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the given 3D strain energy function) and some
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1. Introduction

In recent years, biological materials have attracted a lot of
interest; see, for example, the review article by Holzapfel
and Ogden [1] on constitutive modelling of arteries.
There are two noteworthy properties of biological
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materials. One is they are very soft and can undergo large elastic deformations with finite-strain;
the other is that the volume is preserved during the deformation. So, they are normally modelled
as incompressible hyperelastic materials. Many biological tissues and organs are thin structures.
Due to the complexity of the 3D formulation and the cost and ineffectiveness of 3D computations
(in particular, for post-bifurcation solutions), often one needs to use a 2D shell model to study
their behaviors.

Shell theories have a long history, which date back to the pioneering work of Love [2] in 1888.
Since then, they have been studied extensively during the past 130 years. Numerous works on
shell theories have been done in the framework of linearized elasticity and/or linear constitutive
relation with geometric nonlinearity. Here, the focus is on soft materials modelled by a strain
energy function with incompressibility constraint, for which one needs to consider material
nonlinearity. It is out of the scope of the present study to give an extensive review on linear shell
theories or those with geometric nonlinearity, and for a selected review, we refer to Li ef al. [3].
Instead, we only give a review on derived shell theories for incompressible hyperelastic materials, for
which, relatively speaking, there are not so many works.

In [4], Makowski and Stumpf formulated a finite-strain shell theory for incompressible
hyperelastic materials by assuming the material lines normal to the shell surface remain straight
during the deformation. Itskov [5] assumed that the position vector in the deformed shell is
linear in the thickness variable (with six parameters). The incompressibility constraint is used
to eliminate the transverse normal strain, and based on which, a numerical shell theory with five
parameters for a generalized orthotropic incompressible hyperelastic material was developed.
In [6], Chapelle et al. examined whether the plane stress assumption or the asymptotic limits
of thickness can commute with the incompressibility constraint, justifying the usages of classical
shell models and a modified 3D shell model in the incompressible conditions. In Kiendl et al. [7], a
shell theory for compressible and incompressible isotropic hyperelastic materials was developed
based on the Kirchhoff-Love kinematics which includes the assumptions of zero transverse
normal stress and straight and normal cross sections, and then an isogeometric discretization
was introduced for numerical computation. Recently, Amabili et al. [8], for a tube (a special
kind of shells), developed a shell theory for incompressible biological hyperelastic materials by
assuming the in-plane displacement components are third-order polynomials of the thickness
variable while the out-plane component is a fourth-order polynomial. Further simplification in
that work include the dropping of certain nonlinear terms in the strain-displacement relations
and incompressibility condition, which enables one to represent the four coefficients in the out-
plane displacement in terms of other unknowns. As a result, a nine-parameter shell theory
was obtained. All the above-mentioned works employ ad hoc assumptions and cross-thickness
integrations to eliminate the thickness variable. As a result, one cannot expect that the resulting
shell theories are consistent with the 3D field equations, top and bottom traction conditions and
incompressibility condition in a pointwise manner. It is difficult to assess the reliability of such
inconsistency for general loading. Also, when higher-order expansions are used, higher-order
resultants need to be introduced but their physical meanings are not clear. Thus, it is more
desirable to construct a shell theory without these ad hoc assumptions/simplifications, which
is consistent with the 3D formulation (field equations and top/bottom traction condition and
incompressibility constraint) to a proper asymptotic order in a pointwise manner.

We also mention that by the I'-convergence method, Li and Chermisi [9] rigorously derived
the von Karman shell theory for incompressible hyperelastic materials. However, this kind of
approach depends on some a priori scaling assumptions, which cannot yield a shell theory with
both stretching and bending effects.

In a recent paper of Dai and Song [10], a dimension-reduction method was proposed to
construct a consistent plate theory with both stretching and bending effects via series expansions
with only smoothness assumption (without any ad hoc kinematic or other assumptions). The idea
is to directly work with the 3D field equations and traction conditions on the top and bottom
surfaces, and then to establish some recurrence relations for the expansion coefficients. Then,
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the approach has been used to derive a dynamic plate theory [11], a static shell theory [12], a
static plate theory for incompressible materials [13] and a static shell theory for incompressible
materials [3].

In this paper, we follow Dai and Song’s approach to first derive one form of dynamic shell
theory for incompressible hyperelastic materials that involves three shell constitutive relations
and six boundary conditions at each edge point. The completely new part is on the further
refinement by elaborate calculations (cf. the procedure for a plate in [14]), which reduces the
number of shell constitutive relations to two and singles out the bending term. It turns out
that the refined shell equations alone can reveal a few new insights already. For the force
boundary, in practice one only knows four conditions: the bending moment along the edge
tangent direction and the three components of the cross-thickness resultant. To propose proper
boundary conditions, we incorporate the weak form of the refined shell equations into the
variation of the 3D Lagrange functional 6L. By some elaborate calculations, which provide
guidance on choosing the variation of the displacement vector in the 3D edge term in §L when
specializing to a 2D shell theory, suitable shell boundary conditions and the 2D shell virtual work
principle are obtained. A benchmark problem of an artery segment subjected to extension and
internal pressure is considered. Finally, as an application of the refined shell theory, the plane-
strain vibrations of a pressurized artery are studied, and the results reveal the influences of the
axial pre-stretch, pressure, and fibre angle on the vibration frequencies.

Notation. Throughout this paper, we use boldface letters to denote vectors and second-order
tensors; we use curly letters to denote higher-order tensors. The summation convention for
repeated indices is adopted. In a summation, Greek letters «, 3,7, ... run from 1 to 2, whereas
Latin letters ¢, j, k, ... run from 1 to 3. A comma preceding indices means differentiation and a
dot over variables indicates time derivative. The time argument in variables are usually omitted
for brevity.

Let R? be the three-dimensional Euclidean space with standard basis (e1, ez, e3). The symbol
I:=e; ® e; is reserved for the identity tensor of R>. The notation A means cross product. For a
scalar-valued function of a tensor W (F'), the derivative of the W with respect to F' is defined to
be %—VI‘;{ = %ei ® ej; higher-order derivatives are defined in a similar way. The divergence of a

. . . 05,
tensor S is defined by Div(S) := %

L e;. The tensor contractions are defined by

i

A[B]=tr(AB):= AjiBij, Al [A] = AijEkAkZei ® ey, Ala,b]:=Aa-b= Ajjazb;.  (1.1)

2. Kinematics and the 3D formulation

We consider a thin shell of constant thickness 2h composed of an incompressible hyperelastic
material which occupies a region {2 x [0,2h] in the reference configuration. The thickness 2h of
the shell is assumed to be small compared with the length scale of the bottom surface {2 and its
ratio against the radius of curvature is less than 1. The position of a material point is denoted by
X in the reference configuration and by « in the current configuration. The geometric description
of a shell has been given in [15] and [16], and here we give a brief summary.

The bottom surface (2 of shell is parameterized by two curvilinear coordinates 0%, o = 1, 2. The
position of a point on 2 is written as r = r(6%). Then the tangent vectors along the coordinate
lines are given by go = dr/060%, which form a covariant basis of the tangent plane of the bottom
surface. Their contravariant counterparts g, which satisfy the relations g - gg = Jg, form a
contravariant basis of the same plane. The unit normal vector n to the bottom surface is defined
via n=g1 A g2/|91 A g2|, so that by setting g% =g3=mn, {g;} and {g'}, i = 1,2, 3 form two sets
of right-handed bases.

In the reference configuration, the position of a material point is decomposed into

X =r(0%) + Zn(0%), 0< Z<2h, @.1)

where Z is the coordinate of the point along the normal direction n2. The change of the unit normal
vector is captured by the curvature map, which is defined as the negative of the tangent map of

H
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the Gauss map n: 2 — 52 [15], where S2 denotes the two-dimensional unit sphere; thus we have
k=—-0n/0r = —n o ® g°. We point out that the curvature tensor k is symmetric in the sense that
k = k™. Associated to k, the mean curvature and the Gaussian curvature are respectively defined
by H = & tr(k) and K = det(k).

