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Abstract

Dispersion of elastic waves in a thin orthotropic cylindrical shell is consid-

ered, within the framework of classical 2D Kirchhoff-Love theory. In contrast to

direct multi-parametric analysis of the lowest propagating modes, an alternative

robust approach is proposed that simply requires evaluation of the evanescent

modes (quasi-static edge effect), which, at leading order, do not depend on vi-

bration frequency. A shortened dispersion relation for the propagating modes

is then derived by polynomial division and its accuracy is numerically tested

against the full Kirchhoff-Love dispersion relation. It is shown that the same

shortened relation may be also obtained from a refined dynamic version of the

semi-membrane theory for cylindrical shells. The presented results may be rel-

evant for modelling various types of nanotubes which, according to the latest

experimental findings, possess strong material anisotropy.
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1. Introduction

A fresh interest in mechanics of thin elastic shells has emerged in the last few

decades due to advanced applications in nanotechnology, e.g. see [1, 2, 3, 4, 5]. In

particular, dynamic analysis of elongated carbon nanotubes inspires derivation

∗Corresponding author

Preprint submitted to Elsevier April 4, 2017



of novel equations governing the low-frequency near-cutoff regime. The original

treatment in [6], for an isotropic cylindrical shell, is based on the geometric

hypotheses underlying the approximate semi-membrane theory for shells, e.g.

see [7, 8], assuming the absence of shear and circumferential elongation of the

mid-surface. Later on, this formulation has been refined using an asymptotic

methodology [9].

This paper is motivated by a clear demand for taking into consideration

nanotube anisotropy, which has been observed in experimental measurements.

For instance, in [10] multi-walled carbon nanotube mechanical properties are

determined through atomic force microscopy and it is found that for ordered arc-

grown tubes the radial elastic constant is roughly one third of the axial constant.

Indeed, this result is well expected because of strong anisotropy of graphite

[11]. Furthermore, experimental data are consistent with a conventional force-

constant model [12, 10]. Recent investigations indicates that also single-walled

carbon nanotubes exhibit strong chirality-induced anisotropy [13, 14]. Besides

carbon nanotubes, oxidic nanotubes also demonstrate anisotropic properties

[15].

Similarly to [9], focus is here set on the lowest propagating modes, which are

strongly affected by shell thickness, vibration frequency, and also by circumfer-

ential wavenumber. The pretty sophisticated multi-parametric nature of these

modes makes rather cumbersome their direct derivation from the full dispersion

relation for an orthotropic shell, within the framework of the classical Kirchhoff-

Love theory. At the same time, another solution set of the full equation corre-

sponds to well-behaved evanescent modes forming the so-called edge effect, e.g.

see [16, 7, 8]. It is crucial that, at leading order, the evanescent modes do not

depend on vibration frequency and wavenumber, and thus they can be easily

evaluated. This observation suggests a robust implicit approach for establishing

a shortened dispersion relation for the propagating modes. First, we obtain

an approximate equation for the evanescent modes. Then, using the latter, we

extract the sought-for shortened dispersion relation by elementary polynomial

division of the full equation. The shortened relation greatly facilitates a qual-
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itative insight into the peculiarities of dispersion of low-frequency waves. We

remark that this dispersion relation is an example of a near cutoff asymptotic

expansion over the low-frequency range. It is interesting that the near cutoff

expansions for thin elastic structures have been previously obtained only over

the high-frequency range, in the vicinity of thickness resonance frequencies, also

including the effects of anisotropy [17] and environment [18, 19].

The paper is organised as follows. In Sec.2 we obtain the Koiter-Sanders

version of the Kirchhoff-Love equations for an orthotropic cylindrical shell, e.g.

see [20], starting from standard variational arguments. In the next section, we

deduce the associated dispersion relation along with the formulae for eigenforms

and cutoff frequencies. It is shown that the lowest cutoff frequency is asymptot-

ically small for a thin shell. Sec.4 deals with the edge effect and a fourth-order

expansion is here obtained for the related evanescent solutions. The results of

this section are exploited in Sec.5 to derive a dispersion relation for the prop-

agating modes. As a particular example, the case of an isotropic material is

presented. The asymptotic cancellations, typical of the near cutoff behaviour,

are thoroughly investigated. Numerical results validating the shortened disper-

sion relation are demonstrated. Amended hypotheses in the aforementioned

semi-membrane shell theory are formulated on the basis of two-term expansions

for the eigenforms. As it might be expected, the variationally reduced PDE

following from the amended hypotheses supports the same shortened disper-

sion relation as that developed in the previous section. This PDE seemingly

has a potential to be a useful model for tackling various modern problems in

anisotropic shell dynamics.

