Small amplitude waves in a pre-stressed compressible elas-
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Abstract. We address the problem of wave propagation in a pre-stressed elastic layer with mixed
boundary conditions, the layer having one fixed the one free face. Numerical analysis provides a
good initial insight into the influence of these boundary conditions on dispersion characteristics. In
the long wave regime, there is clearly no evidence of low frequency motion and thus an absence of
any long wave fundamental mode-like features. In the short wave regime however, the dispersion
relations does show evidence of low frequency dispersion phenomena. The first harmonic’s short
wave phase speed limit is shown to be distinct from that of all other harmonics; this coincides
with the associated Rayleigh surface wave speed. The short wave analysis is completed with the
derivation of approximate solutions for the higher harmonics. Asymptotic long wave approximations
of the dispersion relation are then obtained for motion within the vicinity of the thickness stretch
and thickness shear resonance frequencies. These approximations are required to obtain the relative
asymptotic orders of the displacement components for frequencies within the vicinity of either the
shear or stretch resonance frequencies. This enables an analogue of the asymptotic stress-strain-
stain to be established through asymptotic integration.
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1. Introduction

Considerable research effort in recent years has been devoted to elucidating the dynamic response and
dispersion characteristics of layered elastic media. The need for such understanding arises through the
increasingly exacting demands placed upon structural layered components. One particularly impor-
tant area of application is the aerospace industry. In addition to this, we remark that multi-layered
structures also occur naturally, in some widely differing scenarios. As a specific example, we remark
that a layer of coal which is often modelled as a soft elastic layer sandwiched between two much stiffer
layers, see [1]. Also, from a mechanical viewpoint, a human artery can be modelled as a three-layered
cylindrical structure, see [2].

In this present paper, we aim to contribute to current understanding of layered media, by in-
vestigating the dynamic properties of a pre-stressed compressible elastic layered with one fixed and
one free face. To facilitate this, the propagation of harmonic waves within this type of structure is
investigated. To begin with, a numerical investigation of the of the dispersion relation is carried out.
A thorough understanding of the dispersion relation is critical to determining the dynamic response in
layered media. Traditionally, fundamental modes have always received considerable attention. For the
present problem however, no fundamental-type modes exist over the whole wave number regime. As
additional motivation for focussing on the harmonics, we mention the possibly in multi-layered media
of a surface wave arising from the cumulative affects of the harmonics, rather than result from a single
fundamental mode, see [3]. Such an important feature can easily be overlooked within very delicate
numerical techniques. Additionally, in [4] it has alsobeen shown that for certain types of vibrations the



2 M.I. Lashhab, G.A. Rogerson and L.A. Prikazchikova

contributions of higher modes may become significant, with motion within the vicinity of the so-called
thickness resonance frequencies having particular applications to fluid-structure interaction. Moreover,
some boundary value problems, such as an elastic layer with fixed faces, do not feature fundamental
modes at all, see [5] and [6]. For the problem we consider, an additional complication also arises as
a consequence of the non-symmetric nature of the problem, resulting in no possible uncoupling into
symmetric (extensional) and anti-symmetric (flexural) components.

The problem of dispersion in a pre-stressed elastic plate has seen a number of publications over
the last 20 years. After the numerical investigations in the plane strain problem were carried out in [7]
and [8], an asymptotic long and short wave analysis was carried out for a variety of layered pre-stressed
structures, see [9] and [10]. Three dimensional motion in the form of a plane wave travelling parallel to
the plane of the layer was also examined in [11]. Long wave approximations of the dispersion relation
have also been used to help derive specific models for long wave motion in pre-stressed elastic plates,
see [12] and [13].

This paper is organised as follows. In Section 2 a brief review of the two-dimensional plane strain
governing equations is presented, together with the derivation of the dispersion relation. Numerical
solutions of the dispersion relation are presented in Section 3 for a Blatz-Ko type of material. Long and
short wave asymptotic approximations of the dispersion relation, giving phase speed (or frequency)
as an explicit function of wave number for each mode, are obtained in Sections 4 and 5, respectively.
The long wave approximations are valid for motion within the vicinity of either the thickness stretch
or thickness shear resonance frequencies. In Section 6, these approximations are used to establish
the appropriate asymptotic orders of the displacement components in each case. The introduction of
non-dimensional spatial and time variable enables asymptotic models to be established through the
use of asymptotic integration. Within these one-dimensional models, the long wave displacement field
is established in terms of a single function, termed the long wave amplitude. A dispersive governing
equation for the long wave amplitude is obtained, for which the dispersion relation is shown to coincide
with the long wave approximation obtained from the associated higher dimensional problem.