The covariant base vectors at a point in the shell 2 x [0, 2h] are given by

~ 0X or 7 on 871'

9o = Ggn = aga g agu ~ (1= ZR)g @2

where1:=1 —n®n =g ® go denotes the projection onto the tangent plane of (2; it is also the
identity map of the same plane. Setting p =1 — Zk, we see from (2.2) that go = pgo and thus
§° = =T g“. Note that the previous geometric assumption which asserts |2h/<:g\ < 1implies that
the inverse p ™! is well-defined. By change of variables formula, the volume element of the shell
is computed by

AV = (g1 A Go) - nd0'd6?dZ = det(p)(g1 A g2) - ndO d6>dZ = u(Z) dAdZ, (2.3)

where ;(Z) =det(u)=1—2HZ + KZ? and dA = |g1 A go|d0'db? is the area element on the
bottom surface.

On the boundary 052, let s be the arc length variable, and let 7 and v be respectively the
unit tangent vector and the unit outward normal vector such that (7, n,v) forms a right-handed
triple (i.e., v =7 A m). Then let N, 7" and da be respectively the unit outward normal vector,
unit tangent vector and the area element of the lateral surface such that (7", n, V) forms a right-
handed triple. A similar argument as in (2.2) yields T' = (1 — Zk)7/,/gr, where ,/gr denotes the

magnitude of vector (1 — Zk)7 and is given by /gr = V1 — 2ZkT - T + Z?kT - k7. Using change
of variables formula again, we have N da = p7ds A ndZ = (1 — Zk)T A ndsdZ. Then from the
equality (k7) A n=tr(k)(T A n) — k(T A n), we deduce that

Nda=(1+ Z(k — 2H1))v dsdZ. 2.4)

Since (1 — Zk)T = /9T and (T, n, N ) forms a right-handed triple of unit vectors, we have da =
V9rdsdZ and \/gr N = (1 + Z(k — 2H1))v from the above equations.
The deformation gradient is then calculated by

_ 0z _ oz

T 0X T o0e

o
oz

o O _
Y +£®n=(w)u1+ ®n, 25)

where V := aga g“ denotes the 2D gradient operator on the base surface 2. We remark that for

the 2D gradient operator, one has the following Stokes’ theorem

J V-(la)dA=J a-vds, J V-(lS)dA=J STvds (2.6)
0 002 Q o0
for a vector field @ and a tensor field S, respectively.

For an incompressible material, one has the following incompressibility constraint

R(F) =det(F) —1=0. 2.7)

Assume further that the material is hyperelastic with a strain energy function W (F'). Then the
associated elastic moduli are defined by

ai-‘er

Ai(F) = PFitL’

i=1,2,.... (2.8)
The strain energy function is assumed to satisfy the strong-ellipticity condition: (AY(F)[a®
b])[a®b]>0fora®b +#0.

Suppose that gt and g~ are the external loads applied on the top and the bottom surfaces
of the shell respectively. The boundary 0f2 of the bottom surface 2 is divided into two parts:
the position boundary 02 subjected to the prescribed position b and the traction boundary 2,
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subjected to the applied traction g. Then the kinetic energy K, the strain energy S, and the load
potential V' of the shell are respectively given by

e,

Vo- Jn(q*(r) -2(r,0) + q* (r) - @(r, 2h)u(2h)) dA
o (2.10)

J q(s,2) - x(s, Z) da,
0

2h1
J ip:[c-ai:,u(Z)dZdA7 S=J

2h
J W(F)u(Z) dZdA, 2.9)
0 2

0

2h

—J J qp - zu(Z)dZdA —J

2Jo 202,
where p is the mass density of the shell, g; is the body force and da is the area element on the
lateral surface 042 x [0, 2h].

By Hamilton’s principle, the 3D momentum equations are obtained when the energy
functional £ = K + S + V attains its minimum under the constraint condition (2.7). Therefore
we are led to consider the Lagrange functional

L@(X),p(X) =K +S+V — J th p(X)R(F)u(Z) dZdA, 2.11)

J0

where p(X) is the Lagrange multiplier. To attain the minimum, it is necessary that the variation
of L with respect to « is zero, and a direct calculation shows

2h
oL = J J (p& — Div(S) — qp) - dzp(Z) dZdA — J (8Tn|z—0+q7) - 6x(r,0)dA
2Jo 2

2h
J (STN — q) - 6a(s, Z) da—0,

+ | (8Tnlzon - q*)-da(r2muen) A + |
(9} 0

292,
(2.12)

where
oW OR

S=%F PoF

(2.13)

is the nominal stress tensor of the incompressible hyperelastic material [17]. Since dx in (2.12) is
arbitrary, we obtain the following 3D momentum equations together with boundary conditions:

Div(S) + g, = px in 2 x [0, 2h], (2.14)
STnl;_o=—q  ing, (2.15)
STn|,_on=q" ing, (2.16)
STN =q(s,Z) on a2, x [0,2h], (2.17)
x=>b(s,Z) ondfy x [0,2h], (2.18)

The above equations together with the incompressibility constraint (2.7) form the 3D dynamic
equations for the shell structure, which contain an independent vector variable  and an
independent scalar variable p.

3. Refined 2D dynamic shell equations

In this section, we shall first derive one form of consistent shell equations with three shell
constitutive relations. Here the consistency means each term in (2.12) should be of a required
asymptotic order, separately for the approximation. Then, a refinement is performed to reduce
the number of shell constitutive relations from three to two. Also, the bending term is singled out.
For the first part, the derivation is similar to that of the static case [3], but to be self-contained, we
present the main steps.
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(a) Derivation of one form of 2D dynamic shell equations

We assume sufficient smoothness for the quantities involved. Then (X)), p(X), F(X) and S(X)
have Taylor expansions about the bottom surface Z = 0. From (2.5) and the nonlinear relation
(2.13), the following relations among their expansion coefficients can be found:

FO — Vm(o) + 2 ®n, FO = V:B(O)k: + Vm(l) + z? ®n, (3.1)
and

1

SO _ 20 _,OR0 g _ZFl — MR, (32)

where the superscript () denotes the ith derivative with respective to Z at Z =0, and

0 A0, (0)y _ OW 0 _ 0/ (0 _ OR B (0)y (0)—1
A= AFO) =S| R RO =] de(FO) PO @)
R —1  —1
R =RY (FO) = W‘F:Fm’ A=A (FO) = ALFQ) — O RO (), (3.4)

From the above expressions, one easily checks that S (1) is linear algebraic in p(i) and w(”l), i=1
(also true for ¢ = 2; for brevity the relations for F’ ) and §® are omitted). It is due to this linearity
that some recurrence relations can be established for the expansion coefficients upon further using
the field equations in the subsequent derivations.

