Elastic contact of a stiff thin layer and a half-space
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Abstract. The 3D problem in linear elasticity for a layer lying on a half-space is subject to a
two-parametric asymptotic treatment using the small parameters corresponding to the relative
thickness of the layer and stiffness of the foundation. General scaling for the displacements and
stresses is inspired by the analysis of the exact solution of the toy plane strain problem for a vertical
sinusoidal load. The direct asymptotic procedure widely used in mechanics of thin structures is
adapted for the layer. It is demonstrated that the Kirchhoff theory for thin plates is only applicable
for sufficiently high contrast of the coating and half-space stiffnesses. In the scenario, in which the
Kirchhoff theory fails, alternative approximate formulations are introduced, reducing the original
problem for a coated solid to problems for a homogeneous half-space with Neumann, mixed or
effective boundary conditions along its surface.
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1. Introduction

The problem of elastostatics for a stiff layer lying on a half-space is of long term interest for numerous
engineering applications. In particular, a variety of problems in structural mechanics are modeled by
a thin Kirchhoff plate resting on an elastic substrate, e.g. see [11, 17, 18, 19, 20, 25]. In addition, we
cite an influential paper [7] and also a useful servey of mathematical techniques for treating plates
on a linear elastic foundation in [26]. At the same time, the range of validity of this approximate
formulation, restricted only to thin and sufficiently stiff layers, has not always been fully appreciated.
Ounly very few papers, e.g. [8], explicitly take into account the limitation associated with a specific
asymptotic ratio of plate and substrate stiffnesses. The effect of high contrast in stiffness was briefly
addressed in [3], studying a contact problem for a coated half-space, without relating it to the relative
thickness of the coating. In addition, we refer to [4], appreciating the importance of high contrast limit.
Among modern considerations on the subject we also mention [5] inspired by modelling of advance
resonant devices, and [6, 9, 12, 14, 15, 27] tackling a variety of vibration and stability phenomena.
In the recent paper [24] a 3D problem in linear elasticity for a soft layer attached to a substrate was
treated for a broad range of ratios between relative stiffnesses and wavelengths, resulting, in particular,
in the justification and refinement of Winkler—Fuss hypothesis.

In this paper, we extend the methodology in [24] to a complementary scenario of a stiff layer. We
operate with two small parameters, corresponding to the relatively small stiffness of the substrate and
thickness of the layer, adapting the asymptotic procedure traditional to thin elastic structures, e.g. see
[2, 10, 13, 16]. Initially, it was developed for Neumann boundary value problems for plates and shells
assuming prescribed stresses along the faces. Later on, the procedure was extended to Dirichlet and
various mixed boundary value problems, enabling modeling of clamped faces, characteristic of thin
coatings. For both setups, the displacements and stresses are expanded into series in the thickness
variable, resulting in the 3D to 2D dimension reduction. The peculiarity of the studied configuration
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is that the contact with the substrate results in asymptotic consideration of a pretty sophisticated
boundary value problem for the thin layer.

The limiting forms of the original elasticity equations for various ratios between these two pa-
rameters are derived. First, we establish the asymptotic behaviour of the displacement and stress
components for a toy plane strain problem for a vertical sinusoidal load. Next, we adapt the initial
settings coming from the toy problem to the general 3D setup. In particular, we confirm the scaling
in [8] corresponding to a coupled problem for a Kirchhoff plate resting on an elastic half-space. As
might be expected, for a softer substrate we arrive at leading order at an uncoupled problem for plate
bending. At the same time, for a stiffer substrate, which is still much softer than the layer, any plate
bending theory fails. In the latter case, however, we formulate a set of boundary value problems for a
homogeneous half-space. Among them, in particular, there are effective boundary conditions originally
derived in [28] and later justified in [10]. The validity of all the shortened approximate formulations
is justified by comparison with the exact solution of the aforementioned plane strain problem.

2. Problem statement

As in [24], we consider a coated elastic half-space, subject to action of a vertical load P = P(x1,x2)
at the upper face of the layer, see Figure 1.
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FIGURE 1. Problem statement.

