An analytic derivation of the bifurcation conditions for lo-
calization in hyperelastic tubes and sheets

Xiang Yu and Yibin Fu

Abstract. We provide an analytic derivation of the bifurcation conditions for localized bulging in
an inflated hyperelastic tube of arbitrary wall thickness and axisymmetric necking in a hyperelastic
sheet under equibiaxial stretching. It has previously been shown numerically that the bifurcation
condition for the former problem is equivalent to the vanishing of the Jacobian determinant of
the internal pressure P and resultant axial force N, with each of them viewed as a function of
the azimuthal stretch on the inner surface and the axial stretch. This equivalence is established
here analytically. For the latter problem for which it has recently been shown that the bifurcation
condition is not given by a Jacobian determinant equal to zero, we explain why this is the case and
provide an alternative interpretation.

Mathematics Subject Classification. 74B20, 74G10, 74G60, 35A20.

Keywords. Localized bulging, Axisymmetric necking, Bifurcation, Nonlinear elasticity.

1. Introduction

We revisit here the problem of localized bulging in a hyperelastic tube of arbitrary wall thickness sub-
ject to axial loading and internal pressure, and the problem of axisymmetric necking in a hyperelastic
sheet under equibiaxial stretching. Studies on the former problem date back as early as Mallock [1],
and much progress has been made since then [2-9], but misconceptions also persisted that prevented
a thorough understanding of this important prototypical localization problem. For instance, localized
bulging of inflated rubber tubes was thought to have some connection with the pressure versus vol-
ume curve having a maximum (the so-called limiting point instability) [10-12], but the precise nature
of this connection was not clear and the initiation pressure was often incorrectly calculated as the
bifurcation pressure for a periodic mode. Fu et al. [13] demonstrated explicitly, under the membrane
assumption, that localized bulging is a bifurcation phenomenon but is not connected with a periodic
mode. In fact, a weakly nonlinear analysis based on the periodic mode viewpoint would give a bulging
profile that has no resemblance to the actual bulging profile observed experimentally or simulated nu-
merically. They also demonstrated that the initiation pressure is equal to the pressure for the limiting
point instability in one loading scenario, but this connection may be lost in other loading scenarios
(e.g., the case of fixed ends).

Recent studies have focused on tubes of arbitrary wall thickness to which the membrane as-
sumption no longer applies. With the help of dynamical systems theory, Fu et al. [14] derived the
bifurcation condition for localized bulging and showed that it takes a simple form J(P, N) = 0 where
J(P, N) denotes the Jacobian determinant of the internal pressure P and resultant axial force N,
each viewed as a function of two principal stretches. This bifurcation condition was rederived in [15]
as a by-product of a weakly nonlinear analysis to derive the bulging solution explicitly. The derived
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analytic predictions were corroborated by numerical simulations [16] and experimental studies [17].
This bifurcation condition provides a framework under which various other effects may be assessed in
a systematic manner [18-23]. More recently, the same methodology has been applied to study elasto-
capillary bulging and necking in soft elastic cylinders [24] and tubes [25,26]. The work [24] seems to
be the first self-consistent study on this problem that not only addresses the initial bifurcation, but
also connects it to the final Maxwell state, correcting again misconceptions in the relevant field.

The bifurcation condition J(P,N) = 0 was established in [14] via a brute force approach: the
condition that zero becomes a triple eigenvalue of the spatial dynamical system governing axisym-
metric incremental deformations is first derived, and was then shown numerically to be equivalent to
J(P,N) = 0. The purpose of the current paper is to derive this equivalence analytically, thus providing
further insight into the bifurcation condition and justifying its application in other elastic localiza-
tion problems. The main idea is to recognize that the bifurcation condition is simply the solvability
condition for an extra uniform expansion to exist.

The same methodology is then applied to derive the bifurcation condition for the axisymmetric
necking of a thin sheet that is subject to equibiaxial stretching within the plane. Under general biaxial
stretching (not necessarily equibiaxial), the two nominal stresses are functions of the two in-plane
stretches, and it is then natural to compute their Jacobian determinant, evaluate it at an equibiaxial
stretching state, and ask whether it is related to necking. It turns out that this is not the case [27],
and we explain why.