2. Basic equations

In this section we give a brief review of the theory of small time-dependent deformations superimposed
upon large static homogeneous deformations. A more detailed account may be found in [14]. We shall
consider a body B, formed of a homogeneous, non-heat-conducting isotropic elastic material. We
suppose that it possesses a natural unstressed state B,. A purely homogeneous static deformation is
then imposed upon B,, resulting in a finitely stressed equilibrium configuration denoted by B.. The
position vectors of a representative particle are denoted by X and x(X) in B, and B., respectively.
The deformation from B, to B, is described by the mapping H, so that

x=H(X), Xe¢B,, (1)

where H is assumed to be one-to-one and at least twice continuously differentiable. We further consider
an incremental time-dependent motion u superimposed upon B,, resulting in the current configuration
B;. The position vector of a representative particle in By is denoted by X(X,t) and may be expressed
as

Ti(Xa,t) = 24(Xa) + ui(xj,t). (2)

The specific problem to which the above theoretical framework is to be applied is that of harmonic
wave propagation in an isotropic, compressible elastic plate of finite thickness 2h and infinite lateral
extent. This plate is subjected to a pre-stress in the form of a pure homogeneous strain, defined by
the principal stretches A1, Ao and A3. A Cartesian coordinate system is chosen with axes coincident
with the principal axes of deformation in B., oriented such that Ox, is normal to the plane of the
plate, origin O is in the mid-plane and the upper and lower surfaces located at xo = h and zo = —h,
respectively. To simplify our analysis, a plane strain assumption is made in which us = 0 and u; and
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ug are independent of x3. The two non-trivial equations of motion are given by
a11U1,11 + V21,22 + Bug 12 = pelin,
Y1U2,11 + 22Uz 22 + Sui 12 = peliz,
in which notation from [7] has been exploited, namely
Q5 = Aiijj, 1= Ai212, T2 = Az101, 8 =ai+ Y2 — 02, (4)

where o;, ¢ € {1,2} are the principal Cauchy stresses in B,, p. is the material density in B, and Aijr
components of the fourth order elasticity tensor. Linearised incremental tractions, associated with a
surface having outward unit normal along Oz, in B., have components

Ti(2) = YoU1,2 + (V2 — 02)ua 1, To(2) = Q12U1,1 + Qi22U2 2. (5)

For a plate with traction-free upper boundary and fixed (zero displacement) lower boundary, appro-
priate boundary conditions are given by

71(2) (h,) = 7-2(2) (h) = 0, Ul(—h) = UQ(_h) = 0 (6)
We now seek travelling wave solutions of the equations of motion (3) in the form
(Ula Ug) — (U17 UZ)ekqmg eik(:clfvt)’ (7)

where k is the wave number, v is the phase speed and ¢ is to be determined. After substituting
solutions of the form Eq.(7) into the equations of motion (3), a system of linear homogeneous equations
is obtained. A non-trivial solution will exist provided the determinant of the system’s coefficients is
equal to zero, yielding a necessary and sufficient condition, usually referred to as the secular equation,
and given by
2=p?  (8)
Solutions for u; and us may be represented as a linear combination of the four generally inde-
pendent solutions associated with the roots of Eq.(8). Substituting these into the boundary conditions
results in a homogeneous system of four linear equations in four unknowns. Due to the fact that, unlike
the classical free-face problem, the current problem is not symmetric about the mid-plane, the present
system can not be decomposed into symmetric (extensional) and antisymmetric (flexural or bending)
components. This system possesses non-trivial solutions provided the determinant of its coefficients is
equal to zero, yielding the dispersion relation

J1(0) sinh(2¢1n) sinh(2¢2n) = q1g2{J2(0) + J3(v) cosh(2¢1n) cosh(2g2n) }, (9)

where 17 = kh is the scaled wave number and J;(?), J2(?) and J3(0) are given by

a2oy2q* + [82 — aza(arr — 92) — ya(y1 — %)% + (a11 — 9%) (1 — 0%) =0, v

J1(0) = [az (72 — 02) (11 — %) + arzya(n — 0%))°

— B?laga(v2 — 02)% (a1 — 0%) + afor2(m1 — 0°) — agaya(oar — 0°)(m — 0%)),  (10)

J2(v) =2a9728{ (72 — 02)[@128 — a1 — 0%)] — cay2(m1 — 0°)}, (11)
J3(0) = aseve{[az(air — %) — v (1 — 0°))?