We assume that the thickness of the layer h is small compared to a typical length scale a related
to variation of the load along the coordinates x1,x2. Therefore, we introduce a small geometrical
parameter

h
We also suppose that the layer is much stiffer than the half-space, leading to a small material parameter
ut
p=——=<1, (2)
w

”

where p* are shear moduli, with ”—” and ”+” corresponding to the layer and the half-space, respec-
tively. The small parameters above can be related to each other as

p=e (3)
with o > 0, meaning that the limiting case o = 0, associated with a non-contrast setup, is also
incorporated.

Using the assumptions above, we establish a two-parametric asymptotic approach in order to
investigate the validity of the theory of thin plates. Indeed, it is suggested by physical intuition that in
case of a hard thin coating resting on a soft substrate, the model of a thin elastic plate is a reasonable
approximation. In this paper, we aim at justification of this model depending on the range of parameter
a. According to the theory, the deflection of a plate is governed by a bi-harmonic equation

DA*W =P+ P,, (4)
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where W is the deflection of the layer, A? = 8730‘11 + QW + 871;‘21 is a bi-harmonic operator, P,
is reaction of the substrate, D = B0 a % is flexural rigidity, with F and v denoting the Young’s
—v

modulus and Poisson’s ratio, respectively.
Let us introduce the dimensionless scaling

Ty -~ T3 I3 —h
fk:;7 53 :%7 0§$3§h, 5?4;_77 x3 2 h. (5)

Then, the governing relations for the layer and the half-space are

_ _ a _
Oi11 T 042+ 7033 = 0,

D e D D
Opp = ——Up T 7“1,1 + U3 35

AT AT AT+ 20

033 = 7“1,14'*“22‘1‘ h U3 35 (6)
_uT

012—7(U12+“21),

N _

UkB_T(ukfiJ'_ uz 1),

and
+ + +
011 T 0o t055=0,

Tk = 1((>\+ + 20wl + A+ A g ),

O3y = g /\+“+1 + Atug o+ (AT 2ut )u3 3); (7)
R )

UIj?; = %(“zs + “;k%

see e.g. [1], where u;t are displacements, o;; are stresses, d;; is Kronecker’s delta, A%t are Lamé moduli,
and comma indicates differentiation. Here and below, i,j =1,2,3, [,k =1,2; | # k.

The boundary conditions, modeling vertical force at the surface of the layer, and continuity
conditions at the interface are

033 = —P, 043 =0, & =0, (8)

The decay conditions of the displacements uj‘ — 0 as 5 — oo are also assumed.

3. Toy plane strain problem
We start with investigation of a plane strain problem for a vertical harmonic force

P =Ap cosé, (9)
where A is constant amplitude, see Figure 2.

0
The governing equations follow from (6) and (7), with uf = 0 and —— =0, i.e.

3}
(A" +2p7)e%uy g + (A + p7 )euz g3+ pup g3 =0,
" 52 Uz + AT+ pT)eug g+ (AT 207 Jug g5 = 0, (10)
(At +2p )U111+(/\++M )U313+M UT33:0
ptu 311+()\++/~L )“113+()‘++2N )“333—0
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FiGURE 2. Toy plain strain problem.

The boundary and continuity conditions (8) become

043 = —Ap~ coséy, 013 =0, & =0, (11)
U & =1,

n = u’;"L_ ) 013 = Uigv
where n = 1, 3, with the decay conditions u,” — 0 as z3 — oo.

The solution of the stated problem is given in Appendix 1, see (78) with (80)—(84) for the
displacements, whereas the stresses are obtained by substituting the latter into (6) and (7). Using the
results together with (2), (3), the leading order asymptotic behaviour of the displacement and stress
components is derived, see Table 1.

ug  ug oy oy o ul uf oy oy of)

a>3 g3 et e 1 g2 gt g™t go3 ga=3 o3
2<a<3 g gatl g2ma 1 lea gma-l ool 1 1 1
1<a<2 g2 gl 1 1 el gratl gma-l 1 1 1
0<a<1l gol gra-l glma 1 g—a g-a-l —a-l 1 1 1

TABLE 1. Asymptotic behaviour of displacement and stress components.

