensor F relative to the configuration B, is given
by

F = Grad x(X) = Gradx (1)

so that dx = FdX, where Grad is the gradient operator with respect to X.
The deformation gradient has Cartesian components F; 4 = dx;/0X 4, where
i,A € {1,2,3}. Small roman indices are associated with the configuration
B and capital indices with the reference configuration B,. Let J denote the
determinant of F

J =detF >0, (2)

which relates an infinitesimal volume element dv in B to its counterpart dV'
in B, via
dv = JdV. (3)
Associated with F are the left and right Cauchy-Green deformation ten-
sors defined, respectively, by

B=FF', C=F'F, (4)
where the superscript T indicates the transpose of a second-order tensor.

2.2. The equations of nonlinear electroelasticity

For more detailed background on nonlinear electroelasticity, we refer to
the books by Landau and Lifshitz [27], Kovetz [26] and Dorfmann and Ogden
[19].



Assuming that there are no volumetric free charges within the material,
as appropriate for a dielectric material, the equations satisfied by the electric
field vector E and the electric displacement vector D are

curlE =0, divD =0. (5)

Assume that B is surrounded by a vacuum within which the electric and
electric displacement fields are denoted by E* and D*, respectively. These
satisfy the equations

curlE* =0, divD* =0, (6)

and are connected by the standard relation D* = ¢yE*, where ¢, is the
electric permittivity in vacuum, [30, 20].

If there is a free surface charge o per unit area of 9B then the electric
boundary conditions that have to be satisfied are

nx (EE—E)=0, n-(D"-D)=o, (7)

where n is the unit outward normal to 0B.

Throughout this paper we assume that there are no mechanical body
forces, in which case the equation of equilibrium can be written in the simple
form

divr =0, (8)

where 7 is the so-called total Cauchy stress tensor, which incorporates elec-
trostatic body forces. It is symmetric and satisfies the boundary condition

™m=t,+t; 9)

on any part of OB where the mechanical traction t, is prescribed (per unit
area) and t} = 77n is the Maxwell traction associated with the electrostatic
Maxwell stress 7. The Maxwell traction is calculated on the outside of 0B
where 77 is defined by

1
i =eB @B — Je(BT-EL (10)

with I being the identity tensor. It follows from equation (6) and the con-
nection D* = ¢gE* that divr} = 0.

The Lagrangian forms of the electric field and electric displacement vec-
tors are denoted by Er, and Dy, respectively, and defined by

E, =F'E, Dy =JF'D. (11)



These satisfy the field equations
CU.I‘IEL = 0, DiVDL = O, (12)

where Curl and Div are the curl and divergence operators with respect to
X. The Lagrangian forms of the boundary conditions (7) are obtained as

(F'E* —E.)x N=0, (JF'D*-Dy) N =o0y, (13)

where N is the unit outward normal to 0B, and oy is the free charge density
per unit area of 0B,.

The appropriate transformation of 7 yields the total nominal stress tensor
T defined by

T=JF ', (14)
which in the absence of body forces satisfies the equilibrium equation
DivT = 0. (15)

The corresponding traction boundary condition can be written as
TN =t, +t; on 0B, (16)

where t, is the mechanical traction per unit area of B, and t}y = TN
with Tg = JF 7%, defined on 0B,.

2.3. FElectroelastic constitutive equations

Following Dorfmann and Ogden [16, 20] we may describe the properties
of an electroelastic material in terms of a total energy density function, either
Q(F,Ep) or Q*(F,Dy). Here, we focus on the former, for which the total
nominal stress and the Lagrangian electric field are given for a mechanically
unconstrained material by

01} o5}
T=—, Dp=———. 17
oF ' OB (17)
For an incompressible material these are modified to
o) o)
T=_——--pF ! Dp=-——+r ith detF =1 1
aF p ) L aEL7 Wl € ) ( 8)

where p is a Lagrange multiplier associated with the incompressibility con-
straint. The corresponding expressions for 7 and D are then given by

o0 o9
—F— — D=-F—. 1



2.4. Incremental formulation
In this section we summarize the equations governing linearized incre-
mental deformations and electric fields superimposed on the known finitely
deformed configuration B. For full details, including forms of the electroe-
lastic moduli tensors, we refer to [17]. An incremental displacement and an
increment in the deformation gradient, which are denoted respectively by x
and F = Gradx, define the current configuration. Here and henceforth a su-
perimposed dot represents an increment in the quantity concerned. In what
follows, it is convenient to identify x with its Eulerian equivalent denoted by
u(x). It follows that
F=LF, J=JuL (FT)=-L"FT (20)

where L = gradu and grad is the gradient operator with respect to x. Sim-
ilarly, the increments of T, Dy, Ey, are denoted by T DL, EL and satisfy the
incremental governing equations