2. Variational derivation of the equations of motion

We consider linear vibrations of a thin orthotropic circular cylindrical shell

starting from the Sanders-Koiter version of the classical Kirchhoff-Love the-

ory, e.g. see [20]. Accordingly, the Lagrangian density function, in light of the

3



assumptions σzz = σxz = σxθ = 0, is given by

L =
1

2
ρ
[

(∂tu)
2
+ (∂tv)

2
+ (∂tw)

2
]

− 1
2 (σxxǫxx + σxθǫxθ + σθθǫθθ) , (1)

where x, z and θ are, respectively, the axial, the radial and the azimuthal co-

ordinates in a cylindrical reference system and ∂t is shorthand for ∂/∂t. Here,

u, v and w describe the longitudinal, circumferential and radial mid-surface

displacements, ρ is the mass density, ǫ and σ are the linear strain and stress

tensors, respectively. Clearly, the first term in (1) is the kinetic energy density,

while the second term represents the elastic stored energy.

Let L be a characteristic length (for instance, a typical wavelength), h the

uniform shell thickness and R the shell mid-surface radius. Then, the action

integral is

A =

ˆ t2

t1

ˆ L

0

ˆ 2π

0

ˆ h/2

−h/2

L dz dθ dx dt. (2)

The strain tensor is assumed to vary linearly through the thickness [20, §1.3.4]

ǫxx = ǫ0x + zkx, ǫxθ = ǫ0xθ + zkxθ, ǫθθ = ǫ0θ + zkθ, (3)

where the mid-surface strains are defined as [21, Eq.(3.18)]

ǫ0x = L−1∂ξu, ǫ0θ = R−1 (∂θv + w) , ǫ0xθ = R−1∂θu+ L−1∂ξv, (4)

while, for the mid-surface curvatures and torsion, we have [20, §1.3.8]

kx = −L−2∂2
ξξw, (5a)

kθ = R−2
(

∂θv − ∂2
θθw

)

, (5b)

kxθ = (LR)−1
(

−2∂2
ξθw + 3

2∂ξv − 1
2∂θu

)

. (5c)

Hereinafter, the dimensionless axial coordinate ξ = x/L is introduced. The

constitutive equations will be assumed in the form











σxx

σθθ

σxθ











= C











ǫxx

ǫθθ

ǫxθ











, C =











c11 c12 0

c12 c22 0

0 0 c66











, (6)
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which is valid for cylindrical orthotropic materials [21]. The shell material is

homogeneous, whence the material parameters c11, c22, c12 and c66 are constant.

Besides, it is demanded that

(c11, c22, c66, c11c22 − c212) > 0 (7)

which warrants that the stiffness matrix C is positive definite. The constitutive

parameters c11, c22, c12 and c66 are often expressed in terms of the technical

material constants E1, E2, ν12, ν21 and G provided that the reciprocal relation

ν12E2 = ν21E1 holds [22, §2.5]. For instance, for high-modulus graphite-epoxy

unidirectional composite materials, we have [22, Table 2-3b]

E1 = 207 GPa, E2 = 5 GPa, G = c66 = 2.6 GPa, ν12 = 0.25,

and therefore

c11 = 207.31 GPa, c22 = 5.00 GPa, c12 = 1.25 GPa. (8)

As usual, density depends on the reinforcement to matrix volume fraction; for

instance, ρ = 970 kg/m3 for GY-70-HYE1534. For transversely isotropic ma-

terials (also named polar anisotropic), such as compression-annealed pyrolytic

graphite [11], it is further

c11 = c22 and 2c66 = c11 − c12.

In particular, the isotropic case is retrieved by taking

c11 = c22 = λ+ 2G, c12 = λ, c66 = G (9)

where λ = νE/(1 − ν2) and G = E/(2 + 2ν) are Lamé constants, which relate

to E = E1 = E2, Young’s modulus, and ν = ν12 = ν21, Poisson’s ratio.

Let us define the dimensionless time τ = cLt/R, where cL =
√

c11/ρ is the

speed of longitudinal waves in orthotropic media [23, §7]. In addition to a char-

acteristic time scale, shell dynamics is governed by two geometric parameters,

namely the inverse aspect ratio α = R/L and the relative thickness β = h/R.

According to the usual restrictions of the 2D shell theory, we take

β(1 + α) ≪ 1, (10)
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meaning that h ≪ min(R,L).

On substituting Eqs.(3–6) into the action integral (2), performing the through-

the-thickness integration and varying, we find the Euler-Lagrange (E-L) equa-

tions for an orthotropic circular cylindrical shell within the linear Koiter-Sanders

framework,

(

β2 + 48
)

c66

48c11
∂2
θθu+ α

16c12 −
(

β2 − 16
)

c66

16c11
∂2
ξθu+ αβ2 c66

12c11
∂3
ξθθw

+ α
c12
c11

∂ξw + α2∂2
ξξu− ∂2

ττu = 0, (11a)

− α

(

β2 − 16
)

c66 − 16c12

16c11
∂2
ξθu+ α2

(

3β2 + 16
)

c66

16c11
∂2
ξξv +

c22
(

β2 + 12
)

12c11
∂2
θθv

− α2β2 c12 + 3c66
12c11

∂3
ξξθw − β2 c22

12c11
∂3
θθθw +

c22
c11

∂θw − ∂2
ττv = 0, (11b)

− αβ2 c66
12c11

∂3
ξθθu− α

c12
c11

∂ξu+ α2β2 c12 + 3c66
12c11

∂3
ξξθv + β2 c22

12c11
∂3
θθθv −

c22
c11

∂θv

− α2β2 c12 + 2c66
6c11

∂4
ξξθθw − β2 c22

12c11
∂4
θθθθw − c22

c11
w − 1

12
α4β2∂4

ξξξξw − ∂2
ττw = 0.