In more detail, considering only the leading order relation between vertical displacement u3 and
prescribed load (9) at the upper face of the layer £ = 0, we have

(v —1 4
W’ o > 3,
PO 1oty e
SR
P 2u"yTe”
h=-—= - 1<a<3, 12
i ) A 2 "
6y —2) —dy e
h(y=(2+37%) —2(1+77))’ ’
2u~ (v —1e”
o , a <1,
AE 42
where 7+ = %
7

As a result, the case a > 3 clearly stands out, when the coefficient k is independent of the
parameters of substrate. This indicates that the equation of plate bending may be expected at leading
order as a relation involving vertical displacement us and the applied load P.
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4. Asymptotic analysis

In this section we develop an asymptotic scheme based on the method of direct asymptotic integration
of equations of 3D elasticity, see [10, 13]. Note that the scaling required for this procedure follows from
the orders of displacements and stresses in Table 1.

4.1. Case a >3 (p < &%)

First, we scale the displacements and stresses for the layer using the data in the first line of Table 1.
Therefore, we have

- _ —3 x— - _ —2 _k— - _ - _ —2 _k— _ — %

uy, = he 4“1<: ) e O19 =091 = [ € 1‘712: P =p p", (13)
- — *— - _ = - - — *

uy = he tuy, O33 = M 033, Oz = Ogk, = M € Opg-

Here and below, we assume all quantities with the asterisk to be of the same asymptotic order. In
view of (13), governing equations (6) become
011+ Oigo t0i53=0,
2o = EQV_UZ;C +e2(y™ — Z)uﬁ + (v — 2)u§5,
etoss =e*(v — 2)uy; + (v - 2)us 5 + 7 U3 3, (14)
Oy =Ujyt+usy,
opy = U 3+ Us -
Eliminating the term w35 from (14) and (14)3, we deduce
o — (YT = 2oss =40y — Dup +2(v — 2)u); (15)
Using the scaling for the half-space given by
+ h574u*+ + + —a—3 x4+ (16)

ui = i U:a’:ug O'“’

equations (7) may be rewritten as

211+0122+Uz33_0
Ukk —7+“*+ + (" - )(“zz +uzh),

033_ =t *+ 3+ (’7 2)(“1,1 + U2,2)7 (17)
012 = u12+u2 1a

*
Op3 = “k,g + u3 3,k

Boundary and continuity conditions (8) take the form

*— *
O33 = —D, Uks =0 (18)
at {5 =0, and
*— __ okt *— __ okt *— _ _a—2 _x+ *— _ _a—3 _x+
Uy = U, Uz =us , Opg =€ Oz, 033 = €&  O33- (19)
at £ =1.

In (19), 045 > o5 at o > 3 whereas 05; ~ 043 at a = 3, therefore we consider these subcases
separately.

4.1.1. Subcase o > 3 (pu < €*). Expand the displacements and stresses of the layer in asymptotic

series
ur u; @
i) = i + ... 20
( Tij ) Uij(O) 20)
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Hence, at leading order, we get from (14)

0 0 0
11(1) + 022(2) + ‘713( )= =0,
u—(O) _
3,3
o (O) (0) +'U,2 (0)7 (21)

where

subject to the boundary conditions at &5 =0

—(0 * —(0
033( )= -p, UkB( = J (23)
and the continuity conditions at {5 =1
uﬁ(o) =0, u;(o) = ug(o), 0;3(0) =0. (24)
First, (21)s implies
uz @ =w, (25)

where w is an arbitrary function of variables £; and &; representing the deflection of the layer. Then,
on integrating (21)4, we deduce

— + F17 (26)
k

where Fy = F1(&1,&2) is an arbitrary function of £ and &. Substituting the latter into (21)s, (21)s,
using (21); and satisfying conditions (23)s and (24)3, we infer