DivIi =0, DivD,=0, CuwlE,=0. (21)

From (5); follows that the electric field E can be specified in terms of an
electrostatic potential ¢, such that E = —grad¢. Hence,

Ep = —F'grad¢ = —Grad®, (22)

where
P(x) = ¢ (x(X)) = &(X). (23)

This allows us to write the increment of the electric field as
EL = —FTgrad¢ = —Grad ®. (24)

We also introduce the push forward versions of the Lagrangian variables T,
Dy, and Ep,, which are defined by

Ty=J'FT, Dyy=J'FD;, E;,=F"TE.. (25)
The incremental form of the boundary condition (16) becomes
TIN =ty + JFZF 'N— JF "F'F TN+ Jr'F "N on dB. (26)
or, when updated to Eulerian form,

TIn = tp + 7:n — 7°LTn + (divu)r’n on 9B. (27)



3. Problem formulation

We now consider an electroelastic plate with flexible electrodes on its
top and bottom faces. The plate may be deformed by the application of
a potential difference to the electrodes and by mechanical traction forces.
Without loss of generality, we assume that the electric potential ¢ takes
the constant and fixed values ®; and 0 on the upper and lower surfaces,
respectively. Hence, no field is generated in the surrounding space, assuming
that the geometry is such that the end effects can be neglected. It follows
that the total energy functional, which depends on the deformation x(X)
and the scalar electric potential ®, has the form

H{X,@}:/B Q(F,EL)dv—/8 £r - xdS. (28)

B

The first variation of Il vanishes if and only if the derived electric dis-
placement and total nominal stress satisfy the appropriate governing equa-
tions (12), (15) combined with the boundary conditions (13); with D* =0
and (16) with tf; = 0; for details we refer to [3, 4].

We now consider an incremental deformation x and expand II around
the configuration B up to and including quadratic terms in u and qﬁ The
linear terms in u and ¢ must vanish since the energy functional is stationary
at the configuration B. The quadratic terms thus obtained are simply half
the second variation of the total energy (28) given by

II, = / (AijlijiLkl + 2Aij|lei¢,l + Azg¢z¢g> dw, (29)
B

where gbz = ng/ Oz; and L;; = Ou;/0x;. The electroelastic moduli tensors in
the configuration B have the explicit forms

Aijiw = J FiaF Gl Ay = —J 'FiAF Gl (30)
ijlk — 1ALIB aFjAaFkB’ ij|l — 1ALIB aFjAaELB’
0%Q
A =J ' FiaFp———. 31
j A JBaELAaELB ( )
endowed with the symmetries
Aijie = Aij,  BDiji = Ay, Aij = Ayi (32)



For incompressible materials, on which we focus henceforth, J =1 in the
above and u satisfies the incremental incompressibility condition

divu = 0. (33)
The variables Ty, D1 and Er, defined in (25), have the explicit forms

TOij = AL + Aij|l¢,l +pLij — pdij, (34)
Droi = —AjuLy — Ao (35)

It can be shown that the first variation of II, vanishes if and only if the
following governing equations and boundary conditions are satisfied:

divTy =0, divDo=0 in B, (36)

Ton=0, ¢=0 on IB. (37)
Using equations (34) and (35) in (28) yields the compact form

I, — / [tr (TOL) ~ Duo - gradé| do. (38)
B

4. Reduced model

In what follows the configuration B is identified by the domain

W x {—g g} , (39)

where w is the mid-plane of the deformed plate and h is the thickness, which
is assumed small compared with a typical length scale of the deformation (e.g.
the wavelength of a bifurcation mode). We introduce unit vectors ej, e;, €3
to identify the three coordinate axes, with e; the out-of-plane direction.

The central idea is to assume a power expansion for u, ¢ and p in terms
of x3, and then to expand the above energy functional further, in a consistent
manner, up to and including terms cubic in h. The associated Euler-Lagrange
equations then yield an approximate theory for thin plates. Such a reduc-
tion has been carried out in [43] for a generally anisotropic, compressible
and unstressed plate, and in [7] for the flexural/bending deformation of an
incompressible pre-stressed plate.



