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ABSTRACT. Every Hopf-Galois structure on a finite Galois exten-
sion K/k where G = Gal(K/k) corresponds uniquely to a regular
subgroup N < B = Perm(G), normalized by A\(G) < B, in accor-
dance with a theorem of Greither and Pareigis. The resulting Hopf
algebra which acts on K /k is Hy = (K[N])*¢). For a given such
N we consider the Hopf-Galois structure arising from a subgroup
P < N that is also normalized by A\(G). This subgroup gives rise to
a Hopf sub-algebra Hp C Hy with fixed field F = K7, By the
work of Chase and Sweedler, this yields a Hopf-Galois structure
on the extension K/F where the action arises by base changing
Hp to F ® Hp which is an F-Hopf algebra. We examine this
analogy with classical Galois theory, and also examine how the
Hopf-Galois structure on K/F relates to that on K/k. We will
also pay particular attention to how the Greither-Pareigis enumer-
ation/construction of those Hp acting on K/F relates to that of
the Hy which act on K/k. In the process we also examine short
exact sequences of the Hopf algebras which act, whose exactness is
directly tied to the descent theoretic description of these algebras.
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1. INTRODUCTION

A separable extension of fields K/k is Hopf-Galois if there exists
a k-Hopf algebra H (with A : H — H ®; H the co-multiplication,

and e : H — k the co-unit) together with a k-algebra homomorphism
1
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w:H — Endk(K) such that
ZM h(l h(z (),

p(h)(1) = é(h)(l),

where A(h) = 32, hq) ® h), the fixed ring
={z € K|u(h)(z) =e(h)xVh € H}

is precisely k, and the induced map 1#u : K#H — Endy(K) is an
isomorphism of k-algebras. The canonical example of a Hopf-Galois
extension is the case where K/k is Galois with G = Gal(K/k). In
this case, the group ring k|G| acts as linear combinations of auto-
morphisms which, by Dedekind’s linear independence of characters,
yields an action of k|G| on K/k which makes it Hopf-Galois. For ex-
tensions which are normal or not, the determination of which Hopf-
Galois structures that may arise (if any) and how they act are de-
scribed and enumerated using a result of Greither and Pareigis, the
setup of which we outline here.

Let K /k be the normal closure of K/k where G = Gal(K /k) and
G' = Gal(K/K). If S = G/G" (left cosets) then G acts on S via
A1 G < B = Perm(S) where A\(a)(bG') = abG'. One has that KQK =
Map(S, K) where Map(S, K) is the K-algebra of set maps from S to
K with basis e, for s € S which is also a G-set via g(e;) = ej(g)s-
Moreover Map(S, K)/K is an N-Galois extension of rings precisely
for any N which is a regular (transitive and fixed-point free) subgroup
of B. The action of an m € N on an element of Map(S, K) arises
from letting n(e;) = e,s). As such Map(S, K)/K is Hopf-Galois with
respect to the action of K[N]. If N is normalized by \(G) inside B
then one may descend this to get an action of H = (K[N])* on
Map(S, K)N® /K where (K@ K)M® =~ (K)°® K 2 k® K = K and
K€ = [ of course. That is H yields a Hopf-Galois structure on K/k.
Note,

Map(S, K)M® = {Z z)eger | v € K}
gGres
which the reader can verify is a ring isomorphic to K since the e ¢ are
orthogonal idempotents which form the basis of Map(S, K), together
with the fact that K¢ = K. If K/k is already normal then G’ is
trivial, K = K, S = G, A(G) embeds in Perm(S) as the usual left
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regular representation, and

(D K’E{Zg(x)egm"e[(}

geG

where n(ey) = e,y for N < Perm(G).
Whether K /k is normal or not, we have the following.

Theorem: [5, Thm. 2.1] Let K /k be a separable field extension, S
and B as above, then there is a 1-1 correspondence between:

(a) Hopf-Galois structures on K/k
(b) regular subgroups N < B that are normalized by \(G) < B.

An important point to note is that the action of H = (K [N])*©) comes
directly from the choice of regular subgroup, and not on the isomor-
phism class of H as a k-Hopf algebra. Indeed, one can frequently
find regular groups N, M < B, normalized by A\(G), which are iso-
morphic as abstract groups, but (being distinct) give rise to distinct
actions on K/k. Moreover, actions aside, the resulting fixed rings
Hy = (K[N)MS and Hy; = (K[M])*) may be isomorphic as Hopf
algebras. The point is that the correspondence is between regular
subgroups and pairs (H, ) where H is a k-Hopf algebra with a struc-
ture map p: H — Endi(K).

In the Greither-Pareigis framework, the ‘classical‘ action of k|G| on
K/k when G = Gal(K/k) corresponds to the regular subgroup N =
p(G) where p : G — B is the right regular representation, given
by p(g)(x) = zg~'. Since the left and right actions commute, then
H = (K[p(G))ND = KY[p(G)] = k[G]. The point is that the action
of A\(G) in this situation is solely on the coefficients.