1 0w
Therefore,
—) _ 0w (1.
Uy = e (2 13 ) ) (28)
and

o = (1 - 265) mo—r (29)

2
_ 9 03
2 =556 0 (5 + aavg)

Finally, from (29)3 and (21);, and satisfying the continuity condition (24)s, we obtain for the vertical
stress

_ K _ _
o5 = —15((6)7(26 = 3) + DATw, (30)
ot ot ot
ot " ogzog * oek
Using the condition (23); at & = 0, we have

where A2 =

K
2 * 1
—12A*w =p*, (31)

which in dimensional form coincides with the equation (4) of plate bending with P,. = 0.
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4.1.2. Subcase o = 3 (u ~ 53). Here, we begin with same leading order governing equations for the
layer (21) and boundary conditions (23), while continuity conditions at {5 = 1 take the form

I S O e R s O) (32)

Following a similar procedure, the quantities ug (0)7u;(0) are found as (25), (28), respectively,

and alzk(o), 05(0)0;3(0) as (29). Then, from (21);, we obtain

—(0 R _ —
o5 = —15(& (26 — AW+ B, (33)
where Fy is an arbitrary function of £; and &. The vertical stress at the interface is given by
*(0)‘ LN F 34
Due to continuity condition (32)4 at &5 =1 we get
Fy = o — L A2y, 35
2 = 033 o1 12 * W ( )
Therefore,
—(0 K - - +(0
o3 =~ 15 (&)* 26 —3) + VAT + ¥ (36)
=

which, on satisfying (23); at &5 = 0, implies

K
EAiw =p*+ 0;3(0) (37)

3 =1

The equation above demonstrates that at & = 3 the plate bending theory is still valid, but in contrast
to the subcase o > 3, the half-space reaction P, is now a nonzero value.

4.2. Case 2 < a <3 (3 Sp<e?)

The scaling for the layer is now given by (see line 2 in Table 1)

- _ —ou, K - _ g, alma x— P el — —p*
u, = he"%u;", Opr = M€ Okk » Olg =09 = L~ € 2 P =u"p*, (38)
Uz = he * hui~ Oaq = [l O35 Oia = 0np. = €27 %

3 = 3 33 = M 033, k3 = O3k = H k3

Hence, due to (38), equations (6) become

*— *— *—
Opi1t Opoo T 033 = 0,

370151 + 053) + 0335 =0,
€2gkk = 52’771%,/@ + 52(7* — 2)ul,l + (v - 2)u373, (39)
ertlois = e2(y~ — 2)1ﬁ1‘_1 +e2(y — 2)u§‘2 + ’y’ug’},,
021‘2_ = u’f; + u;_l,
*— *— *—
€°0Lg = Up 3+ Usg p-
Similarly to the previous Subsection 4.1, we deduce from (39)3 and (39)4
Ty =TT = 2)og =40y — D +20v7 - 2y (40)
The scaling for the half-space here and below takes the form
uf = ha_a_luer, 0;; = ajt- = M_U;"]-Jr, (41)
leading to equations (17).
Boundary conditions are once again represented as (18) and the continuity conditions are
A (@)

Below, we deal with the subcases 2 < a < 3 and a = 2 separately.
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4.2.1. Subcase 2 < a < 3 (53 <L p K 82). The leading order governing equations are

—(0) —(0) —(0)
Uk1(01) +04oo T 0435 =0,
0333 = 0,
uzy) =
01—’2(0) —u éo) n u;§0)7 (43)
u};go) +ug EcO) =0,
=) _ - (0)

subject to boundary conditions (23), and the following continuity conditions at {5 =1

I S O e e s O) (44)

As in Subsection 4.1, the quantities ug(o),u,:(o) are found in the form (25), (28), respectively,

and ak_,(fo) 012(0) kS( ) are obtained as (29). Then, integrating (43), with respect to ; and satisfying

(23)1, we obtain
03" = —p*. (45)

It is clear from (45) that in this case the applied load p* is transmitted to the interface and is no longer
connected with the layer deflection directly. Thus, the value of the deflection and, subsequently, the
rest of the stresses and displacements, strongly depend on the value of the interfacial displacement
u;r(o), due to (44)s2, which indicates violation of the plate bending theory.