We introduce Greek subscripts and adopt the convention that they range
from 1 to 2. We assume that the mid-plane is a symmetry plane and that
the pre-stress takes the form 7,5e, ® eg, hence 713 = To3 = 733 = 0. Under
these assumptions, the flexural and extensional deformations are decoupled.
For extensional deformations, we employ the following Taylor expansions

1 1
u:(V—|—§x§b—|—...)+($36L3+6$§C3+-~)e3, (40)
c o), L) Lo, L2
p=p0+ S G=g0 4 B ()

where the vectors v and b are functions of x, and are perpendicular to es,
whereas as, ¢5, p0, ¢, p@ $@ . are all scalar functions of z,. The above
forms are based on the fact that for the extensional mode under investigation,
in-plane displacement, the pressure, and the electric potential should be even
functions of x3, whereas the out-of-plane displacement (i.e. the coefficient
of e3 in (40)) should be an odd function of z3. We observe that similar
expansions were used in [42, 43, 5, 46], but in [11, 55] the authors only
included the terms v + x3ases in their expression for u. One of the aims
of the present study is to assess the stability implications of this additional
approximation.
In what follows, we decompose the gradient of a function f(x) as

gradf:%@ei:aa—;l®ea+§—;®93:Vf+aa—;)®eg, (42)
where V denotes the 2D gradient operator. Thus, the gradient of the incre-
mental displacement vector u can be expressed in the convenient form

1
L =gradu=L" 4 23 LY + §x§ L® ... (43)
where
LY = u,5e, ®es+ aszes @ es,
LY = a3.e3®e, + boe, ® es, (44)
L? = bo gea @ €g + cze3 @ es.

It follows from the incompressibility condition (33) that divLY) = 0, j =
0,1,..., from which we obtain

a3 = —divv, c¢3 = —divb. (45)
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On substituting (40), (41) and (43) into the incremental forms (34) and
(35), we obtain

: . 0 1
TOij = TO(z]) +x3T0(z]) 2 gTO(z]) Tty (46>
. . . 1
Duy = DO + 2,08 + 575 D& 4+ (47)
where
Ty = AuuLig +pL =96 + Ayadld, (48)
T()(ilj) = Az‘jlkL;%) +pL§]1~) + Az’j\3¢(2)7
TO(Z) = AzylkL](j) +pL£]2) - p(2)52] + Aij|aq.57(024)a
and
DI(J%)i - _Ajl\iL(O) - iagb(g)’ (49)
DI(_41[))Z = Ajl\z - 13¢
Di%l)l = Ajl\l - ZCM¢
The equilibrium equations (36) specialize to
5(0 (1 (1 L (2
Toms + Tos) + (Téﬂi st T0(3])'> w3+ =0, (50)
(0 (1 1
Since they are valid for any x3, it follows that
(1 S (2
To(ﬁax g+ To(3(l =0, Tég)a st T0(3()1 =0, (52)
: 1 1
DY), 5+ Dl =0, D&+ Dis 5 = 0. (53)
From (53); we find that
Assd® = —AusLify — Agadlay — ALy (54)

= _Afya\ﬂva;y,b’ - A33|ﬁa3,ﬁ - Aﬁa¢7a5 - Aa3|3a3,a - ASa\Sba-

The stress free boundary conditions at the top and bottom surfaces, by
specializing (27) to the current problem, become

: h
T()gj =0 on T3 = :i:§7 (55)
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and, by using (46), can be written in the equivalent form

hoay B2
5 Ty + 5 Tog) +00°) = 0. (56)

Adding and subtracting these two boundary conditions results in

(0
To(gj. +

Tggy = O(?), Tig) = O(?), (57)
and (52); gives
Toin,s = O(h°). (58)
By taking j = 3 in (57); and j = a in (57)2, we have
A33lkLkl + PL(O) 0 4 A33|a¢ O(h?), (59)
A3alkL(1) +pL3a + A3a|3¢ = (hQ)a (60)

from which we deduce
) = A33a,81),8,a + as (A3333 + p) + A33|aq5,(3) + O(h2)> (61)

Asassbs = (Asaps + pdag) (divv) g — A3043@2.5(2) + O(R?). (62)

Note that equation (62) can be solved simultaneously with (54) to find b and
»?.

We now specialize Ils, given in (38), to the reduced model. Substituting
(41)2, (43), (46) and (47) into (38) and integrating from z3 = —h/2 to
x3 = h/2, yields

W1 1
M, = / {hTOZ)L )+E(§TO(?J)L() Ty Lyi’ + 5 To: )L(O)) (63)

h3 (1. . . : 1. .
~hDieu 8% — 35 (QD(L%L o + Digy 0¥ + 5 Di, qbff)” ds

This can be simplified to
m, = / [hTOU LY — nDf), ¢ (64)
h . . . .
+ 0 (T0L + L — DR, 62 - D36) | as

12



or equivalently,

«

e = [ [PEQLLG + hEGLE — hD, 6 (63

B2 (0) 7@, ) 7@, ) (), ) 1) SO 51
10 (0 + T + T + T8 - D3, 92 - 5(3,6) | as

From the results shown in (59) and (60) follows that h37,0) and h3Tps, are
of order h° and the corresponding terms can therefore be neglected. Thus,

e L o R (66)
(o) (1) NORSTO R SOE)
- D (Togg bga + Toaz @30 — Dige @0’ — Dros @ ) ds.