— 2B[enzan (11 — %) + 72(y2 — 02) (71 — 0%)] + 2[5 — 2c12(72 — 02)]}- (12)

To facilitate later establishing of their relative magnitudes within the various long wave regimes,
we now express u1 and ug in terms of one unknown constant, yielding

2 .
_ Zﬂi (2n—1) o; (2n) ~
up = "2;1 Flgn, 0) {C sinh(kg,z2) +C cosh(kqan)} C, (13)
2
uy =Y [C(znfl) cosh(kgna2) + C*™ sinh(kqnxg)] C, (14)

n=1
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where

C™W = ¢y cosh(q17) cosh(g21)G2(q1, ) [G1(q1,9)F (g2, ) — G1(g2,7)F(q1,0)]
+ g2 sinh(g1n) sinh(gan)G1(q1, 9) F(q1,9)[G2(q2,9) — G2(q1, )], (15)
(

C® = ¢y cosh(qyn) sinh(g2n)G2(q1, 0)[G1 (g2, 0)F (g, 0) + G1(q1,9)F (g2, v)]

+ ¢2 sinh(q17) cosh(g2n)G1(q1,0) F(q1,0)[G2(q1,0) + Ga(g2, )], (16)

c® = C® cosh G1(qe, v

2G1 (Q17 )F(QQ, )smh(qln){ COs (Q2Tl)[ 1(QQ ) (ql ’U)
— Gi(q1,9)F(g2,9)] + C™ sinh(gon)[G1 (g2, 0)F (q1,7) + G1(q1,7) F (g2, 0)]}, (17)
oM — m[c@ sinh(g1n) — C® cosh(gan) + CW sinh(gan))], (18)

within which

F(g;,0) = a1 — v — 72%—27 (19)
G1(¢;,9) = c1272q; + (72 — 02) (a1 — 07), (20)
G2(qi,0) = —a12f3 + aza(ar1 — 02 — Y243), i€ {1,2}. (21)

3. Numerical analysis

For the purpose of numerical investigation of the dispersion relation (9), a Blatz-Ko strain energy
function is employed in the form

PYILESPYITIESPTIY:
W= Lo 2>\/\)\5) 22

2( e e (22)
where p is the shear modulus. Figures 1(a) and (b) present dispersion curves for a layer with one free
and one fixed face. In these figures the scaled phase speed v is presented against scaled wave number
7 in respect of the Blatz-Ko strain-energy function Eq.(22). From these plots we first note that there
is no fundamental mode-type behaviour within either the long wave regime, nor the long wave limit
1 — 0. However, in the short wave region, and limit n — oo, we observe low-frequency (fundamental
mode-type) features; note that the short wave limit of the branch with lowest phase speed differs
from other harmonics. It will be shown later that this phase speed limit in fact corresponds to the
associated Rayleigh surface wave speed. Our numerical investigation also indicates the possibility of
wave fronts formed in a variety of ways. We first note the monotonic convergence of the harmonics,
to a specific phase speed, as 7 — oco. For the parameters used in Figure 1(a), this corresponds to a
shear wave with speed 75 = /71 = 0.62. Following a labelling system introduced in [10], we refer to
a wave front formed this way as a type 1 wave front. We also notice from Figure 1(a) a flattening of
the harmonics in a narrow wave speed region, forming a longitudinal wave front, travelling with the
speed v, = \/a11 ~ 1.16. This wave front is referred to as type 2.

Figure 1(b) shows longitudinal and shear wave fronts, both formed as type 2 wave fronts, trav-
elling with speeds v, =~ 0.94 and vg =~ 0.82, respectively. The short wave limit of all harmonics,
apart from the first, defined by v = vp ~ 0.76, demonstrate oscillatory behaviour in the region below
U = Ug. We remark that for a pre-stressed compressible elastic material, a shear wave can travel
faster, with the same speed or even slower than a longitudinal wave, a fact seemingly first noted in
[10]. For investigation of the short wave limiting behaviour we shall use the classification, adopted in
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[10], namely:
Case 1: ap > 71,
Subcase 1(a) : agz(a1; — 1) — B2 >0,
Subcase 1(b) : ag(ai; —v1) — % < 0,
Case 2 : a1 < 71,
Subcase 2(a) : y2(y1 — a11) — 5% > 0,
Subcase 2(b) : y2(y1 — a11) — 5% < 0.

We also present Figure 2, showing scaled frequency @ against scaled wave number 7. From this figure
we clearly observe that the first harmonic looks separated from all the others and has its own limit for
large 1. As we would expect from previous comments, in Figure 2 all cut-off frequencies are non-zero.