One of the interesting features of this theory is that a given exten-
sion K /k may be Hopf-Galois with respect to variety of different Hopf
algebras, including those arising from different (non-isomorphic) reg-
ular subgroups N. This is especially interesting in the case where K /k
is already classically Galois for then it is Hopf-Galois with respect to
k|G] and possibly for other forms of group rings (K [N])M%),

What we shall consider is the Hopf-Galois analogs of the usual facts
from Galois theory about the correspondence between subgroups J <
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G and intermediate fields ' = K7, as well as the correspondence be-
tween (normal) subgroups J < GG and the set of (normal) intermedi-
ate fields. In particular we explore how the Greither-Pareigis theory
applies in these situations. We review some known facts and then
introduce new results. One of the key objectives is to understand the
relationships between the actions of the various regular subgroups of
the different ambient symmetric groups. We shall primarily consider
the case where K/k is already Galois with G = Gal(K/k) and si-
multaneously Hopf-Galois with respect to Hy = (K[N])% for some
regular subgroup N < B where N # p(G). We will also assume
that NV has a normal subgroup P which, under the right conditions,
itself gives rise to a Hopf-Galois structure, much as the way a nor-
mal subgroup of a Galois group does classically. Moreover, since a
normal subgroup P < N gives rise to the exact sequence of groups
1—- P — N — N/P — 1, we wish to consider the corresponding
short exact sequence of Hopf algebras which arise, specifically those
Hopf algebras which act on K /k, K/F, and F/k.

2. FIXED FIELDS IN HOPF-GALOIS EXTENSIONS

Hopf-Galois extensions partially mirror some of the properties of
ordinary Galois extensions. Assume K /k is a (classically) Galois ex-
tension with group G. Every intermediate field £ C F' C K corre-
sponds bijectively to a subgroup J = Gal(K/F) such that K/F is Ga-
lois with group J; furthermore F'/k is Galois if and only if J < G, and
if so, Gal(F/k) = G/J. For Hopf-Galois extensions, the correspon-
dence is given as follows (including the broader case where K /k is
not classically Galois), which is a synthesis of two related statements.

Theorem 2.1:[1, Thm. 7.6] and [5, Thm. 5.1]. If K/k is Hopf-Galois
with respect to a k-Hopf algebra H then there is a map
Fix : {k Hopf sub-algebras H' C H} — {intermediate fields k C F C K}
where

F=Fix(H) = K" ={z € K| u(h)(z) = e(h)x Yh € H'}

is the fixed field with respect to H'. This correspondence is injective and
inclusion reversing. Moreover, ' ® H' acts on K/F to make it Hopf-
Galois.
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For separable extensions, the Hopf algebras which arise are forms
of group rings, which provides a fairly straightforward way of un-
derstanding what Hopf sub-algebras may appear. If i’ C H where
K ® H = K|N] then K ® H' is a K-Hopf sub-algebra of K[N]. But
being a Hopf sub-algebra of a group-ring one has, by for example [9,
Prop. 2.1], or Exercise 2.1.25 in Radford [7], that K ® H’ must be
of the form K[P] for some P < N. However, in order that H' =
Hp = (K[P))* be a sub-Hopf algebra of H = Hy = (K[N])*“ one
must have that P be normalized by A\(G). This is summarized in the
following, which paraphrases a number of statements in [5] adapted
to the case considered here where we are assuming K /k is classically
Galois. (i.e. K = K)

Proposition 2.2:[5, Thm. 5.2 and Lemma p. 256] The Hopf sub-
algebras of (K[N])® correspond to subgroups of N that are stabilized
by p, for all g € G where {p, | g € G} is the cocycles of automorphisms
coming from conjugation by each g € G. That is, a given P < N
gives rise to a Hopf sub-algebra Hp = (K[P)))¥ if and only if \(G) <
Normpg(P).

As such, if P < N where N is regular, and where both are normal-
ized by \(G) then Hy = (K[N])M% yields a Hopf-Galois structure on
K /k, and similarly Hp = (K[P])M% is such that FF® Hp yields a Hopf
Galois structure on K/F where F = K,

Now, since F' is an intermediate field between K and k, then F' =
K the fixed field of some subgroup J < G where Gal(K/F) = J.
A natural question to ask is, since K/F is Galois with group J and
acted on by I’ ® Hp then how does it fit within the Greither-Pareigis
framework? Since F'® Hp acts on K/F then it too should be a form
of a group ring over F, namely F[P]. As observed by Crespo et al.
in [8, Prop. 8], one has F ® Hp = (K[P])*Y) with the implication
that the embedding of J in Perm(/) normalizes a regular subgroup
of Perm(.J) isomorphic to P which is certainly very natural.

Recall that a regular subgroup of B is one which is transitive and
fixed-point free. As such, any subgroup of it will be fixed-point free,
and such a subgroup is termed semi-regular. Note that regularity
of N < B can be defined as the property that N acts fixed-point
freely and that |N| = |G|. In this section we will explore the relation-
ship between P as a semi-regular subgroup of the regular subgroup
N < Perm(G) and P viewed as a regular subgroup of Perm(.J). In
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particular, we shall look at how the action of P < Perm(G)on J < G
induces very naturally an embedding of P < Perm(.J), as alluded to
in [8, Prop. 8] mentioned above. One of our tasks will be to relate
these regular and semi-regular subgroups, with a view toward quan-
tifying the action(s) that induce a Hopf-Galois structure on F'/k in the
event that P < N. Finally, the normality will also allow us to look at
short exact sequences of Hopf algebras arising from actions on K/,
K/F and F/k.