(11c)

On separating the circumferential co-ordinate through letting

u = un(ξ, τ) sin(nθ), v = vn(ξ, τ) cos(nθ), w = wn(ξ, τ) sin(nθ), n ∈ N,

the system of PDEs (11) reduces to

− n2 c66
(

β2 + 48
)

48c11
un + α

12c12 − β2c66n
2

12c11
∂ξwn

− αn
c66
(

β2 − 16
)

− 16c12

16c11
∂ξvn + α2∂2

ξξun − ∂2
ττun = 0, (12a)

− n2 c22
(

β2 + 12
)

12c11
vn − n

c22
(

β2n2 + 12
)

12c11
wn + α2 c66

(

3β2 + 16
)

16c11
∂2
ξξvn

− αn
16c12 −

(

β2 − 16
)

c66

16c11
∂ξun + α2β2n

c12 + 3c66
12c11

∂2
ξξwn − ∂2

ττvn = 0, (12b)

− c22
(

β2n4 + 12
)

12c11
wn + α

β2c66n
2 − 12c12

12c11
∂ξun

− n
c22
(

β2n2 + 12
)

12c11
vn + α2β2n2 c12 + 2c66

6c11
∂2
ξξwn

+ α2β2n
c12 + 3c66

12c11
∂2
ξξvn − 1

12
α4β2∂4

ξξξξwn − ∂2
ττwn = 0. (12c)
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Figure 1: Three-branch dispersion curve for a graphite-epoxy composite shell (parameters as
in (8) and n = 2, β = 0.1)

3. Dispersion relation

Assuming a travelling-wave solution

{un(ξ), vn(ξ), wn(ξ)} = {Un, Vn,Wn} exp
[

ı
(χ

α
ξ − ωτ

)]

, (13)

we obtain the dispersion relation, in the form of a bi-quartic in χ, i.e. a fourth-

degree polynomial in k = χ2,

a4k
4 + a3k

3 + β−2a2k
2 + a1k + a0 = 0. (14)

Exact expressions for the coefficients ai, as well as for the eigenforms, are pre-

sented in Appendix A and Appendix B, respectively. We remark that the as-

sociated dispersion relation in 3D elasticity can be found, for example, in [24].

In addition, we also mention the recent paper [25] studying in-plane vibrations

of a cylindrical isotropic layer. As expected, the coefficients ai in the disper-

sion relation (14) are independent of α. Fig.1 shows the three branches of the

dispersion relation for n = 2.

The solution of the equation

a0 = 0 (15)
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Figure 2: Cutoff frequencies for the three-branch dispersion curve, ω1 < ω2 < ω3, for
a graphite-epoxy composite shell (parameters as in (8) and β = 0.1) vs. circumferential
wavenumber n

lends the expression for the three cutoff frequencies ω = ω1,2,3, where

ω2
1,3 =

c22
24c11

{

(

n2 + 1
) (

β2n2 + 12
)

±
√

144 (n2 + 1)
2
+ β4n4 (n2 + 1)

2 − 24β2n2 (n4 − 6n2 + 1)
}

and

ω2
2 = n2

(

1 + 1
48β

2
) c66
c11

.

It is easy to show that ω1 is the lowest cutoff frequency, as it can be rewritten

as

ω2
1 = β2 2c22n

2
(

n2 − 1
)2

c11

[

(

n2 + 1
) (

β2n2 + 12
)

+

√

(n2 + 1)
2
(β4n4 + 144)− 24β2n2 (n4 − 6n2 + 1)

]

−1

, (16)

whence it is deduced that ω1 ∼ β in contrast to ω2,3 ∼ 1. Fig.2 plots the

cutoff frequencies ω1 < ω2 < ω3 as a function of the circular wavenumber n.

Analysis of the lowest dispersion curve, corresponding to this cutoff frequency,

is of substantial interest for modern applications, e.g. see [6], and, accordingly,

it is the main focus of the paper.

The coefficients ai in the bi-quartic equation (14) depend on the three prob-

lem’s parameters, namely β, ω and also n. In the low-frequency range ω ≪ 1, the

analysis developed for an isotropic cylindrical shell [9] suggests that two roots of

the dispersion relation, corresponding to propagating vibration modes, demon-

strate a rather sophisticated three-parameter dependence. At the same time,
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the two other roots of this equation are usually related to evanescent modes,

corresponding to the so-called edge effect (see, for example, [7, 8]). At leading

order, the evanescent modes do not depend both on frequency (whence they are

referred to as being quasi-static) and also on the circumferential wavenumber

n. This observation suggests a scheme which first demands evaluating the roots

associated with the edge effect and then it proceeds to finding the propagating-

mode roots of interest by factoring these evanescent modes out of the dispersion

relation (14).