4. Long wave approximations

We now investigate motion in the vicinity of the so-called thickness shear and thickness stretch reso-
nance frequencies. The thickness shear resonance frequencies are eigenvalues of the following problem
You1,22 + PeW2U1 =0, (23)

subject to
ui2 =0 at xzy=h, uy =0 at x9 = —h, (24)
see [15]. This problem is obtainable by setting us = 0 and uq,; = 0, in the equations of motion (3),

and using the boundary conditions (6) and equations (5), resulting in defining the thickness shear
resonance frequencies by

@? = A2, Aoy = (n — ;) g (25)
For thickness stretch resonance, we set u3 = 0 and ug ;1 = 0 in Eqgs.(3) and (6), to obtain
Q201 22 + pew?ug = 0, (26)
which must be solved subject to
up2 =0 at xzy=h, up =0 at w9 = —h, (27)

arriving at the appropriate set of cut-off frequencies, given by

_ 1\ = [ 2

2 A2 A

w" =7 st — ’ ) 2
24835ty t (n 2) 2X X 29 ( 8)

which define the thickness stretch resonance frequencies. The two families of frequencies presented
in Eqgs.(25) and (28) are also obtainable by taking the limit 7 — 0 of the dispersion relation (9).
Moreover, equations (13) and (14) may be employed to establish that for thickness shear u; ~ 17~ us,
with thickness stretch characterised by uy ~ nus.

In the long wave region, v is very large, and in view of the frequency range we consider, we
assume that 2 /72 ~ n~2. In consequence, within this region both ¢; and ¢y are imaginary and may
be represented in the form ¢; = i¢1, g2 = g2, with ¢; and §o real and positive. The dispersion relation
(9) is then expressible as

J1(0) sin(2¢17m) sin(242n) = G1G2(J2(0) + J3(0) cos(2G1n) cos(242n)]- (29)
From the definitions of functions .J;(v)-J3(v), defined in Eq.(10)-Eq.(12), we observe that J; () ~ 04,

J2(0) ~ ©% and J3(0) ~ 9%, with expansions for ¢; and §» taking the form

) @2 N 2
Q%UQ = oy + Q1 + 0(774), q§n2 = E + Qan® + O<774)7 (30)
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FIGURE 1. Numerical solution of the dispersion relation for the Blatz-Ko material

Eq.(22) with: (a) Ay =

n

1.2, = 1.3, A3 = 1.0, = 1.0, corresponding to a1

134,000 = 114,000 = 1.0,71 = 0.38,72 = 0.45,05 = 0.62; (b) A1 = 1.5,

1.0,A3 = 1.0,u = 1.0,

0.67,~v2 = 0.3, = 0.33.

corresponding to ai;; = 0.89, 05 = 2.0,a12 = 1.0,7
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FIGURE 2. Scaled frequency against scaled wave number for a Blatz-Ko material
Eq.(22) with the same parameters as in Figure 1(b).

in which @ = v and

_ B% — yi(y2 — a22) . B2 + a11(72 — )
Q1= Q2 = — -
0122(72 - Oé22) Y2 (’Yz - 0422)

We assume for the present analysis that 7o # «s2. In passing, we remark that if 75 = g2 there is
a coincidence of both the speeds of the longitudinal and shear waves propagating along Oxs; and
the thickness stretch and thickness shear resonance frequencies. For a discussion of the associated
dispersion phenomena the reader is referred to [10]. Dividing both sides of the dispersion relation (29)
by cos(2¢17m) cos(242n), we obtain two asymptotic balances, namely tan(24;n) ~ O(n~2) or tan(2gan) ~
O(n~2). In the first case, again using Eq.(30), we obtain at leading order Eq.(28), which corresponds
to the motion in the vicinity of the thickness stretch resonance frequencies. Similarly, for tan(2gsn) ~
O(n~?), using expansion (30), we derive Eq.(25) and thus this case may be interpreted as motion in
the vicinity of the thickness shear resonance frequencies. We shall now consider each of these in turn.

(31)

4.1. Asymptotic approximation in the vicinity of the thickness stretch resonance frequencies
Let us first introduce the notation

Ky = ag(y2 — 02) + auaye, Ky = K3+ a0yf?, K= (0 —)% (32)
Since tan(2¢;7) > 1, we may assume that

~ X st 1
SR CLE Ay = (n—=) 1, =1,2, ... 33
« n (77)7 t (n 2) 2X " ( )

At leading order, we obtain
@ =A%+ 0(n?), (34)



8 M.I. Lashhab, G.A. Rogerson and L.A. Prikazchikova

however refining ¢; in the form

= X2 o+ O, (33)
results in
sin(241m) = sin(2xAs) + O(n?), cos(241m) = —2¢sin(2xAs)n? + O(n?). (36)
The asymptotic approximation for the frequency is then readily obtainable in the form
©? = 92A% + Dan® + O(n*), (37)
where

-2 Ko + (-1 ntly K si 2A
Du = an(@xAué— Qu), ¢ = —22PKat D™ sin(2Au) (38)

(—1)"272A2, K3 cos(2A ;)
with Q7 defined in Eq.(31).