2.1. From subgroups of N to subgroups of G. We begin with a
question that has not yet been explored in the literature but which
is in the background. How does P, giving rise to F' = K7  in turn
give rise to that unique J < G where ' = K”’. We start with another
variant of the Fix map, based on the equivalence

{subfields F' |k C F' C K} +» {subgroups J < G}

and examine the injective mapping from subgroups of P < N nor-
malized by A(G) to the set of subgroups J < G due to the fact that P
gives rise to ' = K7 = K/ for exactly one J < G.

K

AN

G|N F

/

k

The correspondence P +— J is a bit mysterious, but we can show
(combinatorially) how J arises from P. Also, since we wish to ex-
plore the possibility of putting a Hopf-Galois structure on F'/k, then,
following the analogy with ordinary Galois theory, we will ultimately
restrict our attention to those P that are normal in N. This will be
necessary in order to construct a form of the group ring k[N/P] that
will act on F'/k. However, initially we shall look at how .J arises from
those P normalized by A\(G).

As mentioned K /k is a Galois extension with G = Gal(K/k) which
is also Hopf-Galois with respect to the action of Hy = (K[N])*®)
where N < B = Perm(G) is a regular subgroup, that is normalized
by A(G). Since F is an intermediate field between K and k£ we have
F = K’ for J a subgroup of G. To determine .J from P we shall
consider, in some depth, the action of Hy and Hp on the copy of K
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embedded in Map(G, K'), namely
K={) glw)e, |z €K}
geG
mentioned above.
For h € Hyonehash =} _\cn-nwherec, € Kandm € N
where y(¢p) = Cr(y)mar(y)-— forall v € G, since h is fixed by all of A\(G).

Since N acts on G, it is useful to consider certain ’slices’ of N x GG that
arise from this action. We define

Znie=1{(m,g) € N x G| m(g) =t}

for each t € G. The element h of Hy acts on a typical element of K
as follows

WS g = S e (zg<x>em<g>)

geqG meN geqG

=> > cng(@)em)

geG meN

:Z Z cmg() | €

teG (m,g)EZNyt
= Z 9(y)eg
geG

for some y € K. This implies that

ty) = D cngl®)

(mvg)EZN,t
for all t € G, in particular for ¢t = i (the identity) which means

Yy = Z cmg ()

(mvg)EZMLG

= Z cmm (ig) ()

meN

by regularity of the action of N on GG. Now, since K/k is Hopf-Galois
with respect to Hy then Fix(Hy) = K~ which are those elements

z € K such that
h(x) =e(h)z = () en)x

meN
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which, since {m~!(i¢) | m € N} = G, is precisely the field % since
K¢ = k. Similarly, for Hp we have F = K%, Now, Hp C Hy in
a natural way since P < N, in particular those h € Hy of the form
> qep g g where y(dy) = dy)gry)-1 for all v € G. For these elements
of Hp we have, for x € K, that

h(z) = h(z g(x)eg) = qu <Z g(x)eq(g)>

9€G qeP geG

:Z Z dy(z) | e

teG \(¢,9)€Zp,

=Y dyg 7 (ic)(x)

qeP

and since P is a subgroup of the regular permutation group N, it is
semi-regular. As such, |{¢"'(i¢) | ¢ € P}| = |P|. Also z € K7 if

W) = - dog i) (@) = e(h)a = (3 dy)a
qeEP qeP
and since F = K*!” is an intermediate field, then F = K’ for some
J < G where |J| = dimy(Hp) = |P|. We can relate J to P by con-
sidering the action of an element which is guaranteed to lie in Hp,
namely h = > _,1-q. For x € F one has h(z) = | P|x which implies
that

qeP

S (i) (@) = | Pl

qeP

= |J]x

where {¢7!(i¢) | ¢ € P} is some subset of G. What we wish to show
is that this subset is precisely J. To show this we use the following
(somewhat more general statement) which seems standard, but no
reference could be found.

Proposition 2.3: For G = Gal(K/k) with F = K" for J < G as above,
if S={o1,...,0,} C G such that

Z oi(z) =rz

i=1
forall x € F, then S C J.
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Proof. The key to the proof is to show that if the sum of the elements
of S acts like a scalar multiple of the identity on F, then all o, €
S are actually elements of J. So let’s assume that for each z € F
one has o;(z) = « + 0,,. Since Y_;_, 0;(z) = rz then we must have
> i1 0. = 0. If we use the fact that each o, is an automorphism of K
(in particular that it is multiplicative), and if we assume }_/_, 0., = 0
for j =1...n — 1 for each n then

T

ro’ = Z oi(z™)
i=1
T

= (z+6,)"

=1

= Zr: Zn: <7’L) xjé;;j
i—1 j=0 \/

= z": z’": <n) 2o’
=0 i=1

j=0 i=1

T
— n n
= E 5&@' +rz
i=1

which means 7 , 67, = 0. To complete the proof we invoke the
Newton-Girard formule which, stated formally as [3, Thm. 8 - Ch. 7]
are that (over a field containing QQ) the ring of symmetric functions
in r variables ti,...,t, is generated by the power sum polynomials
>oi_,th. Thus, for any x € F if we let f(z) = (z — 051) -+ (2 — 0uy)
then the coefficients of every term of f(z) of degree lower than r
must be zero. That is, f(z) = 2" so all its roots, namely the ¢, ;, are
identically zero. As such, o;(x) = x forallz € Ffori=1,...,r so
that each o; € J. O

We use this now to show how .J corresponds to P.