4. Edge effect

Similarly to an isotropic shell [7, 8], we may expect the leading order equation

of the edge effect in the form

d4wn

dζ4
+ κwn = 0, (17)

where wn is the shell mid-surface displacement, ζ = ξ/(α
√
β) and κ is a positive

constant. This equation is sometimes referred to as bending boundary layer, see

[26, §10.3]. It is clear from Eq.(17) that the roots of the dispersion relation (14),

associated with the edge effect, support a quasi-static behaviour.

Let us now introduce the scalings

ω = βΩ, k =
µ

β
,

into the equation (14) to get

a4µ
4 + βa3µ

3 + a2µ
2 + β3a1µ+ β4a0 = 0. (18)

The coefficients ai, i ∈ {1, 2, 3, 4} may be written as an expansion in β

ai = a
(0)
i + β2a

(2)
i + β4a

(4)
i + β6a

(6)
i (19)

and they are defined as to be of order unity, see Appendix A.

We seek a solution of the dispersion relation (18) in the form of the asymp-

totic expansion

µ = µ(0) + βµ(1) + β2µ(2) + β3µ(3) + . . .
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also assuming n ≪ β−1/2. Dealing with the leading order problem

a
(0)
4 µ(0)2 + a

(0)
2 = 0,

leads to the static solutions (evanescent modes)

µ
(0)
1,2 = ±ım0, m0 =

√

√

√

√

a
(0)
2

a
(0)
4

= 2
√
3

√

c11c22 − c212
c11

,

wherein m0 > 0 in light of the constraints (7). Proceeding to the next order,

we have the expression

µ
(1)
1,2 =

a
(0)
3 m0

2

2(a
(0)
2 − 2a

(0)
4 m0

2)

which lends the yet static correction

µ
(1)
1,2 = m1 = −n2 4c

2
66 + c11c22 − c212

2c11c66
< 0,

independently of the choice of µ
(0)
1 or µ

(0)
2 . Similarly, proceeding to the next

order, we get the first dynamic contribution

µ
(2)
1,2 = ±ı

a
(0)
2 m2

1 −m2
0

[

a
(2)
2 + 3m1

(

a
(0)
3 + 2a

(0)
4 m1

)]

+ a
(2)
4 m4

0

2m0

(

2a
(0)
4 m2

0 − a
(0)
2

)

which reads

µ
(2)
1,2 = ±ım2,

where m2 is given by

m2 =
{

− c211
(

c222n
4 + 48c266Ω

2
)

− c412n
4 − 16c466n

4 − 8c66c
3
12n

2
(

n2 − 1
)

+ 8c66
(

c11c22 − 4c266
)

c12n
2
(

n2 − 1
)

+ 8c11c22c
2
66n

2
(

2n2 − 3
)

+ c212
(

2c11c22n
4 − 8c266n

2
(

3n2 − 4
))

}

/

(

16
√
3c11c

2
66

√

c11c22 − c212

)

.

Finally,

µ
(3)
1,2 =

a
(0)
1 + 2a

(2)
2 m1 + 3a

(0)
3 m2

1 −m2
0

(

a
(2)
3 + 4a

(2)
4 m1

)

+ 4a
(0)
4 m3

1

4a
(0)
4 m2

0 − 2a
(0)
2

−m2

3m2
0

(

a
(0)
3 + 4a

(0)
4 m1

)

− 2a
(0)
2 m1

4a
(0)
4 m3

0 − 2a
(0)
2 m0
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whence

µ
(3)
1,2 = m3,

with

m3 =
{

96c211c66c12n
2Ω2 + 5c412n

2 − c212

[

− 48c211n
2Ω2 + 20c266n

2

+ 2c11
(

c22
(

2n4 − 4n2 + 7
)

n2 + 24c66Ω
2
)

]

− c11c22n
2
(

c22c11
(

−4n4 + 8n2 − 9
)

− 4c266
(

4n4 − 8n2 + 9
)

+ 48c211Ω
2
)

}

/
(

96c11
(

c11c22 − c212
)

c66
)

.

As a result, we obtain the asymptotic expression of the evanescent modes

k1,2 = β−1
(

±ım0 + βm1 ± ıβ2m2 + β3m3 + . . .
)

, (20)

together with the expression for the sum and the product of the roots, respec-

tively

p1 = k1 + k2 = 2m1 + 2β2m3 + . . . ,

and

q1 = k1k2 = β−2m2
0 +m2

1 − 2m0m2 + . . . .

It is observed that, although the edge effect roots k1 and k2 are large (precisely,

they are of order β−1), their sum p1 is of order unity, owing to cancellation of

the odd order terms. Here, for the following derivations, two terms are retained

in the expansions for p1 and q1 and, to this end, we keep four terms in the root

expansion (20).