4.2.2. Subcase o = 2 (M ~ 52). The leading order equations are again given by (43) with boundary
conditions (23), and the continuity conditions at {5 = 1 are written as

i3

WO g, g O O 0 _ ) (46)

leading to vertical displacement ug ©

(43)5, we deduce

and stress 053(0) expressed as (25) and (45), respectively. Using

U —&5 — + Fs,
1 53 gfl 3 (47)
_ _ow
Ug © —&3 BT + Iy,
where F3 and Fj are arbitrary functions of & and &;. Therefore, (43)g implies
_ _ 0w OF: _d%w OF.
oS g gy (g g
—(0) 8F 2w 6F4 (48)
09 = —(k— )53 852 + (k= 2) 9, — K& o7 6‘52 96,

and (43),4 yields
—(0) _ 8210 8F3 8F4

o1y = =2 96, 2+67§2+87§1' (49)
From (43);, taking into account (48) and (49), and satisfying (23)s, we arrive at
_(0) 8 F3 9 83w . 82F4 82F3
0'13 (53) 8€§ 53 852 (53) 8€ 852 ( )53 85 852 53 852 ) (50)
o7 = <£->2—8 Y (o) s Bl e OR O
23 3 85%852 3 aglaf 3 853 3 852 3 aé-

where functions F3 and Fj can be found from solving the problem for the half-space and using
continuity conditions (46)s.
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43. Case 1 <a <2 (2 Spu<e)

The scaling for the layer is taken as

a—1, *— —2, *x—

- - - = 1 %=
us =he”* " u;", uy, = he™"u; ", Olg =091 = 4 € 01g,

_ i - st e 51
P=pp, O =H e ohy s 043 = 03; = [+ Opa - (5D
Substituting the latter into governing equations (6), we have
Op11+ Orgo T 0435 =0,
*— *— *—
e(oy31 +0935) + 0333 =0,
%oy = gary*uhk +e*(y” — 2)ul,l +(y - 2)u373, (52)

ertlois =e%(y~ — 2)ui ] +e*(vT —2)us, +y U3,
01y = Uiy + Uy,
2045 = Up g+ 75,
with the following additional equation obtained from (52)3 and (52)4
Oy —e(vT = 2)ozg =407 — Dugy +2007 = 2)uyy, (53)
this being similar to (15) and (40).
The boundary conditions are taken as (18), whereas the continuity conditions at {5 =1 are
ey =upt, upT =ugt, o =0 (54)
We again treat subcases 1 < o < 2 and o = 1 separately.
4.3.1. Subcase 1 < a <2 (52 <L p K 5). Leading order equations are

%1(? + Ukz(o) + 033 =0,

—(0) _
0333 — Y,
ugy) =0, (55)
01—2(0) u ,(0) —|—u2 (0)
u=© —
k,3 )

= —(0 —(0
O'kk( ) — nukﬁc) + (k- Z)UH( ),

subject to boundary conditions (23) and the continuity conditions at {5 =1

I O R O {0} (56)
As before, u;(o) and 033(0) are expressed as (25) and (45). It follows from (55)5 and (61); that
(0)
U =I5,
o 2 (57)
Ug - F67
resulting in
—0) _ OF 59
711 *’fal+( )82’ (58)
o = H% (k — Q)Q
2 3} 9&’
and
_ OFs  OF
(0) _ 915 6 (59)

T g T v
where F5 and Fg are arbitrary functions of &; and &. Finally, from (55), satisfying (23)2, we infer
2 2
_(0)776 <aF5+H1 8F6 +8F5)
N e
—(0) - 6 5 6
o = — K— + (k-1 + .
23 53 ( aé-% ( >a£1852 851 )

Here, functions F5 and Fg can again be derived from the continuity conditions (56)s.