Theorem 2.4: For K/k with G = Gal(K/k) and N, P and F = K
as above, {q¢'(ig) | g € P} = J.
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Proof. As seen above, for x € F one has ) _,q '(i¢)(x) = [J|z
where {¢7'(i¢) | ¢ € P} C G. By Prop. 2.3 above this set must
consist of elements of J and since |P| = | J| this set is exactly J. [

We will need the following in the next section.

Corollary 2.5: Given N, P, G and J as above, for g € G, Orbp(g) =
{q(g9) | ¢ € P} = gJ, the left coset of g in J.

Proof. Since G normalizes P then A\(g)"'P\(g) = P and by Thm. 2.4
above, Orbp(ic) = J which implies

J={M9)"aMg)ic) | ¢ € P} = {g7"al9) | ¢ € P}
and so left multiplying both sides by g yields the result. O

Now, given that sub-Hopf algebras of Hy correspond injectively to
intermediate fields £k € F' C K, which, in turn, corresponds bijec-
tively to subgroups of J < G, we also have

Corollary 2.6: The correspondence
{subgroups of N normalized by \(G)} N {subgroups of G}

given by V(P) = Orbp(ig) is injective where the subset Orby ) (ic) is
the subgroup corresponding to the Galois group of K/K*Hr.

This is intriguing in that we know that P must correspond to J =
Gal(K/K"r), but the precise relationship (as subgroups of Perm(G))
between P and A(J) is still a bit mysterious. Of course, V(ey) = {ig}
and ¥(N) = G but when looking at different specific examples by
hand or using GAP [4], it does not seem that one can recover J in
any kind of obvious way from P as say a normalizer or centralizer of
something in Perm(G). Rather the correspondence here is seemingly
based on purely combinatorial considerations, namely that the ele-
ments of P must give rise to a bijection (at the level of sets) from J
to itself within Perm(G). This will be of key importance in examining
the relationship between the actions of A\(G) and A(J) as compared to
the actions of N and P, in particular the role that P being normal in
N plays, as well as the differences that arise when J < G versus when
it isn’t.

At this stage, there are two natural questions to ask. Is ¥ onto,
and for each such P < N, is ¥(P) = P? From computations done
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using GAP in degree 42, based on the second author’s work in [6],
the answer to both question is no. The 6 groups of order 42 are Cj,,
C7 x Ds, (C7 x C3) x Cy, C3 X D7, Doy, and (C7 x C3) x Cs. One of
the reasons for looking at this class of examples is that they are well
understood, and also, since 42 is the product of three primes, there is
a lot more variety in the number of isomorphism classes of subgroups.
The distribution of N for each G (where the column entries are G and
the rows are the number of N of the given isomorphism class) are
summarized below, where we show (in {}) how many of the given N
give rise to ¥ which are onto.

G \L \N — 042 07 X D3 02 X (07 X Cg) Cg X D7 Dgl (07 X Cg) X 02
Cr 1{1} | 241} 4{2} 2{1} | 4{1} 4{2}
CrxD; | 3{0y | 200} 0 6{0} [4{1} 0
Oy % (Cr % C5) | 7{0} | 14 {0} 16 {1) 4 {0} [28 {0} 28 {0}
Cyx Dr | 7{0} | 14{0} 53 {01 51} | 411} 53 10}
Dar 21 {0} | 14 {0} 0 6{0}y |4{1} 0
(C7 % Ca) % Oy | 710} | 14 {0} 28 {0} 14 {0} |28 {0} 16 {1}

For N = p(G) we have that every subgroup of N is normalized
by A\(G) since p(G) and A\(G) centralize each other. In this case V¥ is
trivially onto, and the above table shows that frequently ¥ is onto
only for N = p(G). Other than the fact that |P| = |V (P)|, the groups
P and J can be in different isomorphism classes. For example, when
G = Oy there is an N = Cy x D; with P < N where P = (), but
U(P) = Dy. In the final section we shall summarize more information
about the degree 42 cases.

2.2. Semi-regular subgroups and orbits. As mentioned above, P <
N < Perm(G), normalized by A\(G) < B gives rise to J = U(P)
where, since N is regular, we have that P is semi-regular but not
transitive. Moreover, we also have that A\(J) < A(G) < Perm(G) also
normalizes P. And, as also mentioned earlier, FF ® Hp = (K[P])*)
due to the fact K/F is Hopf-Galois with respect to the action of a
copy of P embedded as a regular subgroup of Perm(J) normalized
by A(J) < Perm(J). These two views are tied together by Thm. 2.4
which implies that P < Perm(G) restricted to J yields this afore-
mentioned regular subgroup of Perm(.J). The virtue of this is that
it mirrors the fact that A\(G) restricted to J is naturally equal to
A(J) < Perm(J). In order to construct a Hopf-Galois structure on
F/k we shall assume from this point onward that P < N. What this
yields for us is a way to view \(G), A(G)/A(J) (if J < G), and N/P
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as subgroups of a fixed Perm/(5) for a specifically chosen set S, where
N/ P acts regularly and A\(G)/\(J) normalizes this regular subgroup.
This will lead naturally to a Hopf-Galois structure on F'/k with asso-
ciated group N/P. If J is not a normal subgroup then we can still
construct a Hopf-Galois structure on F'/k corresponding to N/P but
the argument will be somewhat different.