The rest of this paper is organized as follows. The next section is devoted to the inflation problem.
We first summarize the solution for the primary inflation solution and the incremental boundary
value problem, and then re-derive the bifurcation solution using a procedure that is simpler than
that employed in [14]. This new derivation shows explicitly that the bifurcation condition is in fact
the solvability condition for a non-trivial uniform perturbation to exist, and thus enables the above-
mentioned equivalence to be established. In Section 3 we use the same methodology to study the
axisymmetric necking problem. The paper is concluded in Section 4 with a summary and a discussion
of other applications of the methodology proposed in the current paper.

2. Localized bulging in an inflated hyperelastic tube

2.1. Uniform inflation and extension

We consider a sufficiently long circular cylindrical tube that is incompressible, isotropic and hyperelas-
tic. The tube is assumed to have inner radius A and outer radius B before deformation; see Fig. 1(a).
When it is uniformly stretched in the axial direction by a force N and inflated by an internal pressure
P, the inner and outer radii become a and b, respectively, as shown in Fig. 1(b). The deformation, in
terms of cylindrical polar coordinates, is specified by

2=\ R*- A% +d® 0=0, z=)\7 (2.1)

where (R,0,Z) and (r,0,z) are the coordinates in the undeformed and deformed configurations,
respectively, and A, is the constant stretch in the axial direction. The first equation in (2.1) is a
consequence of the incompressibility constraint. It follows from (2.1) that the three principal stretches
are simply
r

R )
where we have identified the indices 1,2,3 with the 6-, z-, and r-directions, respectively. Throughout
this paper, we shall refer to the deformed configuration corresponding to (2.1) as the uniformly inflated
configuration.

We assume that the constitutive behavior of the tube is described by a strain energy function
W (A1, A2, A3). The non-zero Cauchy stresses are given by

ow
=N —p, i=1,2 2.
0-7/1 Al a)\l p7 Z ) ’3’ ( 3)

AL = A2 = A, Az = 1/(Ahe), (2.2)
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(a) (b)

FIGURE 1. A hyperelastic cylindrical tube in (a) reference (undeformed) configura-
tion and (b) uniformly inflated configuration.

where P is the Lagrange multiplier enforcing the incompressibility constraint. For the considered defor-
mation, T can be regarded as a function of A; and Ay which we write as w(A1, A2) = W (A1, Ao, AT AS ).
By a standard calculation using (2.3) we obtain the stress differences

O11 — 033 = AW, 022 — 033 = A2W2, (2.4)

where wy = dw/d0\; and wy = dw/dws,.
The only equilibrium equation that is not satisfied automatically is

doss 033 —on _ doss  Awn

=0 2.5
dr r dr r ’ (25)
and the associated boundary conditions are
033lr=a = —P, 033|r=p =0, (2.6)
b
1 N
L ro9s dr — §a2P =5 (2.7)
Integrating equation (2.5) subject to the boundary conditions (2.6) leads to
b
A
—J%dHP:o, (2.8)
whereas eliminating o9 in (2.7) in favor of o33 with the aid of (2.4)s, (2.5) and (2.6) yields
b b
1 N
L rAzwy dr — iL rAwy dr — o = 0. (2.9)

Alternatively, the last two equations may be manipulated into the form [29)
Ny
P = ——d\ 2.10
| s (210)

A
2\ wy — A
N = 1A2(\2), — 1)f W2 T AL, (2.11)

ny  (AZA —1)2
where the two limits A\, and A, are defined by A, = a/A and A\, = b/B, and are related to each other
by the incompressibility condition (AZA, — 1)B? = (A\2), — 1) A%

2.2. Derivation of the bifurcation condition for localized bulging

We first summarize the linearized incremental equations for the problem formulated in the previous
subsection. We consider an axisymmetric perturbation of the form

ox = u(r,z)e, +v(r, z)e,, (2.12)
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where dx stands for the increment of the position vector @ and (e,,eg,e,) denotes the standard
orthonormal basis for cylindrical polar coordinates (r, 6, z). It follows that the incremental deformation
gradient n is

u
n= ;eg Reygt+v.e.,Re, +ve,Qe, +ue.Re, +ue.Qe,, (2.13)
where v, := dv/0z, v, := dv/0r, etc.
The incremental equilibrium equations that are not satisfied automatically are [15]

0x22 0Xx23 X23
222 ), 2.14
0z + or + r ( )

0 0 —
X33 I X32 +X33 X11

=0, 2.15
or 0z r (2.15)

where the incremental stress components x;; are given by
Xij = Bjikimk + Pnji — p*0ji- (2.16)