4.2. Asymptotic approximation in the vicinity of the thickness shear resonance frequencies

In the long wave limit we have tan(2dsn) > 1, therefore we may assume that

A 1
qo = nh + ’(/}77 + 0(773)) Ash - (n - 2)

il
27

where v is to be determined. We then first establish that
sin(24a2n) = sin(2A41,) + O(n?), c0s(24an) = —21p sin(2A,,)n* + O(n?). (40)
Substituting all of these approximations into the dispersion relation (29), we deduce that
—20998x K2 + (—=1)" 1K sin(2A4,X)
v = (—1)"2xA2, 2972 K3 cos(2A,X)

Finally, making use of the asymptotic expansion for ¢, given in Eq.(30), we arrive at the following
expansion for the scaled frequency

@2 = 79A2), + Dagn? + O(nh), (42)

(41)

where

Dy = 72(2Ash¢ - Q2)7 (43)
with the definition of Q2 given in Eq.(31). Figure 3 demonstrates the accuracy of the obtained asymp-
totic expansions (37) and (42) for motion in the vicinity of the thickness stretch and shear resonance
frequencies, respectively.

5. Short wave approximations

Our numerical investigation clearly revealed the existence of low frequency-type motion in the short
wave regime in respect of the mode with lowest phase speed. Taking both ¢; and ¢o as either real or
complex conjugates, and expanding the trigonometric functions in dispersion relation (9) for large 7,
we arrive at the short wave limit equation

VazJi(0) = /(a1 — 02)(n — 92)J3(2) = 0. (44)
This equation is in fact that associated with the Rayleigh surface wave speed, see [16]. For the material
parameters employed within Figures 1(a) and (b) the surface wave speeds are given by ox =~ 0.59 and
Ur =~ 0.7, respectively.

We now proceed with the derivation of asymptotic short wave expansions for the other harmonics.
Consider first the case when the longitudinal wave speed exceeds that of the shear wave, i.e. v > g,
and age(aq; — 1) — B2 > 0. In this case, it is readily established that ¢; is real and ¢, imaginary in
the short wave regime; we thus set g = ig2, with ¢o real, positive and tending to zero as n — oo. The
dispersion relation (9) may now be re-cast in the form

J1(9) sinh(2¢1m) sin(2dan) = q1G2[J2() + J3(0) cosh(2¢11) cos(2§an)]. (45)
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FIGURE 3. Asymptotic expansions for scaled frequency for a Blatz-Ko material
Eq.(22) with the same parameters as in Figure 1(b): dashed lines - in the vicinity
of the thickness stretch resonance frequencies, dotted lines - in the vicinity of the
thickness shear resonance frequencies.

From the secular equation (8) we obtain an expansion for the scaled wave speed, namely

2 32 2 ~4
"=y + | a2 — —— | ¢5 + O(dy).

11 — M1
From Eq.(45) we deduce that as n — oo, sin(2¢an) ~ g2. Hence, we are able to conclude that
. A9 _3 nw
Go=—+—5+0n"), =
non? 2

Therefore, at leading order it is possible to confirm that

sin(2gan) = 2005(2A)% +0(n™?), c0s(2G2n) = cos(2A) + O(n™1),

and
g = \/0422(0411 - ’Yl) - 52.
Q2272
Form of dispersion relation presented in Eq.(45), we obtain an expression for ¢, given by
AJ.
p="57"
where

J1 = [0422(72 - 02)(0411 - ’Yl)]z - 520622(72 - 02)2(0611 - ’Yl),
J3 = aye {03y (a1 — m)? = 2Banzasz (011 — ) + BB — 2a12(72 — 02)]} -



10 M.I. Lashhab, G.A. Rogerson and L.A. Prikazchikova

Finally, we establish the asymptotic expansion for the scaled wave speed in the form

V(N W) -4
au_ﬁ)(n,+n3 + 0. (53)

We shall now examine the short wave limit of all harmonics, excluding the first, when the shear
wave speed ¥g exceeds the longitudinal wave speed ¥y, and the condition vo(y; — a11) — 82 > 0 holds.
First, we infer from the secular equation (8) that in the vicinity of the longitudinal (short wave) wave
front

v? = Y1+ (a22 —

5) &+ 0(a)). (54)

ﬁzau+(w+
@11 — N

As n — o0, the form of dispersion relation presented in Eq.(45) again indicates that sin(2gan) ~ ¢a.
Hence, we may utilise expansions (47) and (48). An expansion for ¢; at leading order is also obtainable

in the form
_ _ B2
= \/72(le - ' (55)

Q2272
Finally, we arrive at the asymptotic approximation
2 A% 2A
v? =y + (72 + B) (2 + ;b) +0(n™"), (56)
11 — 71 n n
where B
@ AJ3 nm
== A= — 57
¢ 2J; 2’ (57)
and Ji, Js are defined in the form
Ji = [a1272(n — an)]? — B2aiyye(n — o1), (58)
Js = aney2 {73 (71 — 11)? — 2B72(72 — 02) (1 — a11) + BP[B% — 2012(72 — 02)]} . (59)

We present in Figure 4 the scaled phase speed against scaled wave number for the Blatz-Ko strain-
energy function Eq.(22). This figure demonstrates good agreement between the numerical solution of
the dispersion relation (9) and the short wave approximation (53) in the case for which the short wave
limit of the higher harmonics is the associated shear wave speed.