We start by establishing some additional notation, namely

K :F)= |J] = |P|=p
o [F:k|=[G:J]=[N:Pl=m
o [K:k]=|N|=|Gl=mp=n

where p is not necessarily a prime. Our first step is to find this com-
mon set on which N/P and G/J both act. Again, we shall initially
assume that J <G and later on relax this condition. However, we will
choose the sets/actions so that in the non-normal case, we won’t have
to modify the arguments that much. With Cor. 2.5 in mind, together
with the fact that G acts naturally on the left cosets of J in GG, even if
J is not normal in GG, we have

G=gJUgJU---Ugpyl,

where {¢, ..., g, } are a transversal of J in G, where we may assume
g1 = ig. We start with the following basic fact.

Lemma 2.7: For G, J, N and P as above, the quotient groups A\(G)/\(J)
and N/ P act on the cosets {g1J, . .., gmJ } as regular permutation groups.

Proof. We start by observing that A\(G) acts transitively on {g¢;J} due
to A\(G) being regular, hence transitive on G itself. Similarly, since
J < G then A\(G)/A(J) also acts transitively on {g;J} since given g;.J
and g;J, then for h € J,

Mgigi 'h)(gi]) = g;9; ' hgi
= g;9; "g:h'J for some ' € J by normality
=g;J
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and since |G/.J| = m then this transitive action of \(G)/\(.J) is regu-
lar. If m € N then by Cor. 2.5

n(gJ) = {n(a(9)) | ¢ € P}
={q(n(g)) | ¢ € P} since P« G

=n(g)J

which means NV operates transitively on the cosets, so that N/P acts
transitively and therefore regularly since [N : P] = [G : J]. O

Before proceeding further it is worth noting how the normality of
the given subgroups J and P strongly impacts the choice of object on
which both A\(G)/A(J) and N/P act. By itself, \(.J) gives rise to orbits
which are precisely the right cosets of J in GG, and, as seen above, the
orbits of P on G are precisely the left cosets of J in G. When J is
normal in G these coincide of course, but if J is not normal in G then
G would still act naturally on its left cosets, i.e. the orbits of P. Note
also, in the second half of the above proof that the transitivity of the
action of NV on the orbits of P uses the normality of P in N. This is
partly why we require that P < N but allow for the possibility of .J not
being normal in G. The fact that N and P are normalized by \(G)
yields the following.

Theorem 2.8: For \(J)<A(G) and P< N as above, A\(G)/\(J) normal-
izes N/ P as a subgroup of Perm({g;J}).

Proof Letm € N,q € P,v € G, hy, hy € J and consider \(yhi)ng\(ythy) €
(A(~J)(nP)(X\(y~'J)) and observe that

M) ngA (v~ ha) gi ] = A(yha)ngly ™ hagiJ]
= AMyh1)ng[y 'g;J] since J <G
(vhi)[n
(7)hal
(

(y'g;)J] since P acts trivially on {g;.J}

v)hy n(v 'g:)J)]

)
Y)[n(v '¢:)J] again since J < G
(

= [yn(v"g:)J].

A
A
A

The last set above is therefore A\(y)nA(y~!)P[g;J]. That is
Ay J)(nP)A(y ™) = A()nA(y )P € N/ P
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describes the action of A(G)/A(J) on N/P in Perm({g;J}). O

We can now prove the following.

Theorem 2.9: The extension F'/k is Hopf-Galois with respect to the
Hopf algebra Hy, p = (F[N/P)NOD/A),

Proof. By Lemma 2.7 A\(G)/\(J) and N/P acton {g;J} (which are the
cosets of J in ) where N/P is a regular subgroup of Perm({g;/}).
This implies that Map(G/J, F')/F is Galois with respect to N/P and
therefore that

(Map(G/J, F)¢/7 JFG7 s F/k

is Galois with respect to N/P as well. As such by Thm. 2.8, Hy,p acts
on F'/k to make it Hopf-Galois O

2.3. J not normal in G. What happens when J is not normal in
G? Even though we assume P < N, there is no reason to expect that
J = ¥(P) given in Cor. 2.6 is normal in GG. Using GAP we generated
the following example in degree 24:

G = {((1,2)(3,13)(4,8)(5,7)(6,9)(10,21)(11, 20)(12, 16)(14, 18) (15, 17)(19, 24)(22, 23),
(1,3,9)(2,6,13)(4,11,23)(5,19, 17)(7, 15, 24)(8, 22, 20)(10, 18, 12)(14, 21, 16),
(1,4)(2,7)(3,10)(5,12)(6, 14)(8, 16)(9, 17)(11, 19)(13, 20) (15, 22) (18, 23) (21, 24)
(1,5)(2,8)(3,11)(4,12)(6,15)(7,16)(9, 18)(10, 19)(13, 21) (14, 22)(17, 23)(20, 24))
= S,