(60)
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4.3.2. Subcase @ = 1 (u ~ ¢). Now the leading order governing equations and the boundary conditions
are taken as (55) and (23), respectively, and the continuity conditions at {5 =1 are

R ) (o1

As above, u;(o) and 0;3(0) are given by (25) and (45), respectively, whereas (55)5 and (61); imply

—(0) +(0)
U =u . 62
k . (62)
Hence,
o O = H@u;(o) + (k— 2)3ul+(0)
e 73" 23] _
+(0) +(0) = (63)
o= _ Ouy L Ou,
12 0& & .,
Thus, from (55)1, and satisfying (23)2, we infer
+(0) +(0) +(0)
Jf(O) — ¢ Hﬁzuk + (I<; 7 1)82ul + 82uk (64)
k3 O} 08,082 o&} P
T=
44. Case 0<a<1l(eSpux1)
The scaling for the layer is
up=he i, om=pol. op=op=p el (65)
— a0k T m* - _ = _ ol a x—
Tk =H € " Opis P=p"p, Ok = O3k —H & "Op3-
As a result, the governing equations (6) become
Uzl:il + ‘125,2 + U_Z:’T,g = Oi
e % oy31 +0935) + 0333 =0,
eop, = ey upy, +e(vT = 2w + (v —2)ugs, (66)

e*tlosy =e(y” —2)ui] +e(v” —2uzs + 7 uzs,
01y =Ujp+Usy,
520;';; = uzg + Eu:’;,;,
together with the equation
oy —e%(vT = 2)o3y =4A(yT — Duyp +2(77 = 2)u)y, (67)

subject to boundary conditions (18) and the continuity conditions at {5 =1

*— ok *— _ _a—1 x4+ *—
L ) O3 =€ Ok3» 033 = 033 - (68)

At leading order the governing equations are

(0 —( (0
Ukl(,l) + %2(,2) + ng(,:s) =0,

—(0)

0333 =0,

u;gO) =0,

o =0y @ g, (69)
—(0)

Ups =Y,

~(0) _ _af=2_—0 -(0) —~(0)

T —E¥ 5053 = Kl + (5= 2)u;, 7,

where term 03_3(0) can be neglected at 0 < o < 1, with boundary conditions (23) and the continuity

conditions at &5 =1
WO SO GO g 0 _ 4O, (70)
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The stated problem leads to the results for the displacements and vertical stress given by (25), (62)
and (45).

4.5. Approximate formulations for a half-space

The consideration above demonstrates that the plate bending theory is applicable only for a rather
high contrast setup (« > 3). At the same time, at o < 3, it is not possible to treat the layer and the
half-space separately. We can, however, formulate boundary conditions at the surface of the half-space
instead of solving the full original problem for a layered solid.

At o = 3, using continuity conditions (32) along with equation (37), the sought for effective
boundary conditions at &5 = 0 for the half-space take the form

+(0 +(0 K +(0 *
Uk( ' =0, 033( = EAE%( )|§;:o P (71)

Thus, the normal stress is expressed through the vertical displacement at the surface; in doing so, the
operator in the right hand side of (71) corresponds to the Kirchhoff plate theory.

At 0 < a < 3, the vertical force applied at the upper face of the layer can be transmitted to the
interface, see (45). Therefore, at 1 < o < 3, using continuity conditions (44), (46) and (56), we arrive
at the following mixed boundary conditions along the surface of the half-space &5 = 0

u;:(o) =0, 0;_3(0) = —p*. (72)

At « = 1, taking into account expression (64) for shear stresses and continuity conditions (61),
the effective boundary conditions at 5;{ = 0 become

a2u+(0)
+(0 « +(0
‘733( )= —p, Uk3( = - (K 85%

+(k—1)

+(0) +(0)
0*y, Oy ) (73)

9€10&, 5

&5 =0
Here, the shear stresses are expressed through the horisontal displacements at the surface. These
conditions were previously studied in [10] and [28] for a non-contrast case.