In the above expression, p and p* are the Lagrange multipliers associated with the deformation (2.1)
and the incremental deformation, respectively, and B;jx; are the instantaneous elastic moduli given
by [28]

Biij; = NiAjWij,

AW — AW
Bijij = ——5 95— )\2 /\32 N AN, (2.17)
i
Bijji = Bijij — AiWi, 1 # ],

where Wl = 6W/8)\Z, Wij = &QW/ﬁ)\iaAj, etc.
The equilibrium equations (2.14) and (2.15) are to be solved in conjunction with the incompress-
ibility condition
u
tr(n) = ur + v, + o= 0 (2.18)
subject to the incremental boundary conditions

(xn —Pn"n)—a =0, xnl—y =0, (2.19)

where n denotes the unit normal to the surface where each of the boundary conditions is imposed.
Written out explicitly, the above boundary conditions become

v +u, =0, r=a,b, (2.20)
u
(Bs3zz — Bazaz + AsWs)u, + (Biiss — 32233); —-p* =0, r=ab. (2.21)

To study the bifurcation of the primary deformation determined previously, we look for an
eigensolution of the form

u(r,z) = f(r)e*®, v(rz) = ég(r)e‘”, p*(r, z) = h(r)e**, (2.22)
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where « is a spectral parameter and the functions f,g and h are to be determined. On substituting
these expressions into (2.14), (2.15) and (2.18)—(2.21), we obtain the differential equations

y 1 .,
a®(Baass + Baaos) f(7) + 042;(7"(3;,223 +7') + Bii2o + Bsaas) f(1)

2.2
+ Bsazag” (1) + %(33232 +7B3330)9' (1) + @?Bagaog(r) — a®h(r) = 0, 2
Basss (1) + 1 (r(Bhagy +7') + Basss) /(1) + 5 (0 Basns + 7B 13 — Buun) £(7) .
+ (Bazss + Basza)g'(r) + %(7"3/2233 + Bazsz — Buizz)g(r) — W' (r) = 0, |
f(r) + @ +g(r) =0, (2.25)
and the associated boundary conditions
2f(r)+4d(r)=0, r=a,b, (2.26)
(Bsass — Bagsz + A\sWa) f'(r) + %(31133 — Bazss) f(r) — h(r) =0, r =a,b. (2:27)

In the above equations, B}y = dBssss/dr, o' = dp/dr, etc. Solving the above eigenvalue problem
using the numerical scheme detailed in [14] or [29], we may determine the relationship between A,
and o?. For periodic buckling modes, we replace o by ik with k denoting the axial wavenumber. The
bifurcation condition for such periodic buckling modes has been computed by Haughton & Ogden [29].
Here our attention will be focused on the condition when non-trivial solutions with an infinitesimal a
may exist.

We thus assume that « is infinitesimal and write e = a2. We aim to determine the corresponding
principal stretch A, for which such a small eigenvalue can exist (the other parameter A, is either fixed
or determined by the condition that N is fixed). Since ¢ is small, it is natural to look for a solution of
the form

Ao = Aaer + X0 + O(€?). (2.28)
Once we have found this asymptotic expression, it is then clear that a« — 0 as Ay — Ager- In other
words, Ager is the value of A\, at which zero becomes a triple eigenvalue and is therefore the critical
value for localized bulging to take place [30-32].

Since the eigenvalue problem (2.23)—(2.27) contains a small parameter ¢, it is appropriate to look
for an asymptotic solution of the form

fr >—ef )+ P )+,
g(r) =egWV(r) +2gP(r) + -, (2.29)
h(r )—5h W) + 203 (r) +

where the functions on the right-hand sides are to be determined at successive orders.
On substituting (2.29) into (2.23), (2.25), (2.26), and then equating the coefficients of e, we
obtain

1d d 1d

yar B g™ =00 g S =0, (2.30)
d

%g(l) = 07 r=a, b (231)