Then N = ((1,6,9,2,3,13)(4,15,23,7,11,24)(5,22,17,8,19,20)(10, 21, 12, 14, 18, 16),
(1,9,3)(2,13,6)(4,23,11)(5,17,19)(7, 24, 15)(8, 20, 22)(10, 12, 18)(14, 16, 21),
(1,4)(2,7)(3,10)(5,12)(6, 14)(8, 16)(9, 17)(11, 19)(13, 20)(15, 22)(18, 23) (21, 24),
(1,12)(2,16)(3,19)(4, 5)(6,22)(7,8)(9, 23)(10, 11)(13,24) (14, 15)(17, 18)(20, 21))
= A, x Cy

is regular and normalized by G, and N has a normal subgroup P
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which is also normalized by G, but G has no normal subgroups of or-
der 8. Now, working with this G < S5, as opposed to A(G) < Perm(G)
it is not so easy to directly apply Cor. 2.6 to get J = Orbp(ic). How-
ever, one can show that G above (being isomorphic to S,;) contains
only three subgroups of order 8, all isomorphic to D,. If we make the
identification 1 <+ i then we can infer which is the J = ¥(P). To see
this, one first observes that P gives rise to the following orbits

{1,2,4,5,7,8,12, 16}

{3,6,10,11, 14, 15,19, 22}

{9,13,17, 18,20, 21, 23,24}

and for the three subgroups of order 8, J;, J; and J; we have orbits

Ji — {1,2,4,5,7,8,12,16}, {3,10, 11, 13, 19, 20, 21, 24}, {6,9, 14, 15,17, 18, 22, 23}
Jo — {1,4,5,6,12,14, 15,22}, {2,3,7,8,23,10, 11, 16, 19}, {9, 13,17, 18, 20, 21, 24}
Js — {1,4,5,12,13,20, 21,24}, {2,7,8,9, 16,17, 18,23}, {3,6, 10, 11, 14, 15, 19, 22}

which, again identifying 1 with i implies that J; = V¥(P) since the
orbit containing 1 that matches [1,2,4,5,7,8, 12, 16] is that belonging
to J; above. What one also notices is that the other two orbits

{3,10,11,13,19, 20,21, 24} and {6,9, 14, 15,17, 18, 22, 23}
do not match
{3,6,10,11,14,15,19,22} and {9, 13,17, 18, 20, 21, 23, 24}

above arising from P, which is, of course, due to the fact that the
orbits of J (resp. P) are the right (resp. left) cosets of J in G.

The case where J is non normal in G synchronizes naturally with
the initial setup of Greither-Pareigis as mentioned earlier. They start
with a non-Galois extension and then look to the normal closure of
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this extension in order to construct a Hopf-Galois structure if possi-
ble on the original extension. In the case where J is not normal in
G, the extension F'/k is not classically Galois of course, but we will
show that it is Hopf-Galois, which begins by looking to its normal
closure. The normal closure F'/k has as its Galois group G/ where
I =NyeggJg™", and clearly F C K as diagrammed below.

Looking back at the basic setup in [5], principally [5, Lemma 1.1
and Lemma 1.2] we have that S (the quotient of the respective Ga-
lois groups) is going to be (G/I)/(J/I). This quotient of quotients
looks formidable, but there is a natural identification of it with G/.J
where, of course, |G/J| = |N/P| = [F : k]. Following this de-
velopment further leads to the question of finding a regular sub-
group @ < Perm(S) which leads to an action making Map(S, F)/F
Hopf-Galois with respect to F[Q]. If Q is normalized by \(G)/\(I)
then Map(S, F)M@/M) /FG/T (i.e. F/k) is Hopf-Galois with respect to
(F[Q])“/’. However, we can replace I with any field which contains
it, most naturally K since Gal(K/k) maps onto Gal(E/k). Indeed, if
I is trivial then F' = K. Therefore we look for regular Q < Perm(S)
normalized by \(G) giving rise to Hg = (K[Q])*). We may thereby
dispense with the need to worry about [ at all since (as indicated
earlier) S can be identified with the (set) G/J.

By Lemma 2.7 we have that N/P acts regularly, and G acts (transi-
tively) on S = {g¢;J}. The only question is whether the analog of Thm.
2.8 holds for the action of G on N/P within Perm(S). The answer is
yes by simply setting h; = i¢ and hy = ig in A(vhy) and A(y~thy)
in the proof. This yields the action A\(7)(nP)A(y)™' = A(y)nA(y) 1P,
so that, indeed, \(G) normalizes N/P in Perm(S) which yields the
following variation on Thm. 2.9.
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Theorem 2.10: The extension F'/k is Hopf-Galois with respect to the
Hopf algebra Hy/p = (K[N/P))M% where A\(G) < Perm(9).

3. SHORT EXACT SEQUENCES

As seen above, the analysis of how to construct Hopf-Galois struc-
tures on intermediate fields is dependent on when the relevant sub-
groups, P and J = ¥(P) are normal or not. One basic consequence of
normality at the level of groups is the existence of an exact sequence.
Such an exact sequence gives rise to a sequence of group rings, which
are Hopf algebras. We consider these sequences, as well as those cor-
responding to the fixed rings which are the Hopf-algebras which act
on the different intermediate fields.

In ordinary Galois theory, if K /k is Galois with J < G := Gal(K /k)
then K’ /k is Galois with group G'/.J. One has an exact sequence of
groups

1 J—->G—->G/J—=1

where, since J < G, then by [2, Prop 4.14], the induced Hopf-algebra
maps k[J| — k[G] (resp. k[G] — Kk[G/J]) are normal (resp. co-
normal). As such,

k — k[J] = k[G] — K|G/J]| = k

is a short exact sequence of k-Hopf algebras.