With the use of (58) we find that

T bsa = (Tibs) = T3k boa = (Tihbs) +003)  (67)

,

and, using the divergence theorem, we obtain

[ 8 bsats = [ A0 bsnaiy + 002, 69

where Ow is the edge of the mid-plane and n,, is the component of the unit
normal to the mid-plane. For the case of dead loading at the edge of the
plate we have T()(g)ﬂ ne = 0 and so the integral involving T, ég)ﬂ bs.o is of order
h? and can be dropped from (66). Hence, we retain

= [ W20 vaa+ W0 — DY, 6 (09
R S0 1@ D @)
+ 19 <T0a3 azo — Dig, Cb,a — Dyg3 ¢ ) ds,

where the superscript ¢ is added to signify the fact that the expression is
associated with the dead-load case.

13



For convenience we now write the components of the incremental stress
tensor Ty in the explicit forms

Toms = AasieLiy +pLY) = D0ap + Aagyd?,
(Aapsy + P Oar0s) Vy5 — Aagssdivy — V805 + Agg, 0,
To(:?% = Aszs, 0y — (Asszs +p) divy — p@ + A33w¢7(2)’
and

To(iga = Aa3lkL/S) +pL(3 + Aa3\3¢(2)>
= _Aa363 (divv),é + (Aa33’y + péa'y) b'y + Aa3\3¢(2)-

Similarly, the components of the incremental displacement vector Dy be-
come

Dgga = _Ajl\oaL(q) - a,BQB(O) = —A gavg, + Azgdivy — Aaﬂéfﬁo),
D£1C>)3 = AJHSL — A330? = —Agapzba + Angz(divy) o — Azzd®,

It follows that
Ty g0+ Togy as — Do, 6
= (Augsy + P Oar0s8) Uy.5U8.0 + 2Aap3308.003 + (Assss + p) aj
. : . (o) -
+2805,00 V5.0 + 20335, 01 + Aasd 3 DY,
where use has been made of the relation trL(® = Vo + a3z = 0 to eliminate

the term involving p(®). Thus, the evaluation of the O(h) term in (69) does
not involve p(¥, hence

m = h / {('Aa557 + D 0ary058) Uy,6V5.0 + 2Aapazvsats + (Assss + p) a3

h2
+2Aaﬁw¢ Vg,a 2A33|7¢ as + Aa,@¢ (b + 1 [Aa363a3,6a3,a

+ (,Aa337 + pém) bvag,,a + Aa3\3¢(2)a3,a - DI(_%)a ¢(3y) - D(ng?: é(ﬂ } ds
(70)
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The quantities ¢® and b, are determined by solving simultaneously e-
quations (54) and (62), which are copied here for ease of reference

Az + Asaisbe = —AgpVaqp — Asgipas g — Aﬁaﬂ'ﬁ,(g)g — Aygzase, (71)
A3a|3g2.5(2) -+ ./430(37()7 = (.Agagg +p(5a5) (diVV)ﬁg. (72)

The Euler-Lagrange equations associated with the functional (70) become
the governing equations for our reduced model. They can be derived in a
straightforward manner even for a general material model, but they are quite
involved and are hence not written out for the sake of brevity. However, in
the next section, these governing equations will be given for a special choice
of the free energy function.

5. Validation and comparison with the model in [11]

In the following we consider an energy function Q(F,Ey) that is addi-
tively decomposed in a purely mechanical contribution and a part associated
with the electric field. We consider the special case of an incompressible ma-
terial with the mechanical energy given by the neo-Hookean model and the
electric contribution by an isotropic constitutive formulation with constant
permittivity €. This implies that the electric displacement D is connected
to the electric field E by D = ¢E such that the electroelastic energy has the
form e E - E/2. Therefore, using (11);, we obtain

1 1
Q(F,EL) = S (I — 3) — 5 EL- C'EL, (73)
where p is the shear modulus of the material in the reference configuration.