5. Shortened dispersion relation for propagating modes

The dispersion relation (14) may now be rewritten as the product of two

second degree polynomials in k, namely

(k2 − p1k + q1)(k
2 − p2k + q2) = 0, (21)
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which allows determining the sought-for quantities p2 and q2, associated with

propagating vibration modes, by polynomial division

p2 = β2

{

c22
(

−c212 + 4c266 + c11c22
)

n2
(

n2 − 1
)2

12 (c212 − c11c22) c66

+ c11Ω
2 2c12c66n

2 + c212
(

n2 + 1
)

− c22
(

c11n
2 + c11 + c66

)

(c212 − c11c22) c66

}

+ . . . (22)

and

q2 = β2

(

c11c22n
2
(

n2 + 1
)

Ω2

c212 − c11c22
− c222n

4
(

n2 − 1
)2

12 (c212 − c11c22)

)

+
β4

(c212 − c11c22)
2
c66

×
{

c211Ω
4
[

c11c22
(

−c66n
4 + c22n

2 + c22
)

− c212
(

(c22 + c66)n
2 + c22

)]

+ 1
72c

2
22

(

n2 − 1
)2

n4
[

c312n
2
(

n2 − 1
)

+ c66c
2
12

(

1− 2n2
)2

−
(

c11c22 − 4c266
)

c12n
2
(

n2 − 1
)

+ c11c22c66
(

−3n4 + 3n2 − 1
)

]

+ 1
12n

2Ω2c11c22

[

− 2c312n
2
(

n4 − 1
)

+ 2
(

c11c22 − 4c266
)

c12n
2
(

n4 − 1
)

+ c212

(

c22
(

n2 − 1
)2

+ c66
(

−8n6 + n4 + 7n2 − 2
)

)

− c11c22

(

c22
(

n2 − 1
)2

+ c66
(

−7n6 + 3n4 + 4n2 − 2
)

) ]

}

+ . . . . (23)

In the expansion for q2 we keep two terms due to the possibility of degeneration

near the cutoff frequency Ω = Ω∗ given by the equation q2 = 0. Indeed, on

introducing the asymptotic expansion

Ω2
∗
= Ω2

0 + β2Ω2
1 + . . .

and upon solving q2 = 0, we find, at leading order,

Ω2
0 =

c22n
2
(

n2 − 1
)2

12c11 (n2 + 1)
, (24)

while, proceeding to the next order, we get the correction

Ω2
1 = −c22n

6
(

n2 − 1
)2

36c11 (n2 + 1)
3 . (25)

Consequently, we may write

q2 = −β2 c11c22n
2
(

n2 + 1
)

c11c22 − c212

(

Ω2 − Ω2
∗

)

+ . . . . (26)
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Figure 3: Kirchhoff-Love (solid) vs. one-term (dashed) and two-term (dotted) asymptotic
expression for the cutoff frequency ω1 for a graphite-epoxy composite shell (parameters as
in (8) and β = 0.1) vs. circular wavenumber n. The two-term expansion coincides with the
one-term expansion for this parameter set and it well approximates the exact expression (16)
up to n = 35

Figure 4: Kirchhoff-Love (solid) vs. shortened (dashed) dispersion relation for a graphite-
epoxy composite shell for three different circular wavenumbers (parameters as in (8) β = 0.1
and, from left to right, n = 2, 3, 4)

Thus, the lowest cutoff frequency has the asymptotic expansion

ω2
∗
≡ ω2

1 = β2Ω2
0 + β4Ω2

1 + · · · , (27)

which, as shown in Fig.3, well approximates the exact formula (16).

The sought-for shortened dispersion relation reads

χ4 − p2χ
2 + q2 = 0 (28)

and, at leading order, it can be simplified to

χ4 + q2 = 0

whenever Ω − Ω∗ ≫ β2. Likewise, in the close vicinity of the cutoff frequency

(Ω− Ω∗ ≪ β2), it may be reduced to

χ2 − p2 = 0.
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Figure 5: Kirchhoff-Love (solid) vs. shortened (dashed) dispersion relation for an isotropic

shell (ν = 0.3, β = 0.1 and, from left to right, n = 2, 3, 4)

Figure 6: Kirchhoff-Love (solid) vs. shortened (dashed) dispersion relation for a graphite-
epoxy composite shell for three different values of the relative thickness β (parameters as in
(8) n = 2 and, from left to right, β = 0.01, 0.05, 0.15)

As a consequence, the term p2 may be further simplified by assuming Ω2 = Ω2
0

p2 = β2 c22n
2
(

n2 − 1
)2 (

c22 − 2
(

c12n
2 + 2c66

(

n2 + 1
)))

12 (c11c22 − c212) (n
2 + 1)

, (29)

since its role is essential only inasmuch as Ω − Ω0 . β2. Then, the shortened

dispersion relation may be rewritten in the form

γχ4 + δβ2χ2 + ω2
∗
− ω2 = 0 (30)

where we have let the positive quantities

γ =
c11c22 − c212

c11c22n2 (n2 + 1)
(31)

and

δ = −p2γ =
(n2 − 1)2

[

2c12n
2 + 4c66(n

2 + 1)− c22
]

12c11 (n2 + 1)
2 . (32)