By straightforward integration, we find that
g = —2¢,,  fD =i+ %2 (2.32)

where ¢; and ¢y are arbitrary constants.
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The solution for A (r) can be found by considering the coefficients of £ in the equilibrium
equation (2.24) and the associated boundary conditions (2.27), which take the form

d

crwi (1) + cawa(r) — %h(l) =0, (2.33)
1Dy (r) 4+ ¢oDo(r) — Y =0, 7 =a,b, (2.34)
where the functions wy(7), wa(r), D1(r) and Ds(r) are defined by
1
w1 (7") = 8/1133 + Béggg — 28’2233 + ]3/ + ;(281122 + Bsszz — Bi111 — 262233), (235)
1 ~ 1
wa(r) = 72( 1133 — Bisss — D) + 73(83333 = Bun), (2.36)
D1(r) = Buiss + Bssss — 2B2ass + AW, (2.37)
1
DQ(’I“) = 5(81133 — 83333 — )\3W3). (238)
Integrating (2.33) from r = a to r = b and making use of the boundary condition (2.34), we obtain
myic1 + migce =0, (2.39)
where the coefficients m1; and mi2 are given by
b
miy = f w1 (T) dr + Dy (a) — D, (b), (240)
%
mig = f OJQ(T) dr + DQ(G) — Dg(b) (2.41)
a

Alternatively, equation (2.39) can be obtained by integrating the equilibrium equation (2.15) from
r = a to r = b and making use of the boundary conditions (2.19), that is from

b b

0 _

X532 g + J X838 7 XA g Puy|p—q = 0. (2.42)
o 0z r

A second linear equation for ¢; and ¢s can be derived from overall equilibrium in the z-direction:

a

b
f X227 dr — Pau|,—q = 0. (2.43)

a
This equation follows from integration of the equilibrium equation (2.14) multiplied by r from r = a
to r = b, followed by application of the boundary conditions (2.19) and the decaying conditions as
z — +oo appropriate for a localized solution. Equating the coefficient of € in the above equation then
leads to

mai€1 + Mmooty = 0, (2.44)
where the coefficients mo; and mso are given by
b b
1 1
may = f 1 (r)rdr — B J wi(r)(b* — r?) dr — §D1(a)(b2 —a?) — a*P, (2.45)
(lb 1 ab 1
Moo = J O2(r)r dr — B f wa(r)(b* — r?) dr — §D2(a)(b2 —a*) — P, (2.46)
with 6;(r) and 0(r) defined by
01(r) = Bii22 + Ba2ss — 2B2222 — 2P, (2.47)
1
02(r) = 5(51122 — Baass). (2.48)

The existence of a nonzero solution to (2.39) and (2.44) requires that
Q(Aa, )\z) 1= my1maz — MiaMmay = 0, (2~49)
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which is an equation that must be satisfied by Ascr, and so is the bifurcation condition for localized
bulging. We have verified numerically that (2.49) is equivalent to its counterpart in [14]. We note that
equations (2.39) and (2.44) are both obtained at leading order due to the use of two integrals of the
incremental equilibrium equations, whereas their counterparts in [14] were obtained at a higher order.

2.3. Equivalence between the bifurcation condition and J(P,N) =0

Although the bifurcation condition (2.49) is simpler than its counterpart in [14], it is still too compli-

cated to give a direct analytical proof of its equivalence to J(P, N) = 0, where J(P, N) denotes the

Jacobian of P and N with each of them viewed as a function of A\, and A, (see (2.10) and (2.11)). Previ-

ously, this equivalence was only shown numerically by verifying that the contour plots of Q(Ag, ;) =0

and J(P,N) = 0 in the (Aq, \;)-plane always coincide. We now establish this equivalence analytically.
We first note that with the use of (2.29) and (2.32), the solution (2.22) takes the form

u(r, z) = o®(c1r + 072 + 0(a?))e, (2.50)
v(r, z) = a(—2¢; + O(a?))e™?. (2.51)

Thus, to order o we have
u(r, z) = o?(cir + %), v(r,z) = —2ac; — 2a%¢ 2. (2.52)

Consequently, the coordinates of a representative point in the perturbed configuration are given by

2

f:T+a2(clr+C£), 2:2—2 612—20461. (253)
r

To interpret these two expressions, we view the r and z given by (2.1) as functions of A, and A, and
differentiate them to obtain

or or A%\, r? — A2)\2
dr = oY dM\g + a—)\zd/\z == d\, — AL dX,, (2.54)
dz = A\ 1zd)., (2.55)

where dr denotes the differential of r etc. It can then be verified that equation (2.53) may be rewritten
as 7 =r+dr, Z=z+ dz — 2ac; provided

dhg = a?(c1 g + d\, = —2a°\.c;. (2.56)

C2
)\aAQ )a
Thus, the perturbed configuration given by (2.53) is due to a constant perturbation in A, and X,. In
other words, the solution (2.52) corresponds to a perturbation that takes the hyperelastic tube from
one uniformly inflated configuration to another uniformly inflated configuration, plus a rigid body
displacement in the axial direction (represented by the term —2cac;). Note that higher order terms
are not relevant to the bifurcation condition since as pointed earlier the latter was derived at leading
order. Therefore, the bifurcation condition for localized bulging is simply the condition for an adjacent
uniformly inflated configuration to exist.