But in terms of the actions on the relevant (intermediate) fields,
these are not exactly the Hopf algebras that act to make the given
field extensions Hopf-Galois. If we look at the Hopf-Galois actions
induced by the Galois groups J, GG, and GG/J then the Hopf algebras
are group rings

K /K7 is acted on by (K |[p(J)])*)) = K7[J]
where p(J), A(J) < Perm(J)

K /k is acted on by (K [p(G)])N? = k[G]

K7 /k is acted on by (K7 [p(G /)M = k]G /]
where \(G/J), p(G/J) < Perm(G/J)
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The latter two Hopf algebras are defined over k& but the first is not,
which is not unexpected since it is acting with respect to the ground
field K7.

Since p(J) is normalized by p(G) and \(G) then (K [p(J)])M%) is a
Hopf sub-algebra of (K [p(G)]))M% by [1, Thm. 7.6], and

(Ko = K7 @ (K[p(2)©

Part of the simplicity of the classical case above is that the Hopf-
Algebras are group rings. For K/k Hopf-Galois under the action of
Hy = (K[N])M%), where N is a regular subgroup of Perm(G) nor-
malized by A\(G), we would like to consider P< N, also normalized by
A(G) and the Hopf-Galois structures arising from P and N/P. Since
P is normalized by N, then, as discussed earlier Hp = (K[P))M% is a
k-sub-Hopf algebra of Hy = (K[N])*“) which fixes a subfield F, and
that ' ® Hp acts to make K /F Hopf-Galois, and by Thm. 2.9 F/k is
Hopf-Galois with respect to Hy/p = (F[N/P])N9/AJ) - As such, we
have the following.

Theorem 3.1: The following sequence of Hopf-algebras

L= (K[PD' — (KIN)NO) — (FIN/P)OPD 1

is exact.

Proof. The reason this is exact is that we can rewrite the last term
(F[N/P]))‘(G)/A(J) as

( (K[N/P]))‘(J) ))‘(G)/A( ( [N/P])A(G
—

descend from K to F

descend from F to k

since (K[N/P])*”) = F[N/P] due to \(J) acting trivially on N/P as
one can see from the proof of Thm. 2.8. So in the second row below

1

[P K[N] K[N/P]|
AG) l A(G) l

(K HW—%%WW@—ﬂMM%Wbel
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exactness is due to faithful flatness. That is, the upper row being
exact implies that the lower row, consisting of the fixed rings, under
the action of \(G), is exact. O

Note, unsurprisingly, that by Thm. 2.10 (K[N/P)N® is exactly
the Hopf algebra which acts on F'//k when J is not normal in G. Of
course, in that setting G/J does not act on F'/k since each coset rep-
resentative corresponds to a different conjugate field of F.

4. EXAMPLES

We conclude with a set of examples whose definition partly ex-
plains the notational choices for the sizes of the relevant groups given
earlier. The condition that P <« N is, in itself, not a rare one at all.
However, the requirement that P be normalized by GG as well is much
more stringent.

One class of examples where this is automatic are those subgroups
P which are characteristic in N. Being characteristic is a feature of
certain classes of subgroups, for example centers, Frattini subgroups,
commutators etc.

Another more basic condition is uniqueness based on order con-
siderations. Specifically suppose |G| = |N| = mp where p is prime,
gcd(p,m) = 1, and the Sylow p-subgroup is unique, such as when
p > m. In this situation the Sylow p-subgroup is characteristic, and
moreover J = W(P) must therefore be the similarly unique Sylow p-
subgroup of GG as well. As such, J<G and therefore F'/k is Galois with
respect to G/.J and Hopf-Galois with respect to (F[N/P])M&/A),

We include below tables for the 6 groups of order 42 mentioned
above, Cy x (C7 x C3), C3 x Dy, Cya, (C7 x C3) x Cy, C7 x D3, and
Dy, where p = 7 and m = 6. In these tables below, we restrict to
those P normal in N. We denote by [N] the isomorphism class of
N, and similarly [P] and [J], and where the first column is the num-
ber of such triples ([NV], [P], [/]) for the given G, and the last column
indicates whether J was normal in G or |I| = [K : F] if not. One
point to reiterate is that for each P, the group J = ¥(P) need not be
isomorphic to P.
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G = Dy
#N [N] [P] | [/] | / normal in G or not
6 C3 X D7 Cgl 021 J<d
6 03 X D7 03 Cg J<aG
6 03 X D7 07 07 J<aG
6 C3 X D7 D7 D7 |I‘ =7
21 C42 Cl4 D7 |I‘ - 7
21 042 021 021 J<aG
21 Cha Cy | Oy |I| =1
21 C42 C3 Cg J <G
21 C42 C6 D3 |I‘ =3
21 C42 C7 C7 J <G
14 07 X Ds 021 021 J<G
14 07 X Dg 03 Cg J<aG
14 C7 X D3 C7 C7 J <G
14 C7 X D3 D3 D3 |I‘ =3
4 D21 021 021 J<aG
4 D21 03 Cg J<aG
4 D21 C7 C7 J <G
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GgCQX(C7><|Cg)