Let us study now the situation when either ass (a1 —71) — 8% <0, for a1 > 715 or Yo (71 —a11) —
B2 < 0, for a1 < 1. These situations correspond to Subcase 1(b) and Subcase 2(b), respectively. For
this case, the short wave limit is ¥ = v. This involves oscillations of the phase speed as n — oo, these
occurring in the regions 1o < ¥ < Ug or 1o < v < vy, for Subcase 1(b) and Subcase 2(b), respectively.
In these regions both ¢; and g2 are imaginary, i.e. ¢; = i¢; and g2 = G2, where ¢1, ¢2 > 0 are real and
G1 — §2 as 1 — oo. Accordingly, the appropriate short wave behaviour is investigated by setting

G2 =a—b, G2 =a+b, with b—=0 as n— oo, (60)

in which @ > 0, b > 0. It is possible to obtain from Eq.(8) a quadratic for a
ag2(ae — 72)%a® + 20a972[28° — (11 — 71) (@22 — 72))a+ (61)
[v2(e11 — 1) + 52][0422(0411 M) - 52] — azy2 (a2 + 72)2172 =0,

which for small b implies that
a = ag+ a1 b’ + O(b%),
where
1

(022 - ’72)2

B*To

T (a2 +72) [a2272
— Ty — %], a1 = , 62
Q2272 =8 ] ! 2 BQT() ( )

To = B2 — (71 — a11) (2 — aa2). (63)

ap = (o2 + 72)

with
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FIGURE 4. Comparison of numerical solution and short wave approximation (53) for
the Blatz-Ko material Eq.(22) with the same parameters as in Figure 1(a).

The fact that a > 0 has been used and it is again assumed that 2 # age. Note, that in both
Subcases 1(b) and 2(b), Ty is strictly positive. Then from Eq.(8) we deduce that

1 0‘%2’}’5’
B 1o

v? =03 + b2+ O(bh), (64)

where

o (2 —am) (172 — carne) — B2 (2 + ) + 26/ 2272 T
(72 - a22)2 )

Vo =
Expansions for ¢; and ¢ may now be expressed as

41 = vao (1 - 22()) +0(b%),  Go=+/ao <1 + 220) + O(b?). (66)

Using expansions Eq.(66) and standard trigonometric formulae, the leading order form of the disper-
sion relation may be cast into the form

T (50) (sin2(2\/CToﬁ) — sin” (%))

=agp {Jg(vo) + J3(90) (1 — sin?(2y/agn) — sin? (\7/727))) } .

(67)

An expression for b may be obtained as

b:lZOJrO(lZ), (68)



12 M.I. Lashhab, G.A. Rogerson and L.A. Prikazchikova

0.79

T T X T
numerical solutions
asymptotic expansions

0.785 |

0.78 -

0.775

S]]

0.77

0.765

0.76 -

0.755 | —

0.75 I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

FIGURE 5. Comparison of numerical solution and short wave approximation Eq.(70)
for the Blatz-Ko material Eq.(22) with the same parameters as in Figure 1(b).

where

2 aoJ3(v0) — J1(vo)

Finally, we obtain an asymptotic expansion for the phase speed in the form

_ _ 1 oz‘o"yBB2 1
U2:’U20+B 21%02773—’—0(7]3) (70)

Figure 5 demonstrates good agreement between numerical solution of the dispersion relation and
asymptotic expansion Eq.(70). It is worth noting that in this case the coefficient agJs5(00) + J1 (7o) is
numerically very close to zero. Two oscillating branches are therefore approximated by what essentially
looks like one non-oscillating short wave approximation.

By = Y20 {i arccos (1 1 257 (2/aon) (a0 Js(%0) + Jl(%))) n 27rk} . (69)

6. Long wave high frequency models

Our aim in this section is the derivation of one-dimensional asymptotic models for long wave high
frequency motion. We require these models to be consistent with our previous asymptotic analysis of
the dispersion relations. Investigation of the relative magnitudes of displacements motivates appro-
priate re-scalings. After re-casting the equations of motion and boundary conditions in terms of new
variables, we derive an appropriate system of governing equations at various orders. One-dimensional
asymptotic long wave models for motion in the vicinity of the thickness stretch and shear resonance
frequencies, will be derived; we begin with stretch resonance.
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6.1. Stretch resonance frequencies