In the isotropic case, see Eqs.(9), we have

δiso =
(1− n2)2(2n2 + 1− 2ν)

12(1 + n2)2
, γiso =

1− ν2

n2(1 + n2)
, (33)

14



and

Ω0
2
iso =

n2(1− n2)2

12(1 + n2)
, Ω1

2
iso =

n6(1− n2)2

36(1 + n2)3
, (34)

which correspond to the analogous results given in [9]. Fig.4 plots the disper-

sion curve for the lowest vibration mode, as given by Eq.(14), along with its

approximation (30) for graphite-epoxy composite material at n = 2, 3 and 4. For

comparison, Fig.5 presents similar results for an isotropic material. Clearly, the

quality of the approximation is reduced in the orthotropic case owing to large

ratios between the elastic constants for graphite-epoxy composite material. Fi-

nally, Fig.6 illustrates the effect of the relative thickness β on the accuracy of

the derived approximation.

6. Refined semi-membrane theory

Consideration of long-wave low-frequency behaviour, i.e. χ ≪ 1 and ω ≪ 1,

yields the following approximate expressions for the eigenmodes (B.1,B.2)

Un =

[

− 1

n2
+ β2

(

−c11 (c12 + c22 + c66) Ω
2

c22c66n4
+

(c12 + 2c66)
(

n2 − 1
)

12c66n2

)]

ıχWn

+
c11c22 − c212 − c66c12

c22c66n4
ıχ3Wn + . . .

and

Vn = − 1

n
Wn − c12

c22n3
χ2Wn −

(

c11
c22n3

Ω2 +
n2 − 1

12n

)

β2Wn + . . .

Let us adapt in the last formulae the operatorial identities

(

ıα−1χ
)j {Un, Vn,Wn} = ∂j

ξj{un, vn, wn}, j ∈ N,

and

Ω2 = −∂2
TT .

This gives

vn +
1

n
wn =

c12
c22n3

α2∂2
ξξwn +

c11
c22n3

β2∂2
TTwn − β2n

2 − 1

12n
wn (35)

15



and

un + n−2α∂ξwn =
c11 (c12 + c22 + c66)

c22c66n4
αβ2∂3

ξTTwn

+
(c12 + 2c66)

(

n2 − 1
)

12c66n2
αβ2∂ξwn − c11c22 − c212 − c66c12

c22c66n4
α3∂3

ξξξwn, (36)

thus refining at α ≪ 1 and β ≪ 1, the well-known geometric assumptions of the

semi-membrane theory expressing the vanishing of the mid-surface deformation

due to shear and circumferential elongation [7]

vn + n−1wn = 0, and un + αn−2 dwn

dξ
= 0. (37)

It is well-known that, in statics and in dynamics, outside the narrow vicinity

of the cutoff frequency, the semi-membrane theory is asymptotically consistent

[7, 8].

Introducing the refined assumptions Eqs.(35,36) in the Lagrangian density

(1), we may write a reduced variational principle [6, 27]

ˆ T2

T1

ˆ L

0

L0dξdT

where the Lagrangian density is expanded to within O
[

(α2 + β2)2
]

L0 = β2(∂Twn)
2 + β2 c22n

2
(

n2 − 1
)2 (−β2 + 3

(

β2 − 4
)

n2 − 12
)

144c11 (n2 + 1)
2 w2

n

− α2β2 c66
(

n2 − 1
)2

3c11 (n2 + 1)
(∂ξwn)

2 + α2β2 c12
(

n2 − 1
)2

6c11 (n2 + 1)
wn∂

2
ξξwn

+ α4 c212 − c11c22
c11c22n2(n2 + 1)

(∂2
ξξwn)

2 − α2β2 2c12
c22n2(n2 + 1)

∂Twn∂
3
ξξTwn

−β4 c11
c22n2(n2 + 1)

(∂2
TTwn)

2−β4 2c11
c22n2(n2 + 1)

∂Twn∂
3
TTTwn+α2β2 1

n2(n2 + 1)
(∂2

ξTwn)
2

Performing the variation with respect to wn, we get the PDE

α4 c11c22 − c212
c11c22n2 (n2 + 1)

∂4
ξξξξwn − β4 c11

c22n2(n2 + 1)
∂4
TTTTwn + β2∂2

TTwn

− α2β2 (c12 + 2c66)
(

n2 − 1
)2

6c11 (n2 + 1)
∂2
ξξwn − α2β2 2c12 + c22

c22n2 (n2 + 1)
∂4
ξξTTwn

− β2 c22n
2
(

n2 − 1
)2 (−β2 + 3

(

β2 − 4
)

n2 − 12
)

144c11 (n2 + 1)
2 wn = 0 (38)
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whose dispersion relation is asymptotically equivalent to Eq.(30), as it follows

from the discussion at the end of the previous section, see Eq.(29). Indeed, we

can simplify Eq.(38) through setting

∂4
TTTTwn = Ω4

0wn, ∂4
ξξTTwn = −Ω2

0∂
2
ξξwn

to get

γα4∂4
ξξξξwn − δα2β2∂2

ξξwn + β2∂2
TTwn + ω2

∗
wn = 0. (39)