#N [N] [P] [J] J normal in GG or not
16 CQ X (C7 X Cg) 014 014 J<G
16 Cg X (07 X Cg) CQ Cg J<aG
16 CQX(C7><|03) C7>403 C7><|03 J<aG
16 CQ X (C7 X Cg) C7 C7 J<G
14 Cg X D7 021 C7 X C3 J <G
14 Cg X D7 Cg Cg |]| =1
14 Cg X D7 07 07 J <G
14 Cg X D7 D7 014 J<aG
7 C42 014 014 J<d
7 C42 021 C7 X C3 J<d
7 042 CQ Cg J<aG
7 Clyo Cs Cs |[| =1
7 Cyo Cﬁ Cﬁ u| =2
7 C42 C7 C7 J <G
28 (C7>403)><|02 C7>403 C7><|03 J<aG
28 (07 X Cg) X CQ 07 07 J<aG
28 (C7 X C3) X Cg D7 014 J<aG
14 C7 X D3 021 C7 X C3 J <G
14 07 X Dg Cg Cg |]| =1
14 07 X Dg 07 07 J <G
14 C7XD3 D3 C() |]| =2
28 Dgl 021 C7 X C3 J <G
28 D21 Cg C3 ‘[| = 1
28 D21 07 07 J<aG
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G = 03 X D7
#N [N] [P] [/] | J normal in G or not
28 CQ X (C7 X Cg) 014 D7 J<aG
28 Cg X (07 X Cg) CQ 02 |]| =1
28 Cg X (07 X Cg) 07 X Cg 021 J<G
28 CQ X (C7 X Cg) C7 C7 J<G
2 Cg X D7 021 021 J<d
2 Cg X D7 Cg Cg J<G
2 Cg X D7 07 07 J<G
2 Cg X D7 D7 D7 J<aG
7 C42 014 D7 J<d
7 C42 021 021 J<d
7 042 CQ CQ |]| =1
7 042 Cg Cg J<G
7 C42 Cﬁ Cﬁ ‘]| =3
7 C42 C7 C7 J<G
28 (07 X Cg) X CQ 07 X Cg 021 J<G
28 (07 X Cg) X CQ 07 07 JaG
28 (C7 X C3) X Cg D7 D7 J<aG
14 C7 X D3 021 021 J<d
14 C7 X D3 Cg Cg J<G
14 07 X Dg 07 07 J<G
14 C7XD3 D3 06 |]| =3
4 D21 021 021 J<d
4 D21 Cg Cg J<G
4 D21 07 07 J<G
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G=Cyp

#N [N] [P] [/] | J normal in G or not
4 CQ X (C7 X Cg) 014 014 J<d
4 Cg X (07 X Cg) CQ CQ J<G
4 Cg X (07 X Cg) 07 X Cg 021 J<G
4 CQ X (C7 X Cg) C7 C7 J<G
2 Cg X D7 021 021 J<d
2 Cg X D7 Cg Cg J<G
2 Cg X D7 07 07 J<G
2 Cg X D7 D7 014 J<aG
1 C42 014 014 J<d
1 C42 021 021 J<d
1 042 CQ CQ J<G
1 042 Cg Cg J<G
1 C42 Cﬁ Cﬁ J<G
1 C42 C7 C7 J<G
4 (07 X Cg) X 02 07 X Cg 021 J<G
4 (07 X Cg) X CQ 07 07 J<G
4 (C7 X C3) X Cg D7 014 J<G
2 C7 X D3 021 021 J<d
2 C7 X D3 Cg Cg J<G
2 07 X Dg 07 07 J<G
2 07 X Ds D5 06 JaG
4 D21 021 021 J<d
4 D21 Cg Cg J<G
4 D21 07 07 J<G
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Gg(07>403)><|02

#N [N] [P] [J] J normal in GG or not
28 CQ X (C7 X Cg) 014 D7 J<aG
28 Cg X (07 X Cg) CQ Cg |]| =1
28 CQX(C7><|03) C7>403 C7><|03 J<aG
28 CQ X (C7 X Cg) C7 C7 J<G
14 Cg X D7 021 C7 X C3 J <G
14 Cg X D7 Cg Cg |]| =1
14 Cg X D7 07 07 J <G
14 Cg X D7 D7 D7 J<aG
7 C42 014 D7 J<d
7 C42 021 C7 X C3 J<d
7 042 CQ Cg |]| =1
7 042 Cg 03 |]| =1
7 C42 CG Cﬁ ‘]| =1
7 C42 C7 C7 J <G
16 (C7>403)><|02 C7>403 C7><|03 J<aG
16 (07 X Cg) X CQ 07 07 J<aG
16 (C7 X C3) X Cg D7 D7 J<aG
14 C7 X D3 021 C7 X C3 J <G
14 07 X Dg Cg Cg |]| =1
14 07 X Dg 07 07 J <G
14 07 X D3 D3 C() |]| =1
28 Dgl 021 C7 X C3 J <G
28 D21 Cg C3 ‘[| = 1
28 D21 07 07 J<aG
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G = 07 X D3
#N [N] [P] | [/] | / normal in G or not
6 Cg X D7 Cgl 021 J<d
6 Cg X D7 Cg Cg J<aG
6 Cg X D7 07 07 J<aG
6 Cg X D7 D7 014 |I‘ =7
3 Clz Cia | Cia I|=7
3 042 021 021 J<aG
3 Chs Cy | Oy |I| =1
3 C42 C3 Cg J <G
3 C42 C6 D3 J <G
3 C42 C7 C7 J <G
2 07 X D3 021 021 J<aG
2 07 X D3 Cg Cg J<aG
2 C7 X D3 C7 C7 J <G
2 C7 X D3 D3 D3 J<G
4 D21 021 021 J<aG
4 D21 Cg Cg J<aG
4 D21 C7 C7 J <G
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