Remark 3.1. The expressions for S (1 =0,1,2) give three relations between the stress coefficients and
the position vector coefficients. In the sequel, we abuse the terminology a little and call equations (3.2), and
(3.2),, and that for S to be shell constitutive relations. The reason is that the derived shell equations are
represented in terms of SV and through these relations the unknown in the shell equations is actually the
position vector z(©),

Now, we shall proceed to do the dimension reduction process by using the 3D formulation.
First, the bottom traction condition (2.15) yields
SOTy - (AO — p(O)RO)Tn =—q . (3.5)
To ease notation, we introduce the vector y = y(m(o)) =ROTp = det(F(O))F(O)an = w’(?) A
acfg)/«/ lg1 A g2| (see [3]). Then by (3.1);, equation (3.5) can be recast as
AWz 1+ 2V @n) 'n=—q +p"y. (3:6)

Next, substituting the Taylor expansion for S into the field equation (2.14) and equating the
coefficients of Z* (: =0, 1, ...) on both sides, we have

V.50 4 sWTp 1 g0 = 3, (3.7)
vV.-SW 4+ 8Ty 1 (kg®) - S,(g) + qél) A (3.8)

where V - §:=g% - S o denotes the 2D divergence of the tensor S. Then substituting the Taylor
expansion for F' into the constraint equation (2.7) and equating the coefficients of Z* to be zero,
we obtain

RFO)=y .2 —1-0, (3.9)
RFV)=y-2® + RO[va® + vaOk] =0, (3.10)

where in (3.9) we have used the equality FO-1z(0) —p implied by (3.1);. By the way, we point
out that there is a typo in (28); of [3].
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With the use of (3.2),, equation (3.7) can be simplified into

Bz + fo — pWMy = pi® (3.11)
by defining
Ba = (Zl [a® n])Tn < By; = .,Tlgl»,igj, (3.12)
fo= (A' Ve Pk + V) Tn+ v 8O 1 g0 (3.13)
From (3.10) and (3.11), we obtain
=g, B - ROV + vallk] -y BT ), 014
2® =B (pi " + p My - f2). (3.15)

Note that the strong-ellipticity condition guarantees that B is positive definite and hence is
invertible. The explicit expressions of 2 and p(?) can be obtained similarly, whose expressions
are omitted. The explicit expressions of ™) and p® are not needed since they are intermediate
variables. The explicit expressions for =M and p(o) are encoded in (3.6) and (3.9), which are
nonlinear algebraic equations in general, so they can only be solved when the strain energy
function is specified. Nevertheless, the strong-ellipticity condition together with the implicit
function theorem ensures that (1) and p(») can be uniquely solved in terms of x(0) (cf. [13)).
Finally, the top traction condition (2.16) states

SOy 4 opsMTy 4 op28 T o §h35(3)Tn +O0(h*sWTp) =g, (3.16)

Subtracting (3.16) multiplied by u(2h) =1 — 4Hh + 4K h? from (3.5) and then simplifying (see
[11] for details), we arrive at one form of a 2D dynamic vector shell equation

V-§+0h*SP hrs®) = pi — g+ 0(h*8P  h kD h3qlP hPkq(V), (3.17)

where i = 1,2 and

§=(1+ b — 2018 4 11+ Shk — 218D + 23215

L - (3.18)
= 5 [ (1+ Z(k —2H1))SdZ + O(h*S®) h’k8?),
| 0
N 4,2, (0) 8 1), 2,22
m:(1—2hH+§h K)x +h(1—§hH):L' +§hw
1 (2h o ey e (3.19)
== [ xu(2)dZ + O(K*z® 1Pk,
2h Jo
~ 2n)gt +q- .
g-1eha ta g (3:20)

2h

and gp is defined in the same way as &.

Remark 3.2. The quantity S is considered as the averaged stress, and g the averaged shell body force due
to surface traction and 3D body force. We point out that (3.17) can be also deduced by multiplying the field
equation (2.14) by u(Z) and then integrating it with respect to Z from 0 to 2h followed by applying the
equality
2h 2h
[ Div(8)u(Z)dZ =V - (J (1+ Z(k —2H1))SdZ) + S n|z_onu(2h) — STn|z_o, (3.21)
Jo 0

which is a consequence of Stokes” theoremn.

Similar to [12], suitable edge boundary conditions can be imposed, and then it can be shown
that each of the five terms in (2.12) is of O(h?), which satisfies the consistency criterion. The

H
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details are omitted. Also, it is clear from the derivation process that the bottom traction condition,
the 3D field equations, the incompressibility condition and the top traction traction condition are
all satisfied in a pointwise manner (with an error of O(h4), see (3.16)), an important feature not
enjoyed by shell theories based on ad hoc assumptions and/or cross-thickness integrations.

(b) Refined 2D dynamic shell equations

Although the above-derived shell theory is consistent, there are still a few undesirable features as
follows. 1. There are a little too many (three) shell constitutive relations (equations (3.2); and (3.2)
and that for §(?)). In particular, the relation between (%) and x(©) is very complicated and can
cause some technical difficulties for implementation in concrete applications. 2. From the shell
equations, one cannot tell clearly which term(s) represents the bending effect. 3. Although the
associated weak form can be obtained from the shell equations, physically it does not represent
the shell virtual work principle. 4. The shell equations are three coupled fourth-order PDEs for
x(©), which require six boundary conditions at an edge point. If one knows the displacement
and/or stress distributions, there is no difficulty imposing them. However, in many practical
situations for the traction edge, one only knows four conditions: the cross-thickness force resultant
and the bending moment (with direction along the edge tangent), and one does not know how to
impose the other two boundary conditions. For a plate theory, these issues were resolved in [14].
Here, those ideas from this previous work will be used for a shell theory. In this subsection, we
shall resolve the first two issues by performing some manipulations to eliminate S ) and to
single out the bending term. As a price to pay, the relative errors for some problems may not be
as good as before. We point out that one cannot simply drop §h21s ) in (3.18), as the bending
effect is also dropped. So, one needs to do some elaborate calculations to extract the bending term
first and then to drop the relative higher-order terms. The last two issues will be resolved in the
next section.
First, we rewrite (3.17) into two parts:
1V -5+ 0(h*S®, h2kS®) = pi; — g, + O(W8)  B*kal” gD hPkq(?), (3.22)

(V-8)-n+0h>S® n*ks@) = pits — g5 + 0(h%:Y, W2k, h2q(Y W3kdll)),  (3.23)

where 1=T —n®n=g"®ga and the subscript ¢ indicates the projection into the tangent
plane; thus a; := 1a =al and S; := 151 for a vector a and a tensor S respectively. Note that
since S satisfies the equality 1.5 = S (see (3.18)), we have

S =181 = S1. (3.24)

Next, we want to extract terms related to in-plane stress S; from the in-plane equation (3.22) in
order to gain some insights as well for later use for deriving the 2D shell virtual work principle.
For this purpose, we need the following two equalities for a tensor field S and a vector field a:

1V-S=1V-(S1) - k§5%ga, (3.25)
(V-S)-a=V-(Sa)—tr(Vas). (3.26)
To prove (3.25), it suffices to show that
1V - (S — S1) = —k§ 57 ga. (3.27)
Sincel=1I —n®n,wehave S — S1 = Sn ® n. Further, we have
1V (Sn®@n)=1(g" - (Sn®n) 3)=g” - (Sn) gln+ (¢” - Sn)in g (3.28)
= (9" - Sn)kgs = —k§ 5 ga. (3.29)

Thus (3.25) follows. Equation (3.26) can be proved by a direct calculation starting from V - (Sa)
by using the definition of the 2D divergence.
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Using (3.25), (3.26) and (3.24), and noting that Vn = —k, (3.22) and (3.23) can be rewritten as

1V -8, — k3% ga + 0(h*S®, h3kS®)) = pi, — g, + 08P 1 kil h3q(D hPkq)),
(3.30)
V- (Sn) + tr(kS;) + O(h>S® hPkSP) = pits — @3 + O(h3 ) h*ki), h3¢(D) hPka(l).
(3.31)
Now, we shall manipulate the third equation (3.31) further to single out the bending term.
Adding (3.16) multiplied by 1(2h) to (3.5), we obtain

(1 —2hH + 202 K)SOTn 1+ h(1 — 4hH) SV 0 + 1280 + 0(h* ST i, k3 k18D n) = m,

(3.32)
where i = 1,2 and m = (u(2h)g" — q7)/2. To extract the bending term from (3.31), we subtract
the 2D divergence of (3.32) multiplied by 1 from the left from (3.31) (with the substitution of

(3.18)). Note that the focus for this manipulation is on the S?) terms in these two equations.
Then, upon further using (3.5) and (3.8), we obtain

V(1 +h(k—2H1))S D0 — (1 — 2rH + 2h*K)1 + hk)S D Tn)
+hV - ((1+ %h(k —2H1))SWn — (1 — 4hH)18W ) + %hQV (18P —18@7Ty)

+tr(kSy) + éhQV (1((kg®) - SV)) + %iﬁv v - Sy 1 0(h*8®)  h3rs®)

X ~ 1 .. — .. . (i i
= pis — s + gV - (i) — ) = Vome + AV - (kg ) + O(n% ki) hay) hkaly).