It is worth noting that the conventional semi-membrane hypotheses, Eqs.(37),

generally do not result in Eq.(39), see [9] for further detail. In the original

variables x and t, the last equation reads as

γR4∂4
xxxxwn − δh2∂2

xxwn +

(

R

cL

)2

∂2
ttwn +

(

h

R

)2

Ω2
∗
wn = 0 (40)

which corresponds to the governing equation of a beam supported by an elastic

two-parameter (Pasternak-type) foundation, e.g. see [28, 29]. It is worth noting

that in the standard semi-membrane equation [8, Eq.(20)] the term with the

second derivative with respect to x does not appear and also Ω∗ = Ω0.

7. Concluding remarks

This paper presents a low-frequency analysis of the propagating modes in an

orthotropic cylindrical shell. The investigation is partly motivated by recent ex-

perimental findings indicating that carbon and oxidic nanotubes possess strong

anisotropic material properties.

The developed approach is based on the observation that the lowest prop-

agating vibration modes in an orthotropic cylindrical shell are very sensitive

to the variation of the problem’s parameters, in contrast to the complementary

evanescent modes, which, at leading order, are independent of frequency and cir-

cumferential wavenumber. Within the framework of the Kirchhoff-Love theory,

the propagating and the evanescent modes correspond to the semi-membrane

and to the edge effect approximations, respectively [7]. Although, for a num-

ber of practically important set-ups, the highly localised edge effect appears

17



of limited interest, it is here put to advantage for the extraction of the propa-

gating modes. Indeed, the shortened dispersion equation for the latter comes

immediately through polynomial division of the full Kirchhoff-Love dispersion

equation by the relatively straightforward equation governing the evanescent

modes. Similarly to the isotropic case [9], this shortened equation may be re-

garded as the leading order expansion near the lowest cutoff frequency. Besides,

it is shown that the same equation also follows through a refined dynamic ver-

sion of the semi-membrane shell theory obtained by a variational procedure.

Amended physical assumptions underlying this theory are also formulated. Nu-

merical results show that the shortened dispersion equation provides a very

robust approximation of the bending vibration branch.

The presented approach has a potential to be extended to other types of

anisotropy. In addition, the proposed dynamic semi-membrane model may be

generalised to incorporating the effect of weak non-linearity.

8. Acknowledgments

JK gratefully acknowledges a visiting professor fellowship by the University

of Modena and Reggio Emilia under the Short Staying Fellowship Programme

2016.

18



Appendix A. Coefficients in the dispersion relation

The coefficients in Eq.(14) are

a0 = 6912β−2ω2
(

c211ω
2
(

c22n
2 + c66n

2 + c22
)

− c11c22c66n
2
(

n2 + 1
)

− c311ω
4
)

+ 144c211n
2ω4

(

4c22
(

n2 + 1
)

+ c66
)

+ 12β2
(

c222c66n
4
(

n2 − 1
)2 − c11c22c66n

4
(

n2 + 1
)

ω2
)

− 144c11c22n
2ω2

(

4c22
(

n2 − 1
)2

+ c66
(

4n4 + 5n2 + 1
)

)

+ 576c222c66
(

n2 − 1
)2

n4

a1 = −12β2c11 (2c12 + c22) c66n
4ω2

+ 6912β−2ω2
(

c211 (c11 + c66)ω
2 − c11

(

−2c12c66n
2 − c212

(

n2 + 1
)

+ c22
(

c11n
2 + c11 + c66

)))

+ 144c211ω
4
(

8c12n
2 + c66

(

16n2 + 9
))

+ 576c22
(

−c212 + 4c266 + c11c22
) (

n2 − 1
)2

n2

+ 144c11ω
2
(

− 2c66n
2
(

c12
(

4n2 + 7
)

+ 8c66
(

n2 + 1
))

− c22
(

4n2
(

c11n
2 + 2c12n

2 + c11 − 2c12
)

+ c66
(

20n4 − 24n2 + 9
))

)

a2 = β6
(

c11c22 − c212
)

c66n
4

+ β4
(

72c66n
2
(

c11c22n
2 − c212

)

− 12c11
(

−4c212 − 6c66c12 + c11 (4c22 + c66)
)

n2ω2
)

+ β2
(

− 144c11ω
2
(

8c66 (c12 + 2c66)n
2 + c11

(

4 (2c12 + c22)n
2 + c66

(

20n2 + 9
)))

+ 144
(

− 8c312n
2
(

n2 − 1
)

+ 8
(

c11c22 − 4c266
)

c12n
2
(

n2 − 1
)

+ c66c
2
12

(

−32n4 + 32n2 − 9
)

+ 3c11c22c66
(

8n4 − 8n2 + 3
)

)

+ 576c311ω
4
)

− 6912c211c66ω
2 + 6912c66

(

c11c22 − c212
)

a3 = β2
(

48c11
(

−c212 + 4c266 + c11c22
)

n2 − 108c211c66ω
2
)