It follows from (11), (5) and (7)y that

/ aEL-C1ELdV:—/D'gradq§dv:—/div(qﬁD)dv
T B B

- oD - nda = ¢4Q, (74)
oB

where da and dv denote the surface and volume elements in the configuration
B, @, is defined at the beginning of Section 3, and () denotes the total charge
on the upper plate surface. Thus, the total energy (28) can also be written
as

1 1
2 OB, 2
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For what follows it is useful to recall the connections

aF/';Jl _ F—l -1 acglE

oFy ~ Fanloi p 0= ~CasFo —Cpil. (70)
The specialized forms of electroelastic moduli tensors (30) and (31) are
Aijie = 110, By — € (E; Edg + E;Eidy + EiEydj) (77)
and
Aiﬂl =& (Ejdil + Eiéjl) , Aij = —E(Sij. (78)
Using (19) we find that the total Cauchy stress is given by
T=uB+cE®E — plL. (79)

5.1. Pure shear

We first consider the case when the primary and incremental deformations
are both plane-strain. The deformation gradient tensor of the configuration
B relative to B, is given by

F=)e ®e +tey,@e+ A les®es, (80)

where e3 again identifies the out of plane direction. It follows that the in-
cremental quantities defined in (40) and (41) are independent of x5 and that
the component vy of the vector v vanishes.

The electric field E in the material, which is generated by a potential
difference between the flexible membranes, has the nonzero component Ej3
with the corresponding Lagrangian form Eps = A"'Es;. The out of plane
component of the total stress 7 vanishes and (79) gives

p=p\"?+ k] (81)

It follows that the associated Lagrangian components of the electric displace-
ment and the total nominal stress (14) in the 1-direction are

Dy =eXErs, Ti=p (A= A7) —eAEL,. (82)
Hence, the functional (70) reduces to
m = a / {(;M F 3N — e B2 v} — e (83)
h2w 2 2 2\ 12 2
+ 5 (uN — pA 2 —eES) o " —ed"? + 5¢’¢'"} ds,
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where the superscript ’ is used to denoted the derivative with respect to x;
and equation (72) results in b; = vf.
The associated Euler-Lagrange equations are

(b” - E¢(4) = 07 (84>
h2
(W 3072 —eB5) of — 5 (N = A7 = eEg) v =0, (85)

where £ = ¢/p. On substituting a buckling solution of the form v, = e
into (85), we obtain

1
3+ M —EE2N? — g(kh)2 =0, (86)

where the leading-order result £E3 = A\*+3X7? is used to eliminate £E3 from
the O(h?) term.

We next compare the result (86) with the exact bifurcation condition
presented in [18]. Their incremental equations (99) and (100) give a 6 x 6
matrix, the determinant of which can be factorized into two factors. The two
factors correspond to the extensional and flexural modes, respectively. On
expanding the factor corresponding to the extensional mode in terms of kh
and setting the result to zero, we obtain

3+ M —EEN + K (kh)? + O(hY) =0, (87)
where
1
Ki=¢ [10 + 9N + 7TA* + 3X° + A — ZESN (4 + 3)° + A1)

It follows from (87) that £E7 = A? + 3X\~% + O(h?). With the use of this

result, the bifurcation condition (87) can be reduced to
1
34+ A — B2\ - 3 (kh)* + O (h*) =0, (88)

which is consistent with (86).

We observe that in the limit kkh — 0, equation (88) yields EE2\? = 3+ A%,
and (82), then gives Ty = —4pA™® which is negative. This means that
the bifurcation condition cannot be satisfied when the dead-load is tensile.
However, this is a consequence of the specific constitutive assumption (73).

We may easily construct a material model for which the bifurcation condition
(88) with kh = 0 can be satisfied when the dead-load is tensile.
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5.2. Bi-axial extension

In this subsection we consider planar bi-axial extension with associated
deformation gradient

F:)\e1®e1—|—)\e2®62+/\_263®e3. (89)

The electric field E in the material is again generated by a potential difference
between flexible membranes attached to the on the top and bottom surfaces
with components F; = Fy = 0 and F3 = A\2Ep3. There are no mechanical
traction applied at the top or bottom surface, and therefore the out of plane
component of the total stress 7 vanishes. From (79) follows that

p=pu\"t+cE3, (90)
and hence the non-zero components of the total Cauchy stress are
TET11:T22:M()\2—)\_4> —€E§, (91)

which corresponds to the results shown by equation (105) in [18]. Relation
(91) may also be compared with equation (54) in [11].
We now specialize the functional (70) to biaxial extension to obtain

11§ :uh/ {)\Qtr (VvVUVD) + (A + 2E2) tr (Vv)? + 2 (A — 2E2) a2 — £[ VoV
h2

+ 5 | = AT =2 (Va4 2 (VEO)T VA — (A40)?) ] } ds,  (92)

where use has been made of the equations
b = V(divv) = —Vas, ¢? =—-Ap®, (93)
derived from (71) and (72), A is the 2D Laplace operator, andVv7T stands
for (Vv)T. The associated Euler-Lagrange equations are
h2
NAv + (3Nt —gE3) Vdivy — 5 (A = A™* —¢E3) VAdivy =0,  (94)

and )
A <¢'><0> — %AQB(O)) = 0. (95)
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We note that the equations for v and ¢© are decoupled.
To compare with the bifurcation condition given in [18], we specialize (94)
to plane strain deformation to obtain

h2
()\2 + 3)\_4 - 5E§) V1,11 — E ()\2 — )\_4 — é:Eg) V1,1111 + O(h4) =0. (96)