(3.33)

We also want to extract the in-plane stress parts of the last term %h2V -(1V - S) on the left-
hand side. Observe that we have the decomposition

SO _18Vr=1+n@n)sSV1+nen) =S +n@18WTn+ sWngn. (334
Further, routine calculations show that
V-1V (n®18WTn)) = —v. 2H18M n)), (3.35)
V-1V (sYn@n)=-v-((g* §Vn)kga). (3.36)
Upon using the above three equations, (3.33) can be recast as
V- ((1+h(k—2H1))SOn — (1 — 2hH + 202 K)1 + hk)S DT n)
RV (14 %h(k —2H1)SWn — (1 — 4hH) 1SV n) + §h2v L(18@n — 15Ty

+ tr(kSh) + éhQV Lav- sty - éfﬂv -(2H18MTn) — %fﬂv ((g* - SYn)kga)

n %}ﬂv (1((kg®) - SD)) + 0(h38®  nPKs™)

2 ~ 1 .. - .. . (i i
= pis = @5 + gV - (i) — a)) = V-my + WV - (k) + 00 ki) hay) W kaly).

(3.37)

To eliminate S terms in a consistent manner, we shall drop any term which is relatively
O(h?) or O(h) smaller than another term (so that the shell theory yields results with a relative
O(h?) or O(h) error). It is justified, as shown in the following simple example: for A + B + C =0,
if C = O(h%B) or C = O(hB), the dropping of C' causes at most a relative error of O(h?) or O(h),
no matter A > O(B) or A < O(B). Any terms which cannot satisfy the above requirement will be
kept.
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We make the following observations. 1. In (3.30), §h21s @) in § (cf. (3.18)) is dropped, as it
is O(h?) smaller than 15 or O(h) smaller than r1sM if (0 —o (e.g., the bottom surface
undergoes an inextensible rotation, for which F ) — R and thus S© = 0, where R is a rotation
tensor). As it is possible that S (1) terms become the leading ones, they should be kept. 2. The last
three terms on the left-hand side of (3.37), h2V - (2KIS(O)Tn), %hQV - ((k — 2H1)S(1)n) and
h2v . (4HIS(1)Tn) are dropped as they are O(h?) smaller than tr(kS;) or either O(h) smaller
than tr(kS;) or zero if (%) = 0. 3. The third term on the left-hand side of (3.37) is dropped as it
is O(h?) smaller than V - (1S(O)n — 1S(O)T'n,) or O(h) smaller than AV - (18Mn — 18MTp) if
S = 0. 4. On the right-hand sides, %hQ‘m(Q) in & (cf. (3.19)) is dropped , as it is O(h?) smaller
than 2(©) , and a similar treatment is made to q;. From these observations, we have the refined 2D
dynamic shell equations as follows:

1V -5, — k55 go = pi1 — ay. (3.38)
V. (G — 8Tn) + te(kSy) + 2k - (1v - 5Y)
3
(3.39)
—pis — s + 202V - (03 — gDy V. WY - (ka;
PT3 — T3+ 3 (pZy " —ay,’) my + (kq; ),
where

S_ (0) 4 1)
S=(1+h(k = 2H1))S” + h(1 + Sh(k - 2H1))S™, (3.40)
Sy =1+ h(k—2H1))S + h1sW, (3.41)
ST = (1 + h(k —2H1)SO7T + h1sW7T, (3.42)
Zz=(1-2hH + %th):L-(O) +h(1— %hH)a:(l), (3.43)
_ 2h)q" +q
g= m( )‘;h a @, (3.44)

and g, is defined in the same way as .

From the above shell equations, one can observe some important insights. 1. For a plate (or
a shell with |k3] < O(h?)) in linear elasticity, the bending term %h?v -(1V - St(l)) becomes the
leading term, so it should be kept although it looks like an O(h?) term. 2. For the in-plane equation
(3.38), the in-plane forces and inertia effects are resisted by two sources: the in-plane stress part
(the first term on the left-hand side) and the out-plane shear stresses due to the curvature effect
(the second term). 3. For the out-plane equation (3.39), the out-plane forces and inertia effects are
resisted by three sources: (i) the out-plane shear stresses (the first term on the left-hand side) due
to geometric and/or material nonlinearity; (ii) the in-plane stresses due to the curvature effect (the
second term); (iii) bending effect due to the in-plane stresses (the last term). 4. Although the out-
plane normal stress does not appear explicitly in these shell equations, it plays a role in expressing
z() and p(o) in terms of =) (see (3.5) and (3.9)), so it should not be ignored (as in some ad hoc
theories, which assume the out-plane component of the displacement is independent of 7). 5.
Only two shell constitutive relations are needed, which are provided by (3.2); and (3.2),. 6. These
shell equations provide results with at most a relative O(h) error, although in some cases the error
can be O(h?). Note that higher-order Taylor expansions do not necessarily lead to higher-order
correct plate/shell equations.

After substitutions of all recurrence relations, the above shell equations become a system of
differential equations involving (%) only. Once it is solved, x(%) (with a relative error equal to or
smaller than O(h)) is obtained and the position vector « can then be recovered.
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4. Boundary conditions and shell Virtual work principle

Now we shall resolve the last two issues mentioned in the beginning of the previous subsection.
Actually, boundary conditions for a derived shell theory can cause considerable difficulty (see
Steigmann [18]). Here, we shall use both the variation of the 3D Lagrange functional and the
weak form of the shell equations to get the appropriate boundary conditions and the 2D shell
virtual work principle.

For the shell equations, the bottom traction condition (2.15), and the vanishing coefficients of
the field equation (2.14) and the incompressibility constraint (2.7) are used to find the recurrence
relations. As a result, (2.14) (up to required order) and (2.15) can be treated as identities. To obtain
the 2D shell virtual work principle from the vanishing of the variation of 3D Lagrange functional
(2.12), we need to specialize it to the 2D case (by using the Taylor expansions for the quantities
involved as in deriving the shell equations). The first two terms in (2.12) can be set to be identically
zero because of the above-mentioned two identities. Then, in order to remove dx(r, 2h) (we still
use x(r,2h) for the writing purpose but it means the Taylor expansion of the position vector
at Z = 2h) in the third integral and introduce dx(r, h) to the variation (needed for the 2D shell
virtual work principle), we add to 6L three identically zero terms (the first three terms below) to
obtain

oL :QhJ

A - (0xt(r,2h) — dxi(r,h)) dA + ZhJ Az - (0z3(r,2h) — dz3(r,h)) dA
02 02

+ QhJ (V-C)-x(r,2n)dA + J (STn|y_on — q") - 6 (v, 2h) u(2h) dA @.1)
02 2

2h
+J J (STqu)~6:c(s,Z)da:0,
0024 J0

where A; =0, A3 =0 and C = 0 correspond to equations (3.38), (3.39) and (3.32) respectively.
Also, we remark that the last edge term is still of the 3D one and we delay to specialize it to the
2D shell theory later. Direct calculations show that the dx(r, 2h) terms cancel each other (upon
dropping relatively higher-order terms as in Section 3(b)), and we have

2h
0L =— QhJ At - dumr dA — QhJ Az - dumz dA + J J (STN —q) - du(s,Z) da=0,
7] Q 22, Jo

4.2)

where we have used the virtual displacement du to replace the virtual position vector and the
subscript m denotes the middle surface Z = h. Actually, the first two terms are just the weak
form for the shell equations (3.38) and (3.39). We remark that when the boundary conditions are
involved, one can only expect to obtain the leading-order results in general; thus in the sequel any
term, which is relatively smaller than another term, will be dropped.