Let us denote by P*(Ag, ;) and N*(\4, A;) the two functions resulting from viewing P and N
as functions of A, and A, (i.e., the right-hand sides of (2.10) and (2.11)). Then uniformly inflated
configurations are characterized by the following two equations

P*(Ma M) =P, N*(Aa,\.) = N. (2.57)

As argued above, the bifurcation occurs when locally the above relation cannot be inverted uniquely.
By the implicit function theorem, this implies that the Jacobian determinant of the functions P* and
N* ig zero at the bifurcation point. We note that P*(\,, A;) and N*(\,, A,) represent the functional
dependence of P and N on A\, and \,, respectively. Hence the bifurcation condition for localized
bulging is equivalent to the vanishing of the Jacobian of P and N with them viewed as functions of
Mg and A,.
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By carefully analyzing the linearized forms of (2.57) and connecting them with equations (2.42)
and (2.43), one can establish the equality

Az (8P* ON*  OP* 6N*),

0 - _ —
(Aa; 22) TAGAZ N 0Ny 0N, 0N, OAg

(2.58)
which proves the equivalence between the bifurcation condition and J(P, N) = 0 explicitly in view of
(2.49). For interested readers, we present the proof of equality (2.58) in Appendix A.

3. Axisymmetric necking in a hyperelastic sheet under equibiaxial stretching

In this section, we address the bifurcation condition for axisymmetric necking in a hyperelastic sheet
under equibiaxial stretching. Unlike the problem studied in the previous section, the governing equa-
tions in this problem have variable coeflicients and thus do not enjoy translational invariance in the
direction of localization. It turns out that the bifurcation condition no longer corresponds to the
vanishing of a Jacobian determinant.

3.1. Homogeneous solution corresponding to equibiaxial tension

We consider a sufficiently large circular incompressible hyperelastic sheet that is subject to an equibi-
axial tension in its plane. The thicknesses of the sheet in the undeformed and deformed configurations
are denoted by 2H and 2h, respectively. The equibiaxial deformation is described by

r=AR, =0, z=\32Z (3.1)

where (R,0,Z) and (r,0,z) are the cylindrical polar coordinates in the undeformed and deformed
configurations, respectively, and A is the constant stretch in the plane. It follows that the three principal
stretches are given by

M=X3=2X do=\2 (3.2)

where 1, 2, 3 still correspond to the -, z- and r-directions, respectively.
In terms of the strain energy function W (A1, A2, A3), the non-zero nominal stress components are
given by

ow
O\

Sy = —PAN Y, i=1,2,3, (3.3)
where p is the Lagrange multiplier enforcing the incompressibility constraint. The top and bottom
surfaces of the sheet are assumed to be traction-free, thus Soo = 0. Eliminating p using this condition
yields

ow ow

S11(A1, Az) = 7)\10\1,)\3), S33(A1,A3) = 67)\3()\1,/\3)7 (3.4)

where w(A,A3) = W(A, AT A3%, \3) is the reduced strain energy function. For the homogeneous
solution, we have 2533 = dw(A, \)/dA, which allows one to determine the stretch once the traction at
the circular edge is specified.

3.2. Bifurcation condition for axisymmetric necking

In a similar fashion to Section 2, the bifurcation condition for axisymmetric necking can be obtained
by solving an eigenvalue problem. As in that section, we superpose an axisymmetric perturbation
of the form dx = u(r, z)e, + v(r, z)e, to the homogeneous configuration. The linearized incremental
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governing equations can be written as

Ox22 | OX23 | X23
o + or + = =0, (3.5)

0X33 Ox32 X33 — X11

=0 3.6

or + 0z + r ’ (3.6)
M1+ M2z + 133 = 0, (3.7)
X22 =0, x32=0, z==h, (3.8)

where the incremental deformation gradient 77 and stress tensor x have been defined in (2.13) and
(2.16), respectively.
We look for an eigensolution of the form

u(r, z) = éf(Z)Il(ar), v(r,z) = g(z)lo(ar),  p*(r,z) = p(z)lo(ar), (3.9)

where « plays the role of the spectral parameter, I,,(z), n = 0,1,... denote the modified Bessel
functions of the first kind that obey the identities