Looking for a buckling solution of the form v; = ¢”**1, we obtain
1
(A +3Xx1 —2E3) + E(k»h)2 (N =Xt —2E]) +O(h*) = 0. (97)

On replacing £E% by the leading-order approximation A* 4+ 3X\™* in the order
(kh)? term, we obtain

1
N3 —gEIN — §<’fh)2 +O(h*) = 0. (98)

On the other hand, on expanding the bifurcation condition in [18] for the
extensional mode in terms of kh, we obtain

34+ A0 — BN + Ka(kh)® + O (h*) =0, (99)
where

1
Kr=¢ [10 + 9% + 7%+ 3X7 + AP — ZESX (4 + 30 + \9)] .
Without compromising the accuracy of the first two terms, the above bifur-
cation condition (99) can be reduced to

1
3+ N — BNt — §(kh)2 +0 (h') =0, (100)

which is consistent with (98).

We observe that in the limit kh — 0, equation (100) yields £E2\* = 3+,
and (91) then gives 711 = —4uA~* which is negative. As in the case of pure
shear, this is a consequence of the specific constitutive assumption (73), and
it is possible to find material models for which the bifurcation condition can
be satisfied when the dead-load is tensile.
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5.3. Comparison with the model in [11]

For the case when the primary deformation is an equi-biaxial extension,
De Tommasi et al. [11] derived a reduced plate model using a different pro-
cedure. Under the additional assumption that the incremental deformation
is polar axisymmetric so that Vv = (Vv)?T, they obtained an equation for
v, which, in our current notation, takes the form

Iy (M) Vdivv + 'y (A)VAdivv = 0, (101)

where

s AED2 h? [ 3\e®?
Di(A) =N +307°% — 70 Iy(\) = o ( WO —X”) :

Under the same assumptions, our equation (94) reduces to

: h? [ \e®}
' (A)Vdivv + 19 ( 2

— A+ >\3) V Adivv = 0. (102)

This is seen to be different from (101), even in the purely mechanical case
when &y = 0. Interestingly, with the use of (91) the above equation can be
rewritten in the form

Ah?
't (A)Vdivy — 12;

V Adivv = 0. (103)

For each fixed nominal stress 7/, the equilibrium equation (91) defines the
electric potential @y as a function of the stretch \. We may refer to its graph
in the (A, ®p)-plane as the loading path. It was observed in [11] that equation
(101) admits a non-trivial solution if I'y/I’; > 0 (which may be replaced by
[’y > 0 since Iy is positive in the domain of interest), and that this inequality
may be satisfied along any loading path with 7 positive. This means that
a bifurcation may take place for all positive values of 7. However, based on
our model equation (103), the above inequality can never be satisfied along
any loading path with positive 7. Therefore, our model excludes the type of
bifurcation identified in [11] when 7 is positive.

6. Further evaluation of the model in [11]

In order to understand why our current model is different from the model
developed in [11], we now analyze the same energy functional as in [11],
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namely,

1 ~ 1 -
M = —u/ (11 - 3) dv — / ta-%dS — ~0,0, (104)
2 B OBy 2

where I; = trB, X is the position vector of a representative particle in the
current configuration B that is perturbed from the finitely deformed configu-
ration B, and Q is the total charge on the upper surface. It is seen that (104)
has the same form as (75) except that the configuration B is now replaced by
B. Thus, the expression (104) is exact under the assumption that the total
energy can be decomposed into a mechanical part given by the neo-Hookean
model and an electric contribution corresponding to constant permittivity.
In [11, 55] the total charge Q is computed according to the approximation

Q= 5/ %da, (105)

where h denotes the plate thickness in the configuration B, and S the upper
surface. We shall adopt this same assumption, but use the full expansion
(40) for u.

Consider an incremental deformation described by the vector function
which is superimposed on the configuration B. The corresponding deforma-
tion gradient tensor, denoted F, relative to the reference configuration B, has
the form

F=(I+L)F, (106)
where we recall that L is the gradient of the incremental displacement vector
u and F is the deformation gradient of the configuration B relative to B,.
Equation (4); gives the corresponding left Cauchy-Green tensor

B=B+BL" + LB +LBL", (107)
which, when combined with (43), becomes
B=B+BLYT 4+ LOB + LOBLOT 4 M;z3 + Mya?2. ... (108)

The M; in the above equation will not appear in our subsequent analysis,
while M, is given by

M, = = (BL@T + L®B + LOBL®T + LOBLOT 4+ 2LWBLWT) .