To get the 2D shell virtual work principle, we shall further add two identities to the above
equation, which are associated with the virtual work due to the moment, which is given by

2h
M =J J (( — x(r, h)) x STN)/gr dZds. (4.3)
02J0

Then, the twist moment (along Ny, direction) and the bending moment (along T, direction) per
unit arc length of 02 are given by respectively

2h
T:J ((x — z(r,h)) x STN) - Ny\/gr dZ = §h3s<1>T[u,u x 2N+ o 1Pk), (44
0

2h
M :J ((x — a(r,h)) x STN) - Ty/gr dZ = §h3s<1>T[u,T <M1+ o0t BPk).  45)
0

It was shown in [19] (Section 2.5; the authors attributed the argument to Kirchhoff) that the
derivative of the twisting moment with respect to the arc length T’ s is equivalent to a distributed
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shear force (along the downward thickness direction). Thus, this twist moment generates a virtual
work per arc length: —T' s6u,,3. On the other hand, the bending moment generates a virtual work
per arc length: —Mdaym, where aqy, is the rotation angle at the edge of the middle surface, which
can be viewed as the change of the angle between the tangent vector of the intersection curve of
the middle surface and the plane perpendicular to T7, and the vector Ny, during the deformation
and is given by (after some calculations)

Vmx(r,h)[Nm]-n
Vma(r,h)[Nm] - Nm

Um3,v
1+ 1Vumi|v,v]

aum = arctan( ) £ pm = arctan( + O(k, hk)) + pm, (4.6)
where Vy, = % Ja|z—p (see (2.2) for the definition of g« ) is the gradient operator on the middle
surface and p is a natural number.

Now, we add the two identities —T sdum3 + T séuma =0 and —Mdom + Méam =0 to

equation (4.2) to obtain

0L = —2hJ At '6umtdA_2hJ'

2h
Y J (STN — q) - 5u(s, Z) da

A3z - dupmz dA +J
0

2 0924

47)

+ J T s0um3ds — J T soumsds + J
o5 o

Mooy ds — J Mooy ds = 0.
o

o0s2

Next, substituting the expressions of A; and A3 according to the shell equations (3.38) and
(3.39) into the above equation and then doing integration by parts by Stokes’ theorem, we obtain,
after dropping O(h*, h®k) terms,

2hJ (tr(S¢Véums) + kg?ﬂgga SOumt + (pTt — Gy) - Sumt) dA

2

+ ZhJ ((S«m — STTn) - Vums — tr(kSt)dums + %hQV - ((St(l)r — S(l)[m(l) X V])0ums3,s)
2

+ %h2V- (SM vz, — SV [r x 2V]dms) — %hQ tr(S V'V sums)

1 . - .
— §h2(pm% — qlgi)) - Vums + my - Voums — hkq; - Voums + (pT3 — 3)0ums3) dA

=2hJ Siv - Supmy ds + QhJ ((Si*'n, — ??n) v+ %hQ(lv . Sgl) — pa":il) + qlgi)) v
o 0

Q
— %hQ(S(l)T[u,u X m(l)])7s +my¢ v —hkq; -v)dupsds — %hBJ S(l)T[u,‘r X m(l)]éam* ds
o092

2h
—J J (STN — q) - su(s, Z) da,
292, Jo

4.8)

where amx = arctan(us /(1 + 1Vumt[v,v])) £ pr. Also, we have used the decomposition

Vum3 = 0um3,sT + dum3 v and have transformed the integrals [, T\ sdum3 dsand [, Mdam ds
q

into integrals over {2 by Stokes’” theorem. The smoothness of 042 is also assumed.

Remark 4.1. In (4.8), the reason for dropping O(h3k) terms is because they are relatively O(h?) smaller
than 2h [, tr(kSt)dus ds. In the subsequent derivations, any O(h3k) term will be put into the reminder,
which are droppable for the same reasoning. We also point out that, in order to make the 2D divergence of
T s and M well-defined, the unit vectors T and v have to be defined in (2, which can be done as follows.
The boundary 082 can be described by an implicit function F(0%) =0 after eliminating the arc length
variable. Then at the point in 2 with 6% = 0f, T can be defined as the unit tangent vector of the curve
F(0%) = F(0§) at the point and v can then be defined via the formula v =1 A n.

Now, we are ready to address the boundary conditions, which should come from the last 3D
edge term. For the 3D case, the vanishing of this term for any du leads to the 3D boundary
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condition (2.17) for arbitrary Z, which, obviously, a 2D shell theory cannot satisfy. So, for a
2D shell theory one needs to make some special choice for Ju. Here, the criterion is that “q"
should generate the virtual work; at the same time for such a choice, the remaining three terms
on the right-hand side should give the virtual work done by the external 3D force at the edge
so that after the vanishing of the last term, (4.8) gives the 2D shell virtual work principle
(that is the main reason that the above calculations are about). According to this criterion, we
choose §u(s, Z) = dtmt + Susn + (Z — h) (6ums,s(v x £1)) — Sam (1 x 1)) on 0024, then the
vanishing of the last integral of (4.8) leads to

2h 2h
J J StTN-aumthJ (J STN -n/grdZ
02, 4o 002, Jo

0

2h 2h 2h
=j J qi - dumt da—i—J (J q3\/gT—dZ—(J (Z—-h)q- (v x w(l))\/gT—dZ)’s)éumgds
202, Jo on, Jo 0

2h
—J J (Z—=h)q- (T x w(l))6am da.
22, Jo
4.9)

Next we shall examine each integral on the left-hand side of (4.9) upon using the Taylor
expansions (i.e., specializing to the 2D shell theory) and its counterpart on the right-hand side.
1. The first integral L1on the left-hand side of (4.9) is found to be

Li—2h J STv - Supe ds + O(h?), (4.10)
o0,
which agrees with the first integral on the right-hand side of (4.8) over 2.

The applied in-plane force per unit arc length of 042, is g = fgh qi+/gr dZ, so the first integral
R on the right-hand side of (4.9) can be written as

Rl:Jarz(

q

2h
J Gt+/9r dZ) - dumt ds = J Gt - dumy ds, (4.11)
0 92,

which is the virtual work by the applied 3D in-plane force.
2. The second integral Lo on the left-hand side of (4.9) is

Lo =2hJ

. ((?*n _?Tn) v+ %hQ(lv . Sgl) _ pjgl) 4 ql()i)) v
q

(4.12)
- %h2(S(I)T[V, v X w(l)]),s +my; v — hkq; -v)dumsds + O(h®, h3k)

where use has been made of the (3.32). We see that Lo is same as the second integral on the
right-hand side of (4.8) over 02;.

The applied shear force per arc length of 042 is gs3 = jgh g3+/gr dZ. The twisting moment at
the edge about the middle surface due to the applied force g is written as

2h 2h
Ty = JO (@ = @(r,h) x q) - Nm/gr dZ = JO (2 = h)w x 2) - qygr dz + O(h, k),
(4.13)

whose derivative Ty, s with respect to the arc length variable is equivalent to a downward shear
force. Then, the second integral R2 on the right-hand side is

Ry = J (gs3 — Ty.s)0ums ds + O(h>, h3k) = J G30um3 ds + O(h> h3k), (4.14)

q 0824

2h 2h
- (J (Z—h)STN - (v x 2WV) /g7 dZ) s)Sums ds —J J (Z-h)S"N - (r x 2V)dam da
002, Jo
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we  where g3 is the total effective applied shear force per unit arc length of 024, and one can see Ra
we is the virtual work done by the applied 3D force due to the virtual displacement du,,3.
a0 3. The third integral L3 on the left-hand side of (4.9) is

L= —§h3J SO 7 x 2D sama ds + O(h*, h>k), (4.15)
292,

s which is same as the third integral on the right-hand side of (4.8) over 02;.

a2 The bending moment at the edge point about the middle surface due to the applied force g is

2h 2h
s :J (@ — @(r,h) x q) - T/, dZ =J (Z — h)(r x 2D - qug. dZ + O(h®, K>k).