Lo (®) = La@) = 2 L(@),  Th(a) = 5(na (@) + s (@), (3.10)

and the functions f, g and p are to be determined. On substituting this solution into (3.5)—(3.8) and
using (3.10) to simplify the results, we obtain the differential equations

(Bi122 + B3223) f'(2) + Ba2a2g” (2) + a®Baasag(z) — p/(2) = 0, (3.11)
Basosf"(2) + a?*Biii1 f(2) + a?(Biige + Bazsa)d' (2) — op(z) = 0, (3.12)
f(z) +4'(2) =0, (3.13)
and the associated boundary conditions
Biioaf(2) + (Baaza + XaWa)g'(2) —p(z) =0, =z = +h, (3.14)
f'(2) +a2g(z) =0, z=+h. (3.15)

We assume that the bifurcation condition for axisymmetric necking still corresponds to when a non-
trivial solution with an infinitesimal o exist. To find this condition, we let ¢ = a? and look for an
asymptotic solution of the form

~

(2) = efM () +2fD(2) + -,
9(z) =egW(2) +2gP(2) + - - -, (3.16)
p(z) = epM(2) + 2pP(2) + - - - .

On substituting (3.16) into (3.11)—(3.15) and equating the coefficient of £, we obtain a boundary value
problem satisfied by f(), ¢ and p» whose solution is given by

fO =4, ¢W=—Az4+ B, pM = A(Bi122 — Bagsa — A\ Wa), (3.17)

where A and B are arbitrary constants.
By integrating r times the equilibrium equation (3.6) across the thickness and making use of the
boundary conditions (3.8), we obtain
dxss - _
+ X33 — =0, 3.18
dr X33 — X11 ( )

where the stress resultants x11 and ys3 are defined by

r

h h
Xi1 = J X11dz, X33 = J X33 dz. (3.19)
h h
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Substituting (3.17) into (3.18), we obtain

dxX33
dr

r + X33 — X11 = (e(Bu111 + Bazaz — 2Bi1az + 200 W) A + O(e%))2har I (ar)

(3.20)
= 62(81111 + Bagag — 281129 + 2)\2W2)h7’2A + 0(63) = 0,

which must hold for arbitrary e. It follows that the bifurcation condition for axisymmetric necking
is [27]

81111 + 82222 — 281122 + 22 Wo = 0. (321)
We remark that the leading order term on the right-hand side of (3.20) is of order £2 and the bifurcation

condition is obtained by setting this €2 term to zero. This is in contrast with the situation in the
previous problem where the bifurcation equation was obtained by equating an O(g) term to zero.

3.3. Equivalence between the bifurcation condition and 0S33/0A3 = 0

In view of (3.13) and (3.17), the perturbation solution is of the form
u(r, 2) = a(A + ®C'(2) + O(a)) I (ar), (3.22)
v(r,z) = a®(=Az + B — a?C(2) + O(a*))Io(ar), (3.23)
where C(z) = —g®(2). Note that we cannot obtain the bifurcation condition by expanding Io(cr)
and I;(ar) in terms of o and then considering the leading order (i.e., O(a?)) terms of u(r,z) and

v(r, z) as in Subsection 2.3, since now the bifurcation condition is obtained at O(a*). To order o, we
have

1 1 1
u = iaQAr + T6a4Ar3 + §a4rC’(z), (3.24)
2 L 4 2 4
v=a‘'(—Az + B) + 1° (=Az + B)r* — a”C(z). (3.25)
Accordingly, the non-zero components of the incremental deformation gradient to order a* are
_ 1y Dowge L oaq
= o A+ 6 Ar® + 5 C'(z),

1
Noy = —a?A — 1044147“2 —atC'(2),

1

T)og = 50[4(—142 + B)r, (3.26)
1

M = 5a'rC”(2),
1 3 1

N33 = §a2A + 1—6a4Ar2 + 50440’( ).