(109)

N | —
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If the primary deformation is an equi-biaxial extension with stretch A\, we
then have

tr (LYB) = Mdivv+A%as, tr (LOBLOT) = Xt [Vv VvT] + A *a3,

tr (BL®T) = Xdivb+A7%c;, tr (LOBLAT) = Xt [Vv VbT] + A *azcs,

tr (LYBLMT) = A2 Vas]> + A4 [b]%,

where we recall that V is the 2D gradient operator. The expressions of
az and c3 are again obtained from the incompressibility requirement of the
incremental deformation, i.e. det(I + L) = 1. Thus,

1 1
az = —divv + §(divv)2 + §tr (Vv)? + ..., (110)
c3 = —divb + 2b*Vaz + tr (VvVb) + divvdivb + ..., (111)

where details are given in Appendix A.
The expression of the mechanical part of the total energy (104), keeping
the terms quadratic in the incremental displacement, has the form

h{ANT[2(divv)? + tr (Vv)?] + Xt (Vv VvT) )+ 12)\4 { 2bTVdivv
+tr [Vv Vb] + 2divvdivb + A%tr [Vv Vb'] + A°|Vdivv|* + [b[*}.

To expand the third term on the right hand side of (104), we write

1 1 P2 i
—5@8/ Sda=20 Q@da, (112)
2 S h 2h S hda

where da and S are the images of da and S in the configuration B. Using
the incremental deformation tensor and Nanson’s formula we find that

d _
—l4ay, o =[(I+L) el (113)

> S

In Appendix B it is shown that

2
E@ = 14+2divv+2 (d1vv) —tr (Vv)2+% (divb + 3divvdivb + |V divv|2) )

L da
(114)
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Introducing the short-hand notation Us(v,b) to define the quadratic
terms in the energy functional (104) gives

I, = uh/ Us(v,b)da, (115)
s

where

Us(v,b) = X7*[2 (divv)® + tr (VV)2] + Ntr (Vv Vv?h) + {-2b"Vdivv

12X\
+ tr[VvVb] +2divvdivb + Aotr [Vv Vb'| + A°|Vdivv[* + [b|*}

%gmewﬁwmwﬁ+§wwwWMb+meﬁ](nm
To recover the model equation (101), we take b = 0 in (116) to obtain

2
Us(v,0) = X*[2 (divv)® + tr (Vv)z} + Xtr (Vv Vv + il—2)\2|Vdivv|2

=P2 h?
_ 6}1_20 [2 (divv)® — tr (Vv)* + 5 (v divv]Z)} :
The associated Euler-Lagrange equation is
3 3 EPHA h? [(32D3N o
N AV + (3)\ 72 ) Vdivv + o\ a2 — X | VAdivv =0. (117)

Under the further assumption that the incremental deformation is polar axi-
symmetric, see the statement above equation (50) in [11], we have Av =
Vdivv, and the above equation then reduces to (101). Thus, the discrepancy
between our model and the model in [11] is due to the exclusion of b, and
hence ¢3 (since c¢3 = —divb, see (45)), in the expansion of u in [11]. Because
of this exclusion, the two models are different even in the purely mechanical
case when ¢y = 0.

In order to compare with the results derived in Section 4, we substract
from (116) the O(h*) term h2T0a5b5 «/12. Using equation (67) with (48),
(61), (77), (78), (89) and (90), we have
h?

2

h
1ZVT@BBQ = 1ZH[MWU(VVVbT)+(u+fAH§)H(VVVb)

+ 2(p—eX'E})divv divb] . (118)
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Thus, we replace (116) by
Us(v,b) = A7*[2(divv)® + tr (Vv)’] + At (Vv VvT)

h2 T . 6 . 2 2 gq)%
o (—=2b'Vdivv + \°|Vdivv]* + [bf*) — T2

— % [5divvdivb 4 2tr (VvVb) + 3|V divv|?] .

Following the approach in [42], we allow b to vary independently. Then,
setting the variation of II, with respect to b equal to zero gives

7PN ,
b= ( 1 )levv. (120)

If we specialize the above result to the purely mechanical case by setting
®y = 0, we have b = Vdivv. On substituting this expression back into
(119), the reduced expression agrees with (92) under the same assumption.
This provides a partial check on the expansions carried out in the current
section.

However, our analysis in Section 5 shows that the result b = Vdivv is
also valid when electric effects are taken into account. This expression for b is
different from (120). Obviously, the discrepancy is due to the approximation
adopted in (105).