0 0
(4.16)
s Then, the third integral R3 on the right-hand side of (4.9) can be written as
2h
Rs3 = —J J (Z—-h)g- (T x m(l))éam«/gf dZds = —J m3damx ds, (4.17)
02, Jo 082

s which is the virtual work by the applied 3D force due to the virtual rotation angle.
ars Finally, the equalities L; = R; (i =1, 2, 3) lead to the following boundary conditions on the
ws  traction edge 042;:

2h((Ssn — STn) v+ %hQ(lv . 5151) - Piﬁgl) + ql()i)) v

1 4.19)
— ghz(St(l)T[u,u x w(l)]),s +my-v—hkq, -v) =3,

3

a7 where g; and §3 are respectively the applied in-plane force and total effective shear force (per
s unit arc length of 0£2,), and g is the applied bending moment about the middle surface, which
s are supposed to be prescribed. Based on work conjugates, on the displacement edge 0f2, the
s boundary conditions are:

Um3,v

Umt = Umt Um3 = Um3 Amx = Qi = ———— 2
oo e 1+ 1Vumi(v,v]

= tan(Qm), (4.21)

w1 where W, and @, are the prescribed displacement and rotation angle of the middle surface.

a2 Upon using these boundary conditions for the right-hand side of (4.8), we obtain the 2D shell
s virtual work principle (as the right-hand side represents the virtual work done by the applied
s effective 3D force at the edge):

QhJ (tr(S¢Véums) + kg?ﬁgga SOumt + (pTt — Gy) - Oumt) dA
(]

+ QhJ ((Sam — STn) - Voums — tr(kS)6ums — %hQ tr(S )V V6upms)
2

(4.22)
1 . — - _
- ghz (pil:)]{ - ql(,:)) - Voums + my - Voums — hkq, - Voums + (px3 — q3)5um3) dA
=J qt - e ds + J q30Um3 ds — J m3dams ds.
o0, o0, o0,
ws  In obtaining the above equation, the following two terms in (4.8) have been dropped:
§h3v (8D 7 = SV x p])sums.s), (4.23)
2139 (8D wSums,, — SV r x 2D ]5ams), (4.24)

3
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which can be justified as follows. From the relation M =n+ u(l), we see that (4.23) can be
simplified as —%hSV . (Sgl)u(l))éumg, s . Then from (4.6), the variation of amx is calculated by

_ (1 + 1Vume[v, v])dums,y — um3,,1Vium[v, V] B
baums = (1 + 1Vumi[v, v])2 + (ums3,p)? = Sumay + O(Vudtms,, VuVoums),

(4.25)

where the second equality is for small deformations. In (4.24), the term related to Vdowum: is
relatively O(h?) smaller than 2A tr(S;Vum:) and can thus be dropped. For the remaining terms

left, for large deformations, they are relatively O(h?) smaller than 2h(Sn — ST n)Véu,,3, while
for small deformations they are of order O(h*S™u™) §u,,3 ;) and O(hgs(l)u(l)&tmgyy), which
are smaller than f%h?’ tr(St(l)Vchmg). Thus, no matter for large or small deformations they
can be dropped.

The 2D shell virtual work principle (4.22) supplemented by boundary conditions (4.18)-(4.20)
and (4.21) provides a framework for implementing finite element schemes, which will be left for
future investigations.

5. A Benchmark problem: the extension and inflation of an
arterial segment

In this section, we apply the previously derived shell theory to study the extension and inflation
of an arterial segment, for which the exact solution is available in [20]. We will compare the
asymptotic solution obtained from the shell theory and the exact solution to show its validity.

Following [1], we consider an artery as a thick-walled circular cylindrical tube, which in its
reference configuration has internal and external radii A and B, respectively, and length L. So, its
geometry may be described in terms of cylindrical polar coordinates (R, ©, X') by

A<R<B, 0<0O©<2m, 0<X<L. (5.1)
They are related to the Cartesian coordinates (X1, X2, X3) by
X1 =Rcos®, X9=RsinO, X3=X. (5.2)
In the notation of the shell theory, we have the corresponding relations
o'=0, 0°=X, Z=R—-A, 2h=DB-A. (5.3)

We choose the inner surface of the circular cylindrical tube as the base surface. Let (eg, eg, ex)
denote the standard basis vectors of the cylindrical polar coordinates. A direct calculation using
(5.2) shows

g1=A’g"' =Aeg, g2=g°=ex, gs=g°=er=n. (5-4)

Thus the 2D gradient operator is given by V = %%e@ + %e x. The curvature tensor is
calculated by k=—n o ®g" = —71(@@ ® eg, which implies that H = —%4 and K =0. In the
cylindrical polar coordinates (R, ©, X), the shell equations (3.38) and (3.39) take the following
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form

laggg 0Sxo 1s - /1(2}7/)‘15 +a4o _
1 0 T ax T ASQR—Pl’Q—iQh - o> (5.5)
lagex OSXX - ﬂ(zh)Q;( + Q;( _
1 0 T ax SPX T g T X (5.6)
1(557*@1% B aﬁeR) 0Sixr 05T xmr 1lg
A\ 00 00 X o0X A°9°
Ll L PShy  1%85k 1*8%) (7255&) G.7)
3" VA2 002 T A 00X T A o6ox T ox2
. p(2h)gf + dg 1omg  dmx, h 949
=R T~ (G 5e Yo ) T a2 e

where S, Si, ST, % and §,, are defined below (3.39).

In the problem of the extension and inflation of the artery, the circular cylindrical tube is
assumed to undergo an axisymmetric and uniformly extensional deformation. Thus the deformed
tube is described in cylindrical polar coordinates (r, 6, z) by

a<r<b, 0<0<2m, 0<z<l, (5.8)

where a,b and [ are the deformed counterparts of A, B and L respectively and deformation is
given by
r=r(R), 0=0, z=\X, (5.9)
where X\, =[/L is the uniform stretch in the axial direction. It follows that the deformation
gradient is given by
F:%ee)@e@+)\zex®ex+r/en®eR. (5.10)

On the inner and outer surfaces of the circular cylindrical tube, we consider the traction boundary
conditions caused by the internal pressure P

g =PFO Ty - PAZ“ er, q'=0. (5.11)

On its end surface, we impose a resultant axial force
B
F=27rJ SxxRdR — ma’P. (5.12)
A

The artery is modelled as an incompressible hyperelastic material reinforced by two
symmetrically disposed families of fibres, which has a strain energy function [21] given by
k1

L 2
W(I, I, Ig) = 5 (10 =3) + 5 35 (P07 ), (5.13)
1=4,6

where I = tr(C) is the first principal invariant of the right Cauchy tensor C' = FTF, and I =
M - (CM) and Ig = M’ - (CM’), where the unit vectors M = cos peg + sinpeyx and M’ =
— cos peg + sin pe x represent the directions of the two fibres. It follows from (5.10) that I4 and
Ig are
r’ 2 2.2
Iy =1Ig=—5cos"p+ A;sin” p:=1. (5.14)

R2
For the strain energy function (5.13), the associated nominal stress is given by
§=cFT 1+ 2k (I — )TV M@ FM + 2k (I — Ve TV M/ @ FM' — pF .
(5.15)
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s First, substituting (5.10) into (5.15) and doing a Taylor expansion yield