The relative orders of displacements may be established from Eq.(13) and Eq.(14), taking into account
expansions Eq.(35)-Eq.(37), revealing that u; ~ nug, motivating the re-scaling

uy = nluj, ug = luj. (71)

We also introduce appropriate non-dimensional spatial coordinates and time in the form

x1 =€, xo = In(, t=In O/j; T. (72)

Within the vicinity of the thickness stretch resonance frequencies, we assume that

1\ «

wp o+ ARG~ g, k=1,2, Ay = (n - 2) 5y = 1,2,... . (73)
’ X

Within our analysis we will seek approximations for the displacements in the form of the power series
u; = (0) + n%us R Substituting the new variables into the equations of motion (3) and the
boundary condltlons (6), and making use of the above relations, we arrive at the system of equations
at various orders

youl? “) + A2 u™ 4 ﬁuggg) + anu?&“m
— Qipon” {u(f:_ 2y X2A§tu§2m_2)} =0, (74)

04221‘; o T 'YZAQtUQ ) 4+ ﬂu@m 2+ ”Ylu(22£n£l K

— agon? [uéQZ D AU 2)} =0, (75)
vzufé’” + (2 — az>u;?g”> =0 at (=1, (76)
agul” + apu P =0 at (=1, (77)
u?m) = ugzm) =0 at (=-1. (78)

Within Eq.(74)-Eq.(78) anything having a negative superscript is assumed to be zero.

6.1.1. Leading order problem. The leading order problem, with m = 0, is formulated through

o+ 8 + Al =, -
uéogc + )(2/\2,5112 ) = =0, (80)
72“§ 2 + (2 — Uz)ué?g =0, uéog =0 at (=1, (81)
ugo) = uéo) =0 at (=-1. (82)

The solution of the leading order problem is readily obtained and written in the form

ugo) - V(O’O) cos(AsiC) + Ul(OVO) sin(AsC) + Ugoﬂ) cos(xAstC) + uﬁo’o) sin(xAstC), (83)
ul? = v (tan(xAy) sin(xAsiC) + cos(xAsiC)), (84)
where
(0.0 ,
v Ky sin(Ag)
(00 _ 2,6 (x 2 _ asin(x ) cos(A. ) | .
! XA st (72 — q2) cos(2A4¢) \ 2 cos(xAse) Bsin(xAst) cos(Agt) (85)
cos(ASt)v(O 0 YK

0 = 2L ( 2 — 20 sin(xAs:) tan(Ag ) , 86
! XAst(72 — aa) cos(2A5t) \ v2 cos(xAst) Bsin(xAst) tan(Ag) (86)

(O O) B tan(XAét)’U;)gO) (0 O) ,B’U(O 0)
: - (57)

XAst(Oézz - ’72) ’ ! B XAst(a22 - 'YQ)’
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with K5 defined in Eq.(32). The solution for the displacement components have now all been found

in terms of the long wave amplitude Uéo,o) (&,7). A governing equation for véo’o)

considering the next order problem.

may be found by

6.1.2. Second order problem. In order to complete the leading order solution, and derive an equation
(0,0) . . .
for vy, we need only consider the second order equation of motion

a22ug 2‘c + 72Astu2 =" %azn(x QAQtUéO) éolr) M “g £€ ﬂu1 e (88)

subject to the boundary conditions
aggué g + algul =0 at (=1, qu) =0 at (=-1. (89)

The solution for ug2) may be obtained in the form

ug ) —uéQ 0 sin(xAs:C) + véQ’O) cos(xAsC) + UQ(Q’O) sin(AStC) + VQ(Q’O) cos(As()

u§2"1)< sin(xAsC) + vg 1)< cos(xAstC),
where
By©0) B BUl(?éO)

Le 20 _
Ast(y2 — ag2)’ 2 Asi(y2 — aa2)’

2,1 1 _ 0,0 0,0) (0,0
9 = e (e 0) 0]

The definition of @; may be found in Eq.(31). We are also able to derive a governing equation for
(0,0)
Uy

)

UQ(Q’O) = v§2’1) = ftan(XAst)ug’l)

in the form

Dstvé?ég) S ( 2A2tv20 0 4 U(O’O)) =0. (91)

2,71
An alternatively form of this equation, in terms of the original variables z; and ¢ and a new function
vl%(21,1), is also readily obtainable, yielding

1 5 10 9%l 9%l
ﬁVZAstU[]_DSt 895% +pe 6t2

We remark that Dy; is the second order term in the expansion of the dispersion relation in the vicinity
of thickness stretch resonance frequencies, see expansion Eq.(37). Moreover, if the general wave form
solution Eq.(7) is inserted into Eq.(92) a dispersion relation is obtained that concurs with Eq.(37). It
is then the case that the exact dispersion relation associated with the one dimensional approximate
Eq. (92) is fully consistent with the approximation of the 2-dimensional problem Eq.(37).