Finally, at 0 < a < 1, due to continuity conditions (70), we get at &5 = 0

+(0 0
033( ) = —p*, 02_3( ) =0. (74)
Solutions of plane strain problems for a half-space subject to the boundary conditions above are
presented in Appendix 2 with a harmonic load P = Apu~ cos&;.

5. Validation of asymptotic results

In this section we justify the derived asymptotic results by numerical comparison with the exact
solution for a harmonic load.

We reiterate that analysis of the relation between the applied force p* and the deflection of the
layer w indicates that the classical equation of plate bending arises only at a relatively high contrast
(>3 or u<e?), see (31) and (37).

In case of @ < 3, the plate theory is not valid. Nevertheless, transverse displacement us ©) i
always uniform at leading order across the thickness of the layer, i.e. ug O = w , see (25). Thus, due
to continuity conditions, we have

0
w=ui ey (75)

In this case, the effective boundary conditions for a homogeneous half-space, modeling the presence
of the layer, are discussed in Subsection 4.5 for different values of parameter «. As a result, we obtain
from (75) the deflection of the layer.

Let us now compare asymptotic results with the exact solution of the plane problem for harmonic
load P = Ap~ cos & applied at the surface of a layered half-space 23 = 0. Using relation (31) for o > 3
and the solutions of the plane problems in Appendix 2 for 0 < « < 3, the expression for the coefficient
k coincides with leading order exact solution (12).



12 J. Kaplunov, D. Prikazchikov, L. Sultanova

0.08

0.06 -

0.04

0.02

0.00 . . . . . . . a
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

FIGURE 3. Approximate and exact solutions for harmonic load for 0 < o < 1.5.
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FIGURE 4. Approximate and exact solutions for harmonic load for 2.5 < a < 5.5.

As an illustration, in Figures 3 and 4 we present numerical results, where o = log, v and also

v~ =0.25, vt =0.3, and € = h/a = 0.1, for dimensionless coefficient k* expressed as
h
kK= —k (76)
1
and m
"t = (77)
c1+ co

for the asymptotic and exact solution, respectively, where constants ¢; and cq are given by (81), see
Appendix 1.

The exact solution is plotted with solid line, while the graphs corresponding to the developed
asymptotic approximations are displayed by dashed and dot-dashed lines. The asymptotic results for
limiting cases a = 1 and o = 3 are displayed by red dots in Figures 3 and 4, respectively. The region
1.5 < a < 2.5 is not shown in the Figures since the difference between the associated asymptotic
approximation and the exact solution is virtually indistinguishable.
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6. Conclusion

In addition to [24] dealing with a soft thin layer covering a half-space, a full two-parametric analysis
of the related 3D problem in linear elasticity for a stiff coating is developed. It is confirmed that the
Kirchhoff plate theory is only valid for a sufficiently high contrast in the layer and substrate stiffnesses
(a >3 or u < €%). Nevertheless, several approximate formulations for a homogeneous half-space are
derived at o < 3, see boundary conditions (71)—(74). The obtained asymptotic results are compared
numerically with the exact solution for a vertical sinusoidal load applied to the upper face of the layer,
see Figures 3 and 4.

The considerations in the paper are of interest for a range of problems for coated bodies including
modeling of contact interaction. The proposed methodology may be easily extended to anisotropic
solids, shell-like coatings, as well as to the case of more sophisticated interfacial conditions. At the
same time, incorporating dynamic and nonlinear phenomena in the proposed two-parametric scheme
seems to be less straightforward, e.g. see aforementioned papers [6, 14] and also [21, 22, 23] dealing
with high-frequency thickness vibration.