SO — (70 o A 4y (1 — 1) 0D T 02 oo @ e
A 0 A

+(ehs — I;—“ 4 dkr (Io — D)eP2TD* ) sin? plex @ ey (5.16)
z
+(er1— P)er®@ep,
T1
(1)= 7“114—7"0_ To—TlA_ é 12 7;0
S (c yE Po 7"8 D1 o + 4k1((1 + 2k2 (1o — 1)) 1 A
(o - 1)rlAAi;m)eh(m—l)z cos” p)eo ® e
2 (5.17)
+ (—% +4k1(1 + 2k (1o — 1)2)6192(1071) I sin plex Q@ ex
z
+ (-2 4+ P Vep@en,
r1 r2

s where 7, p;, I; denote the ith derivatives of r,p, I with respect to Z at Z = 0, respectively; in
w4 particular, we have

2
T 2 2 .2 oI 2ro(riA —rg 2
To=1|z=0 =4z cos” ¢ + A:sin” g, Il=ﬁ|Z:0=7( )

VE cos” . (5.18)
45 Next we obtain from (3.5) and (3.9) the recurrence relation for pg and ry:
A? A
—ct o 4P = .
Po CA%T% +hom=m (5.19)
s and from (3.14) and (3.15) the recurrence relation for p; and rs:
(A\:rg — A%)? ka(Io—1)? (To — 1) cos® ¢ Aerg — A
- _ ) — 4k 2o , = - 5.20
A e A AN v (5.20)
a7 Finally the only nontrivial shell equation (5.7) becomes
L 500 M)y _9r _ P Azro
F(See +hSe0) = 5= o5 1 (5.21)

«e  Substituting the recurrence relations (5.19) and (5.20) into the above equation, we obtain an
xeo equation involving ro only as expected

0— AT IATPOIN — 1) — 2T (1) — 1)A. " eos® o + b (007 NS

+ c%/\JG)\Z_4(/\2)\§ CoaAZ 13020, - 2) 4 2k 2D N2 72 02 .
X (222 = 2)(Ip — 1) + 222 (A2 — 1)(1 + 2ka (I — 1)%) cos® ) 62
FRP Lo AT — 1) =0,

« where the scales are set as h* = 2h/A, P = g2h/A and \q = ro/A = a/A. We observe from (5.22)
a1 that

0= ATIATEOEAL Z 1) + ki (To — D)2\ ~Leos® o 4 O(R*). (5.23)
« Substituting the above equation into the O(h*) term of (5.22), we have
P =oh* = R* (AT AT3OEA2 — 1) + k1 (Tg — 120D\ L eos? )
— p*? (%A;%;‘*(AQAE 43020, — 4) 4 2kpeh2 oD\ =23 -2 (2 (5.24)

X Aoz (Io — 1) + 202 (Ao Az — 1)(1 + 2k2(Io — 1)%) cos® p)) + O(h*?).
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Then according to (4.18), the boundary condition (5.12) gives

B (0 1), F+mad®P
2h((1+A)SXX+hSX )_72”1 . (5.25)

Substituting (5.24) into above equation, we have
F* =h* (A 2A3 20200 — 202 - 1) 1 4k P20~ D"\ 71 (1g — 1)(2A2sin2  — A2 cos? )
1,4
+ h*? (c5Aa INTEOOAZ 420300 —2a202 — 3020, 4 2)

+ 2k "2 0D A2 (1) — 1)(A2A: — 2) cos® ¢ + 2X3 sin? )
+2(N2N, — 1)(1 + 2ka(Io — 1)?)(A2 cos” o — 2A% sin? ¢ cos? ©))) + O(h*?),
(5.26)

where F* = F//(rA%) is the normalized resultant axial force. Equations (5.24) and (5.26) form the
asymptotic solution of the problem.
On the other hand, the problem has an exact solution of the following form [20]:

Ao
P =J (A2x. — 1) hpy d, (5.27)
Ap
)\a
F=mnA?(A2\. — 1)J (2Xz = 1) 722020, — My)Ad), (5.28)
Ap

where \, =b/B = \/)\Z_l(()\z)\% —1)A2/B2 + 1), ¢\ = 0¢/0N, Yx, = 0/0)z, and ¢ is given by
(A A) = g(f A2 A2 o)+ :i(e’fz(Az cos®piaZsin® o—1)* ) (5.29)
2

Doing a routine Taylor expansion, we see that

1 | E
P= AN 0 (M, A2) = R 00T PAZ2 (03 (M, A=) + Aa(Aahz = Ddar(ha, A=) + O(R™),

(5.30)
_ 1..41.-
F* = A 2Ax3, (M, A2) = Aatha (Ao, A2)) + B2 2ATTAT? (20 X300, (Aay Az) = 9a(Aa, Az)

+ (A2 = 1)(Aa¥ar(Aas A=) — 232900, (Aa, Az))) + O(R*?),
(5.31)

where ¥y = 62w/6A2 and Yy, = 82w/6A6AZ. If the expansions are carried out on the middle
surface, then the O(h*?) terms are not present, and the errors are of O(h*?) as well; see equations
(6.5) and (6.6) in [22]. Using (5.29), it is easy to check that the exact solution (5.30) and (5.31) are
the same as the asymptotic solution (5.24) and (5.26), validating the shell equations.

To illustrate a numerical example, we set the geometrical and material parameters of the artery
as in Table 1; these parameters are cited from [21] and are given for a carotid artery from a rabbit.

In Figure 1, we compare the pressure P and the normalized resultant axial force F* given by
the asymptotic solution and the exact solution for the artery described by the above parameters.
It is seen that the asymptotic solution is very close to the exact one, which can be viewed as a
numerical validation of the shell equations.

Table 1. Geometrical and material data for a carotid artery form a rabbit

A(mm) 2h(mm) c(kPa) ki (kPa) ka() ¢ p(g/em?)
1.43 0.26 3 2.3632  0.8393 29° 1.19
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P (kPa) F* (kPa)
1.0 . 1.4 .
exact solution exact solution
o 1.2 R R

0.8 ----- asymptotic solution s 1ol asymptotic solution
0.6 0.8
0.4 0.6

e 0.4
0.2 0.2
0.0 Ao 0.0 Ay

1.00 1.05 1.10 1.15 1.20 1.25 1.30 (a) 1.0 1.1 1.2 1.3 14 1.5 (b)

Figure 1. Comparison of the exact solution and the asymptotic solution (a) Variation of the inner pressure P with respect
to A for fixed A, = 1 (b) Variation of the normalized axial force F* = F'/(mw A2) with respect to A, for fixed \q = 1

6. An application: plane-strain vibrations of a pressurized artery

As an application of the derived refined shell theory, we consider the plane-strain vibrations of
an artery superimposed on a pressurized state considered in the previous section. The results
may be useful in determining the material parameters of an artery. Due to the space limit, other
vibration modes together with wave propagation will be reported in a separate paper. The shell
equations are three nonlinear PDEs for x(©). For deformations superimposed on a known state
(base state), we write z(0 = ml()o) + 5u(0), where the known vector :cl()o) is the position vector of
the deformed bottom surface in the base state and du(?) is the incremental displacement vector.
(0)

For the pressurized state, we have x y  =roer + Az Xex. For the plane-strain vibration modes,
we set the components of 5u® to be