Let F denote the deformation gradient related to the perturbed deformation. It follows from the chain
rule that

)\(1 + 7711) 0 0
F = 0 )\72(1 + 7722) )\7723 . (327)
0 )\_2?732 )\(1 + 733)
The corresponding principal stretches are then given by
A =A1+m1), Ao =A2(1+m2) +0(®), A3 =A(1+n33) + O(a®). (3.28)

Thus even to order a?, the -, z- and r-directions are still principal directions, and the constitutive

relation (3.4) still holds for the perturbed configuration. We note, however, that the deformation is

homogeneous (an equibiaxial extension) to order 2, but is non-homogeneous when expanded to order
4

.
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From the definition of the stress tensor x, it is not hard to see that (3.18) corresponds to the
linearized form of

dSss & &
R—=—+ 533 —511 =0 3.29
IR + 033 11 ) ( )
where 511 and 533 are defined by
~ H ~ H
Sll = J S11 dZ, 533 = J 333 dZz. (330)
—H —H
With the use of (3.26) and (3.28), we may expand Si; as
oS oS 10%8
S11 =511|a=xns=x + 1 Ani + 1 Anss + *7;1()\7711)2
0\ 0As 2 0N (3.31)
PGLIIE £ 185 (Amz3)” + |
M3 11733 B (3’)% 133 )
where all the partial derivatives are evaluated at Ay = A3 = A. A similar expression for S33 can be
written. On integrating these two expressions from Z = —H to Z = H and then substituting the
resulting expressions into (3.29), we find
oS
g A‘"’S MAHro* + 0(a%) = 0. (3.32)
3

We observe that the leading order term on the left-hand side is of order a* and is due to the 7-
dependent terms in 711 and 733. Therefore, the bifurcation condition for axisymmetric necking can be
expressed in the simple form

0533

OAs
Note that it also follows from the definition of x that (3.18) differs from the linearized form of (3.29)
by a factor of \%. A comparison of (3.20) and (3.32) yields

08
AQ&T?;S = Bi111 + Ba2ga — 2B1122 + 2 W, (3.34)

This connection was derived in [27] by expressing both sides in terms of derivatives of the strain energy
function, whereas here it is derived without using these expressions explicitly.

Equation (3.29) represents equilibrium in the r-direction of an infinitesimal annular sector. It
is obvious that any homogeneous solution in the form of equibiaxial extension would always satisfy
this equation. According to the above analysis, the bifurcation condition for axisymmetric necking
corresponds to when this equilibrium equation admits a non-homogeneous solution. This explains
why the bifurcation condition for necking is not given by a Jacobian determinant equal to zero.

—0. (3.33)

4. Conclusion

It was shown numerically in [14] that the bifurcation condition for localized bulging of an inflated
rubber tube is equivalent to J(P,N) = 0 with J(P, N) denoting the Jacobian determinant of the
internal pressure P and resultant axial force N which are viewed as functions of two deformation
parameters A\, and A,. In this paper, we derived this equivalence analytically by employing two
integrals of the equilibrium equations together with the observation that the bifurcation condition is
the solvability condition for a non-trivial uniform perturbation to exist. The same strategy is applied
to the axisymmetric necking of a stretched elastic plate for which it has recently been shown that the
bifurcation condition is not given by a Jacobian determinant equal to zero although the perturbation
still represents a homogeneous equibiaxial extension to leading order. We give an explanation for the
latter fact by deriving the bifurcation condition analytically, and showing that it is the condition
for an infinitesimal sectorial element to admit an adjacent non-homogeneous solution. We emphasize
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that, contrary to the common belief, a homogeneous perturbation does not necessarily imply that the
bifurcation condition corresponds to the vanishing of some Jacobian determinant, as shown in the
problem of axisymmetric necking. The bifurcation condition should be derived by carefully analyzing
the incremental equations for the homogeneous perturbation and connecting them with the equilibrium
equations of the primary deformation; the latter step usually leads to a simple form of the bifurcation
condition. We believe that this method can be applied in other similar localization problems such as
elasto-capillary necking/bulging in soft cylinders [24] or tubes [25,26], necking in solid cylinders under
axial stretching [33]. It is also expected that the current methodology can be used to significantly
simplify the weakly nonlinear analysis that determines the localized solutions explicitly.
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Appendix A. Proof of equality (2.58)

To prove (2.58), we start by analyzing the linearized forms of (2.57). Assuming that the perturbed
configuration is also uniform, we show below that the linearized forms of the following two equations

— P*(A\a,\2) + P =0, (A1)
%b%P*(Am M) —P)+ %(N*()\a, A)—N)=0 (A.2)

agree with (2.42) and (2.43).

Let us denote by & and o the Cauchy stresses associated with the uniformly inflated configuration
and perturbed configuration, respectively. Then it follows from the definition of the incremental stress
tensor x that

oc=T+n)(T+x). (A.3)

Note that the incremental deformation gradient m is diagonal since the perturbed configuration is
uniform.