7. Conclusion

Reduced models for plates have enjoyed continued attention in the sci-
ence community and have played an important role in helping us understand
the essential features of plate response without the need to use the fully
three-dimensional elasticity theory. Our current research is motivated by the
observation that there exist very few reduced models for electroelastic plates
and what has been achieved in the purely mechanical case has not yet been
fully extended to the electroelastic case. Our current study provides a first
such extension of the methodology employed by [40, 41, 42, 43], although in
contrast with the purely mechanical case we have chosen not to derive the
associated edge conditions; this is because in practice electrodes are rarely ex-
tended to the plate edge. The power expansion approach has also been used
in the derivation of dynamic plate theories; see [25, 33] for instance. This
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approach is well-tested and, in the pure mechanical case under appropriate
limits, recovers the classical Kirchhoff-Love plate theory.

In contrast, the electroelastic plate model employed by [11, 55] is derived
using a different methodology. It involves two assumptions. Firstly, the ex-
pansion for the incremental displacement is linear in terms of the transverse
coordinate z3; it does not include the quadratic and cubic terms in (40). Sec-
ondly, the total charge that appears in the computation of the total energy
is calculated with the use of the approximate formula (105). The main con-
clusion from our comparison is that the type of bifurcation modes described
by [11, 55] are not predicted by the current model. To shed further light on
the reduced model of [11, 55], we have analyzed the same energy functional
as in [11] but used the full expansion (40) for the displacement. Our analysis
does recover their model under appropriate assumptions, but the associated
Euler-Lagrange equation is still different from the one corresponding to the
model we derived, due to the approximation adopted in (105).
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Appendix
A. Derivation of (110) and (111)

The deformation gradient F relative to the the reference configuration B,
is given in (106). Incompressibility of the incremental deformation requires
that det (I 4+ L) = 1. To evaluate the determinant we use the formula

det (nI — L) = n* — Ii,n* + Ly — Is, (121)

where Iy, Ior, I3, are the principal invariants of L, and n is any scalar. In
particular, taking » = —1 we find that the incompressibility condition may
be written as

1
I+ 3 (IF, —trL?) +--- =0, (122)

where here and hereafter the dots denote cubic and higher order terms that
do not participate in our analysis.
From (43) it follows that

1
I, = trL =divv + a3 + 51:3 (divb+¢3) + ..., (123)

trL? = tr(Vv)? + a3 + 23 [tr (VvVb) + ascs + 2b? Vag] + - - - . (124)

On substituting these expressions into (122) and equating the coefficients of
xJ and 3 to zero, respectively, we obtain

(divv + ag3) {1 + % (divv + ag)} - % [tr (VVv)? +a] =0, (125)

(divb + ¢3) (1 + divv + a3) — tr(VvVb) — azc; — 2b*Vaz = 0. (126)

These two exact equations are equivalent to
1
(divv + a3) — 5 [tr (Vv)* + aj] +--- =0, (127)

and
(divb + ¢3) — tr(VvVb) — aze; — 2b"Vag + - -+ = 0. (128)

Equations (110) and (111) are obtained if a3 is replaced by —divv and c¢3 by
—divb in the quadratic terms since the errors induced are at least cubic.
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B. Derivation of (114)

In (113), Nanson’s formula relates an infinitesimal small area element da
in the current configuration to the corresponding quantity in the configura-
tion B. This requires the inverse of I+ L where I is again the identity and L
the spacial gradient of the incremental displacement vector defined in (43).
We use the decomposition

h h
I+L=K + K =K, (I + §K11K2> , (129)
where
Ki=Ks+(es®e3, Kj+az.es®e,+be,® es, (130)

h? h?
Ki=I—-e3®e3)+Vv+ gbaﬂea ®es, (=1+az+ 5o (131)

The reason for this decomposition is that K; is in block form, therefore the
inverse is simply K;' = K;' + ("les ® es. It follows that

KI_T = KgT +( ez @ ey, K1_Te:3 = ("'es, (132)
KIK;Tes = ('Vas, (KIK;")’e5 = ¢ 'bTK; "Vages. (133)
Thus,
I+ = K T|1-PKIKT i KIK-")*| + O(h?
I+L)" = K 221+4(21)+()a
h h2
I+L) ey = -3 (K3 'Vas + ((1 + ZCQbTKgTVag) es + O(h?).

Note that the two terms in the last expression are mutually orthogonal.
Hence we obtain

- B2 B2 1/2
[@+L) ey = ¢! {1 + 5 ¢ bR Vag + z\KsTWﬂ +O(h*),
and a Taylor expansion then gives

_ h? h?
|(I+L) Teg) =¢t {1 + ZC_leKgTVag + §|K5Tva3|2] + O(h?).

Equation (114) is then obtained from (113) by direct expansion, followed by
the use of (110) and (111) to eliminate ag and cs.
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