5ug) = U exp(i(n® — wt)), 5ug?) =V exp(i(n® — wt)), 5ugg) =W exp(i(n® — wt)), (6.1)

where (U,V,W) are constants, and w is the angular frequency and n is the circumferential
mode number. Substituting the above two equations into the shell equations in cylindrical polar
coordinates (5.5)-(5.7) and linearizing, one has three linear algebraic equations for (U, V, W) in the
form:

mip 0 my3 U 0
0 moo M23 VIi=|0], (6.2)
ma3i1 0 m33 w 0

where the coefficients m11, etc. are related to n, w and the known quantities in the base state,
whose expressions are omitted. For the existence of nontrivial solutions, we need the determinant
of the coefficient matrix to be zero, which leads to D D2 = 0 with D = moo and Dy = mi1ms3 —
mi3ma1. We note that this equation gives a relation between the frequency and the material
parameters of an artery; in particular, it can be used to determine the material parameters of
an artery, if technology is available to measure its vibration frequency. The equation D; =0
represents a purely axial motion with the only (incremental) displacement component 6ug?) thatis
also independent of X, which is thus called the axial mode. The equation Dy = 0 corresponds to the
X-independent coupled motions with both circumferential and radial displacements but without
axial displacements, which are called the circumferential-radial mode and radial-circumferential
mode respectively. This way of naming is according to their displacement components when n
approaches zero. Precisely, when n = 0, the circumferential-radial mode has the circumferential
displacement only and the radial-circumferential mode has the radial displacement only. Now, we
examine the effects of the axial stretch, pressure and fibre angle on the frequencies for different
mode numbers n (with the same material and geometric parameters in the previous section). The
numerical results will be displayed in terms of the non-dimensional frequency w* := w2h/+/c/p.

We first investigate how the axial pre-stretch affects the frequencies of the plane-strain
vibration modes of the pressurized artery. For fixed P =4.33 (kPa) and three different values
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of the axial pre-stretch A\, =1,1.3,1.6, the frequencies of the plane-strain vibration modes are
shown in Table 2. Note that the circumferential-radial mode with n = 1 is not shown in the table,
as it represents a rigid body translation and thus has zero frequency. It is seen that the frequencies
of all vibration modes increase with the axial pre-stretch and the mode number.

Table 2. The frequencies of the plane-strain vibration modes at different axial pre-stretches (a) Circumferential-radial
mode (b) Radial-circumferential mode (c) Axial mode

Az w¥n=2 w¥n=3 Ar w¥n=0 wf¥n=1 w*n=2 w*n=3

1 0.6710 1.2384 1 1.5528 2.3880 3.9649 5.6890

1.3 0.6842 1.2611 (a) 1.3 1.7255 2.6740 4.5001 6.4937 (b)
1.6 0.7098 1.2736 1.6 1.8198 2.8693 4.8812 7.0618

A w¥n=1 w*n=2 w*n=3

1 0.6786 1.3572 2.0358

1.3 0.9445 1.8891 2.8336  (c)
1.6 1.2655 2.5311 3.7966

Next we turn to determine the influence of the pressure on the frequencies of the plane-strain
vibration modes. For fixed A, = 1 and three different values of the pressure P = 0, 4.33, 7.33 (kPa),
the frequencies of the plane-strain vibration modes are shown in Table 3. It is observed that the
frequencies of all vibration modes increase with the pressure and the mode number.

Table 3. The frequencies of the plane vibration modes at different pressures (a) Circumferential-radial mode (b) Radial-
circumferential mode (c) Axial mode

P w¥n=2 w*n=3 P w¥n=0 w':n=1 w¥*,n=2 w*,n=3

0 0.0778 0.1954 0 0.4625 0.6617 1.0453 1.4599
4.33 0.6710 1.2384 (a) 4.33 1.5528 2.3880 3.9649 5.6890 (b)
7.33 0.7338 1.4184 7.33 2.1018 3.3324 5.6893 8.2332

P w¥n=1 w¥n=2 w*n=3

0 0.2424 0.4848 0.7272
4.33 0.6786 1.3572 2.0358 (c)
7.33 0.8211 1.6423 2.4634

Finally, we check the effect of the fibre angle on the frequencies of the plane-strain vibration
modes. For fixed A\, =1 and P =4.33 (kPa) and three different values of the fibre angle ¢ =
29°,45°,62°, the frequencies of the plane-strain vibration modes are shown in Table 4. Among
the three vibration modes, it is seen that the frequencies of the axial mode increases with the fibre
angle, while the frequencies of the other two modes decrease with the fibre angle, as opposed to
that of the axial mode. In addition, the frequencies of all vibration modes increase with the mode
number.

7. Concluding Remarks

A consistent static finite-strain shell theory is available in literature (see [3]), which involves
three shell constitutive relations (deducible from the 3D constitutive relation) and six boundary
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Table 4. The frequencies of the plane-strain vibration modes at different fibre angles (a) Circumferential-radial mode (b)
Radial-circumferential mode (c) Axial mode

© w¥n=2 w*n=3 %) w¥n=0 w'n=1 w*n=2 w*n=3
29° 0.6710 1.2384 29° 1.5528 2.3880 3.9649 5.6890
45° 0.5928 1.0916 (a)  45° 1.4594 2.2101 3.6893 5.3189 (b)
62° 0.1953 0.3950 62° 1.2775 1.8271 3.1127 4.5337

%) w¥n=1 w*n=2 w* n=3
29° 0.6786 1.3572 2.0358
45° 0.9096 1.8193 2.7289  (¢)
62° 1.0643 2.1286 3.1929

conditions at each edge point. This work first presents a consistent dynamic finite-strain shell
theory for incompressible hyperelastic materials in parallel. Novel aspect of our current study
include: 1. The derivation of the refined shell equations through elaborate calculations which
single out the bending effect with only two shell constitutive relations. 2. Much insights can
be deduced from the refined shell equations. 3. It is not an easy task to get the proper number
and proper form of physically meaningful boundary conditions in a shell theory. Here, by using
the weak form of the shell equations and the variation of the 3D Lagrange functional, four shell
boundary conditions at each edge point are derived. 4. The 2D shell virtual work principle is
obtained. A major advantage of this new shell theory is that its derivation does not involve
any ad hoc kinematic or scaling assumptions (as almost all the existing derived shell theories for
incompressible hyperelastic materials do). Due to its consistency with the 3D formulation in an
asymptotic sense, one does not need to worry about its reliability in predicting the behaviors of
incompressible hyperelastic shells for various loading conditions. In contrast, for assumptions-
based shell theories some defects are evident. For example, some such shell theories involve
higher-order stress resultants, whose physical meanings are not clear, and one does not know
how to impose the proper boundary conditions for them. Another example is the Donnell shell
theory, for which the traction from the top and bottom surfaces is assumed to be imposed on
the middle surface, and if the shear traction on the top and bottom surfaces has the equal
magnitude and opposite sign, that shell theory does not work. Another simple example is that
some shell theories use the assumption that the thickness does not change, which is obviously
not valid when a large tensile load is applied at the edge (e.g., large uniform extension of a tube).
Due to the simplicity of some assumptions-based shell theories, if, for particular applications,
experiences/intuitions indicate that the assumptions involved do not cause a big error, by all
means, they can be used. So, at least in theory, there are two differences between the present
shell theory and those assumptions-based ones: prediction reliability (or confidence level) and
generality. This shell theory is also tested against a benchmark problem: the extension and
inflation of an arterial segment. Good agreement with the exact solution to a suitable asymptotic
order gives a verification of this shell theory. As an application to a dynamic problem, the plane-
strain vibrations in a pressurized artery is considered, and the results reveal the influences of the
axial pre-stretch, pressure and fibre angle on the vibration frequencies, which may be useful for
determining the artery parameters.

Due to the space limit, we only present one application. In subsequent works, we intend to
develop a general incremental shell theory by linearizing the present shell theory around a known
base state. Then, we shall study wave propagation in an infinitely-long pressurized artery and
vibrations in all mode types in a finitely-long pressurized artery with suitable edge conditions.
Analytical and numerical studies based on this shell theory for determining some post-bifurcation
behaviors of incompressible hyperelastic shells will be left for future investigations.

Ethics. Not applicable
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