= 0. (92)

6.2. Shear resonance frequencies

We proceed now with the derivation of an asymptotic model valid within the vicinity of thickness
shear resonance frequencies. In order to derive the relative magnitudes of displacements, we expand
all trigonometric functions in Eq.(13) and Eq.(14) for small n, and also make use of the expansions
Eq.(39)-Eq.(42). The relative orders of displacements are given by us ~ nui. Thus we introduce

Uy = lu’{, Uz = lnuzv (93)

with the appropriate non-dimensional spatial and time variables given by

x1 =€, xo = InC, t=In %T. (94)
V e

We assume that in the vicinity of the shear resonance frequencies

1
uj .-+ A% ul ~nPul, k=12, Asp = (n - 2) g7 n=12,... . (95)
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A system of governing equations for different orders may be obtained, given by

youlY + 7202, ul?™ + anul T + full Y

— e [uf P 4 A2 <o, (96)
a7y <t Bu’e: £¢ "+ A2+ wézgg”)

— o2 [ufy P + A2 =0, (97)
'ygu(ﬁgﬂ) + (-0 )u(;gn 2 =0 at (=1, (98)
aggug?) + algu@m) 0 at (=1, (99)
WP =™ =0 at ¢=-1. (100)

6.2.1. Leading order problem. The leading order equations of motion and boundary conditions may
be written as

©) + Ashu(l()) - O

Uy cc 101

(101)
oz22u2 C§ + Bul et ’YQAShUg ) = 0, (102)
ugog =0, algu(l’g) + 042211/(202 =0 at (=1, (103)
ugo) = uéo) =0 at ¢(=-1 (104)
The solution of this problem is provided by

u” = 0" (cos(AnC) + tan(A ) sin(AuC)), (105)
V(0 0 cos(xAsnC) + U2(0,0) sin(xAsnC) + Uéo.,o) cos(Asp() + ué sin(Asp(), (106)
where
(0,0)
(0,0) cos(Asnx)v; ¢ & ( K . )
U. = — + 2Bvaag sin(Agy) tan(A , 107
2 X22Msn (V2 — a22) cos(2A41X) cos(Asp) Pxazzsin(An) tan(Asnx) (107)
and
28 sin(A Sh)v( .0
| 7AS I S P A g0 T e LE , 108
2 cos(xAsn) Ochan) U (72 — a22) Ay (108)
Bran(Au)viy” B
£070) — 1 E 5070) — 115 (109)

Asn(y2 — asa) © Aan(y2 — )
The leading order displacement components have all been determined in terms of a single function,

the long wave amplitude vgo’o)(g ,T). An equation for vio,o) will be derived by considering the next
order problem.

6.2.2. Second order problem. A governing equation for UEO’O) may be found from the following second

order equation of motion and boundary conditions

ol + 422t = a2 (A2 + ul) — anyul’l — Bull, (110)
72U§2+(’yg—02)u25 =0 at (=1, (111)
WP =0 at ¢=-1. (112)

The solution is given by
uf? =u? sin(An¢) + v cos(AnC) + U sin(A g xC) + V3 cos(AaxC)
+ V¢ sin(AaC) + 0P ¢ cos(Aan), (113)
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where
U0 _ BVQ(,%O) 7 e - BUz(?éo) ’
XAsh (@22 —72) XAsn(a22 —72)
uft = ﬁ [77 (Azhvgo D4 U%?%Or)) + Qﬂé?é?} o oY = —tan(Aa)uY.
At this order, it is also possible to derive a governing equation for v§°’0) in the form
Dol = an? (02,0 +0{%2) =o. (114)
In terms of #; and ¢, and a new function v(% (z1,t), this equation is given by
%WAihv[W ~ Dy 6;2[;] + pe a;;,g)l =0. (115)

We note that the second order correction term Dgp, see Eq.(43), occurs within the governing equation
(115), again demonstrating asymptotic consistency.

7. Concluding Remarks

The problem of harmonic wave propagation in a compressible, pre-stressed elastic layer with one
fixed and and free face has been investigated. Long and short wave approximations of the dispersion
relation have been established. The long wave approximations have been used to establish the relative
orders of displacement components within the vicinity of the thickness stretch and thickness shear
resonance frequencies. In both cases, long wave leading order approximations of the displacement field
have obtained in terms of the appropriate long wave amplitude. The leading order solution is formally
completed through the derivation of a one-dimensional equation for the long wave amplitude; which is
obtained from the second order problem. In each case, the dispersion relation associated with this one
dimensional equation is consistent with the approximation previously obtained from the dispersion
relation associated with the overarching two-dimensional problem. The lower dimensional theory is
then demonstrated to be asymptotically consistent with the full higher dimensional theory.
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