Appendix 1

The displacements for a stated plane strain problem in Section 3 may be found as

ui = [ sing,  uy = f5(6) cosér. (78)
Then, substituting (78) into (10), we get
pIT () — A+ 20T (6) - (A T )efs (&) =0,
(A* +207) [ (65) + N+ e () — Ty (6 ) =0, (79)
+ (er) ()‘++2H+)f1+(§3) ()‘++M )fg (53)
(60 26 + O i) ) — et 6 = )
Therefore, using the latter together with boundary and continuity conditions (11), the solution de-

caying at infinity is given by
fr63) =e " feat+eal§s —cp)l — e [er +eslés +¢9)),

f3 (&) = (a ir c3€y )es + (ca + caly e, (80)
fig)=e" [C5+06(§§;—505r)]7
3 (&3) = (c5 + co€3 e % .
The values of c(? and ¢g, ¢ =1,...,6 are
1 2u™F AhN,
+ _ K _ q _
00_5(1+Ai+ui>’ “="p - 1=h-0 (&)
where
Ny = 2e%e2B;Bia+ (v7)?[By Biz(p™)? +2(y+ — 2¢*e B )u~put — B B (u)?)
+y7[By By (nh)? +2(2¢*eBy — 1) — By By (n™)?),
Ny = —e*(2e?BrBia + 77 [By Bro(p™)? — 2(e* + 2By e)u pt — By Biy(u™)?] — (v7)?
(B (By —28)(u | 4225 —2B; )it + B (Bi +e% 22200 Pl g
Ny = —eBy Br[By By (e*Bf — 1)u~ + B{ (By +¢*By Bl )u'],
Ny = By Bo[By By~ + (By By +¢* By )u*],
Ns = 2¢°y p~[By By (e** By — By )u~ + (e Bf; — Byy)u'*],
No = 2%y~ B u"[By Bg u~ + (B By +¢*By)ut],
and
D = 2¢[(By)*BS (B — 2% Bs)(u™)? + 2B [Bg +e*Bf +e*(4Bye? —2)|ju—p* (83)
+B{ [By By Bs +2¢* (Bs[1 + (v7)*] = 4y~ )] (1)),
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Bf =4 -1, Bg =1+e'*, Bf; = Bf F Bf;,

By =% +1, By =p~ —put, By = By i~ + By pt,

By =1+¢, B =1+~ 4, Bi5 = e*(Bf +2¢2) £ 1,
By =142, By =e* + Bf, Bi, = e* (4 £ BY) — 1,
Bs =1+ 22, Bi, = Bf — 4¢2, Bi =~ (e =" Bf) £+te.

In this case, stress components can be found, substituting displacements (78) with (80)—(84) into

the corresponding expressions in (6) and (7).

Appendix 2

Consider a homogeneous elastic half-space (fgr > 0) subject to the boundary conditions presented in

Table 2, where P = Au~ cos&; is a vertical harmonic load.

with

The equations of the formulated plane strain problem and the solution are given by (10)s, (10)4
and (78) with functions (80)3 and (80)4, where cd is taken as (81);, and the values of the coefficients
c5 and cg, corresponding to the appropriate boundary conditions, are presented in Table 2, together

the rest of the displacement and stress components at the surface f;' = 0.

Case 1 Case 2 Case 3 Case 4
Boundary conditions for a homogeneous half-space
+ 54, T
oy o O -P P -P -P
12a 851 £;=0
uf 0 0 - -
n kpt O%uf 0
o _ _ _ M
13 a ag% 5;:0
Coefficients in (80)3 and (80)4
csp 3~ (vF+1) Y41 T2 43y7) —2(1+97) vt
Aa Y= loat Tyt 297 2[y=(Byt —1) — 29F] 2y = 1)
Colt (v -1 7 -1 (3 =2 -1 1
Aa Y- =1t + Tyt 297 2[y=(Byt —1) — 29F] 2
Displacement and stress components at the surface 5; =0
_uis ) ) - N
Aasin& 2(y~ + 29t — 3y 97) 2(y*t —1)
ug o 37" (vM+1) TPl (@243 201 +97) 7t
Aacos§y  ym —1—at+ 7yt 29F 2y (Bt =) —29F] 20yt = 1)
i3 67~ 1 20y -
Ap=singy 1497 -y~ (1 +7yF) 7t 1Byt —1) —29F
33 6y~~"

Ap—cos& 144t =7y~ (1 4+ 797)

TABLE 2. BVPs for a homogeneous half-space
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