+ 576c11
(

−c212 + 4c266 + c11c22
)

n2 − 576c211 (c11 + c66)ω
2

a4 = 108β2c66c
2
11 + 576c66c

2
11
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The coefficients in the expansion (19) are

a
(0)
4 = 576c211c66,

a
(2)
4 = 108c211c66,

a
(0)
3 = 576c11

(

−c212 + 4c266 + c11c22
)

n2,

a
(2)
3 = −576c211 (c11 + c66) Ω

2 + 48c11
(

−c212 + 4c266 + c11c22
)

n2,

a
(4)
3 = −108c211c66Ω

2,

a
(0)
2 = 6912c66

(

c11c22 − c212
)

,

a
(2)
2 = 144

(

− 8c312n
2
(

n2 − 1
)

+ 8
(

c11c22 − 4c266
)

c12n
2
(

n2 − 1
)

+ c66c
2
12

(

−32n4 + 32n2 − 9
)

+ 3c11c22c66
(

8n4 − 8n2 + 3
)

)

− 6912c211c66Ω
2,

a
(4)
2 = 72c66n

2
(

c11c22n
2 − c212

)

− 144c11Ω
2
(

8c66 (c12 + 2c66)n
2

+ c11
(

4 (2c12 + c22)n
2 + c66

(

20n2 + 9
))

)

,

a
(6)
2 =

(

c11c22 − c212
)

c66n
4 − 12c11

(

−4c212 − 6c66c12 + c11 (4c22 + c66)
)

n2Ω2 + 576c311Ω
4

a
(0)
1 = −6912c11Ω

2
(

−2c12c66n
2 − c212

(

n2 + 1
)

+ c22
(

c11n
2 + c11 + c66

))

− 576c22
(

c212 − 4c266 − c11c22
)

n2
(

n2 − 1
)2

,

a
(2)
1 = −144c11Ω

2
(

2c66n
2
(

c12
(

4n2 + 7
)

+ 8c66
(

n2 + 1
))

+ c22
(

4n2
(

c11n
2 + 2c12n

2 + c11 − 2c12
)

+ c66
(

20n4 − 24n2 + 9
))

)

+ 6912c211 (c11 + c66) Ω
4,

a
(4)
1 = −12c11 (2c12 + c22) c66n

4Ω2 + 144c211Ω
4
(

8c12n
2 + c66

(

16n2 + 9
))

,

a
(0)
0 = 576c222c66n

4
(

n2 − 1
)2 − 6912c11c22c66n

2
(

n2 + 1
)

Ω2,

a
(2)
0 = 6912c211Ω

4
(

c22n
2 + c66n

2 + c22
)

− 144c11c22n
2Ω2

(

4c22
(

n2 − 1
)2

+ c66
(

4n4 + 5n2 + 1
)

)

+ 12c222c66
(

n2 − 1
)2

n4,

a
(4)
0 = 144c211n

2Ω4
(

4c22
(

n2 + 1
)

+ c66
)

− 12c11c22c66n
4
(

n2 + 1
)

Ω2 − 6912c311Ω
6,

and a
(4)
4 = a

(6)
4 = a

(6)
3 = a

(6)
1 = a

(6)
0 = 0.
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Appendix B. Eigenforms

The expressions for the eigenforms are

Un =
{

4ıχW1

[

3n2
(

16 (c12 + c66)− β2c66
) (

β2 (c12 + 3c66)χ
2 + c22

(

β2n2 + 12
))

−
(

12c12 − β2c66n
2
) (

3
(

3β2 + 16
)

c66χ
2 + 4

(

β2 + 12
)

c22n
2 − 48c11ω

2
)

]}

/
{

9n2χ2
(

β2c66 − 16 (c12 + c66)
)2 −

(

48c11
(

ω2 − χ2
)

−
(

β2 + 48
)

c66n
2
)

×
(

−3
(

3β2 + 16
)

c66χ
2 − 4

(

β2 + 12
)

c22n
2 + 48c11ω

2
)

}

(B.1)

and

Vn =
{

nW1

[

χ2
(

48β2c66
(

4c66n
2 + 3c11

(

χ2 − ω2
))

+ c12
(

48β2c11
(

χ2 − ω2
)

+ c66
(

β2
((

β2 + 96
)

n2 + 36
)

− 576
))

− 576c212
)

+ c22
(

β2n2 + 12
) ((

β2 + 48
)

c66n
2 + 48c11

(

χ2 − ω2
))

]}

/
{

(

β2 + 12
)

c22n
2
((

β2 + 48
)

c66n
2 + 48c11

(

χ2 − ω2
))

+12
[

3
(

3β2 + 16
)

c11c66χ
4−c11ω

2
(

3χ2
(

3β2c66 + 16 (c11 + c66)
)

+
(

β2 + 48
)

c66n
2
)

+ 2n2χ2
(

β2c66 (3c12 + 8c66)− 24c12 (c12 + 2c66)
)

+ 48c211ω
4
]

}

(B.2)
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