Specifying (A.1) to the perturbed configuration, we see from the definition of P* that the resulted
equation takes the form

b _
f 93 — 9 gy p =, (A.4)
-

a

where 7 = r 4+ u denotes the radius of the tube after perturbation, and @ = 7#(A) and b = #(B). Sub-
stituting (A.3) into (A.4) and making a change of variables (integration by substitution) by applying
the incompressibility equality

(72 —a?) = \(r? —d?), (A.5)

where ), is the axial stretch of the tube in the perturbed configuration, we obtain

b — — 2
1 -1
J (14 m33) (@33 + x33) — (L +011) (@11 + Xx11) Ast dr+P—0 (A6)
a r .72
When expanded to linear order, we have
A2 F—r A=A
=1-2 — =1-=2m1—mn22 =1—m11 + n3s, (A7)

A, 72 r z
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where we have used incompressibility constraint 711 + 722 + 133 = 0. Thus by ignoring nonlinear terms,
one can simplify (A.6) as

b b _

- — T33— T

J X33 . X11 dr—&-f (5337733 . M1, Oss . Y dr = 0, (A8)
a

a

The radial equilibrium for the unperturbed deformation implies that

do33 033 — 011
Jr

o= =0, (A.9)

Using integration by parts, one can write the second integral in (A.8) as

b — — b f
— N33 — M1 033 — 011 —  M33 — T doss
f (T33 + n33) dr = J (T33 - n33) dr
a T T a T

dr

b
_ — d
= —5337733|:;Z +J 533(7733 ; i + gig)dT‘ (A.IO)

a

dr

where use has been made of the boundary conditions 73|, = —P and 33|,—p = 0. In view of
incompressibility constraint and the fact that 7,2 is constant since the perturbed configuration is
uniform, we deduce that
- d - d ur —u/r d ,u
133 — i N33 _ T33 — M1 4T Ur / 2™ =o. (A.11)

T + dr T dr T Cdr'r

b
— ,M33 — T dns3
= —Puy|r=q + f 733( " + )dr,

a

Putting these together, we see that the linearized form of (A.1) can be written as

b J—
f X33 7 XA g Py = 0, (A.12)
.

a
which agrees with (2.42) (note that x32 = 0 for uniform inflations).
Equation (A.2) applied to the perturbed configuration can be written as

b
1 N
f o9 dif — —a?’P — — = 0. (A.13)
. 2 2
Using (A.3) and (A.5), we can rewrite the above equation as
b
_ 1_4 N
L (G22 + Xa2)rdr — 50 P— o0 = 0. (A.14)
Its linearized form is
b
J Xaor dr — Pau|,—, = 0, (A.15)

which is the same as (2.43).
Now let A\, and A, be the two principal stretches of the perturbed configuration, thus

~ 2 Co
)\a = )\a + d)\a = )\a + « (Cl)\a + m), <A16)

A=A+ dX = A — 202 )¢ (A.17)
Then equation (A~.1) applied to the unperturbed and perturbed configurations takes the form —P*(A,, A\.)+
P =0 and —P*(\,, \;) + P = 0, respectively. Subtraction of these two equalities yields
—P*(Aa, A2) + P*(Aa, A2) = 0. (A.18)
In a similar way, we can deduce from (A.2) that

%EQ(P*(;\G, ) = P*Ow \) + %(N*(Xa, ) = N*(Aw,A)) = 0, (A.19)
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where b = 7(B) is the outer radius of the tube after perturbation. Linearizing the above two equations
at (Aq, A;) followed by the use of (A.16) and (A.17), we obtain

opP* opP* 1 oP*
2 — — = A2
WO W Rl wre i Wl (4.20)
Ao ON* A2 0P* )\, ON* 5 0P* 1 oON* b2 OP*
Zla _ = — - = 21
Gran o o et ooy toam e Je = A
Comparing them with (2.39) and (2.44), we conclude that
oP* oOP*
=2 ZTAaN . NaTAy
e W W
1 oPr
mia = )\aA2 a)\a ) (A 22)
A ONTABROPYAONT 0P ‘
TRT 2 e mon N
_ 1Nt op
T2 T 0N AZ DN | 20 AZ 0N,
In view of (2.49), it follows from (A.22) that Q(\,, \,) can be expressed as
A OP* ON* OP* ON*
QNay \z) = ———= — , A2
(Aa; Az) 7r)\aA2((3’)\a oA, OX, O\, ) (A.23)

which completes the proof.
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