ON p-CONJUGATE HOPF-GALOIS STRUCTURES

PAUL J. TRUMAN

ABSTRACT. The Hopf-Galois structures admitted by a Galois extension of
fields L/ K with Galois group G correspond bijectively with certain subgroups
of Perm(G). We use a natural partition of the set of such subgroups to ob-
tain a method for partitioning the set of corresponding Hopf-Galois structures,
which we term p-conjugation. We study properties of this construction, with
particular emphasis on the Hopf-Galois analogue of the Galois correspondence,
the connection with skew left braces, and applications to questions of integral
module structure in extensions of local or global fields. In particular, we show
that the number of distinct p-conjugates of a given Hopf-Galois structure is
determined by the corresponding skew left brace, and that if H, H' are Hopf al-
gebras giving p-conjugate Hopf-Galois structures on a Galois extension of local
or global fields L/K then an ambiguous ideal B of L is free over its associated
order in H if and only if it is free over its associated order in H’. We exhibit
a variety of examples arising from interactions with existing constructions in
the literature.

1. INTRODUCTION

A Hopf-Galois structure on a finite extension of fields L/K consists of a co-
commutative K-Hopf algebra H making L into an H-module algebra satisfying a
certain non-degeneracy condition (see [6, (2.7) Definition] for the full definition).
The motivating example is a Galois extension L/K with Galois group G: in this
case the group algebra K|[G] (with its usual action on L) gives a Hopf-Galois struc-
ture on the extension. Hopf-Galois structures allow many results from Galois theory
to be generalized to extensions which are inseparable or non-normal, but there is
also considerable interest in their applications to Galois extensions: various authors
have studied the number of Hopf-Galois structures admitted by particular exten-
sions, the structure of the Hopf algebras involved, and questions concerning the
Hopf-Galois analogue of the Galois correspondence. We highlight two applications
in particular. Firstly, it has recently been discovered that each Hopf-Galois struc-
ture on a Galois extension yields a skew left brace; these objects are intensively
studied because they can be used to generate set-theoretic solutions of the Yang-
Baxter equation. The translation of existence, classification, and structural results
between Hopf-Galois theory and skew brace theory has enriched both disciplines.
Secondly, Hopf-Galois theory has been applied fruitfully to questions originating in
Galois module theory: if L/K is a finite extension of local or global fields and H is
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a Hopf algebra giving a Hopf-Galois structure on the extension then we may study
each fractional ideal B of L as a module over its associated order in H. This raises
the possibility of comparing the structure of B as a module over its associated
orders in the various Hopf-Galois structures admitted by the extension. We refer
the reader to [9] for a recent survey of these and other related topics.

A theorem of Greither and Pareigis [12] classifies the Hopf-Galois structures
admitted by a finite separable extension of fields L/K. In the special case of Galois
extension with Galois group G their theorem implies that Hopf-Galois structures
admitted by L/K correspond bijectively with regular subgroups N of Perm(G) that
are normalized by the image of the left regular representation A : G — Perm(G).
In [15] it is noted that such a subgroup N need not be normalized by the image
of the right regular representation p : G < Perm(G), and that for each g € G
the subgroup p(g)Np(g)~! is again regular and normalized by A\(G), and therefore
corresponds to a Hopf-Galois structure on L/ K. Following [18] we call this method
of partitioning the set of Hopf-Galois structures on L/K p-conjugation. We review
existing results concerning p-conjugate Hopf-Galois structures in more detail in
Section 2 of this paper.

In Section 3 we study the Hopf-Galois analogue of the Galois correspondence,
showing that the lattices of subfields realized by p-conjugate Hopf-Galois struc-
tures are intimately related to one another. Section 4 concerns the skew braces
corresponding to p-conjugate Hopf-Galois structures; we show that the number of
distinct p-conjugates of a given Hopf-Galois structure is determined by the corre-
sponding skew brace, and obtain a criterion for a Hopf-Galois structure to have no
nontrivial p-conjugates.

In Section 5 we suppose that L/K is a Galois extension of local or global fields
and study questions of integral module structure. We show that if an ambiguous
ideal B of L is free over its associated order in a particular Hopf-Galois structure
then it is free over its associated order in each of the Hopf-Galois structures that are
p-conjugate to the original one. Finally, in Section 6 we study how p-conjugation
interacts with other constructions in the literature, including Hopf-Galois structures
arising from fixed point free pairs of homomorphisms (due to Byott and Childs),
those arising from abelian maps (instigated by Childs and generalized by Koch),
and induced Hopf-Galois structures (due to Crespo, Rio, and Vela).

Acknowledgements: 1 am grateful to Prof. Anna Rio for the suggestion
to study the interaction between p-conjugate Hopf-Galois structures and induced
Hopf-Galois structures, to Prof. Alan Koch for comments on an early draft of this
paper, and to the anonymous referee for numerous improvements to the exposition
and interpretation of the results.

Statement of competing interests: The author declares that there are no
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2. p-CONJUGATE HOPF-GALOIS STRUCTURES

In this section we recall the definition of p-conjugate Hopf-Galois structures and
some of their known properties.
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Let L/K be a Galois extension of fields with Galois group G. As mentioned
in Section 1, a theorem of Griether and Pareigis [12] implies that the Hopf-Galois
structures admitted by L/K correspond bijectively with regular subgroups N of
Perm(G) that are normalized by the image of G under the left regular representation
A : G < Perm(G). The normalization condition is equivalent to requiring that N
is stable under the action of G on Perm(G) given by g x n = A(g)n\(g)~! for
all n € Perm(G) and all g € G; accordingly, we shall refer to the subgroups of
interest as G-stable regular subgroups. To ease notation when dealing with long
compositions of permutations we shall write n[g] for the effect of a permutation
7 € Perm(G) on an element g € G.

In general, a G-stable regular subgroup N of Perm(G) need not be normalized
by the image of the right regular representation p : G < Perm(G). This motivates
the following (see also [15, Example 2.7]).

Proposition 2.1. Let N be a G-stable regular subgroup of Perm(G), and let
g € G. Then N, := p(9)Np(g)~" is a G-stable regular subgroup of Perm(G).

Proof. Clearly N is a subgroup of Perm(G) that is isomorphic to N. Since N acts
transitively on G, we have

Nylgl = (Nlecl)g™" = Gg~' = G,

so Ny acts transitively on G. Therefore Ny is a regular subgroup of Perm(G).
To show G-stability, we note that A(G) and p(G) centralize one another inside
Perm(G); hence for h € G and n € N we have

hxp(g)me(g)™" = Ah)p(g)np(g) " A(h)~!
p(g)A(R)nA(R) " p(g)~!
= plg)(hxn)p(g)~

We have hx 1 € N because N is G-stable; hence p(g)(h * n)p(g)~" € N,, and so
N, is G-stable. O

Definition 2.2. We shall call two G-stable regular subgroups N, N’ of Perm(G)
p-conjugate to mean that N’ = N, for some g € G. In this case we shall also
say that the Hopf-Galois structures corresponding to N, N’ are p-conjugate to one
another.

It is clear that p-conjugation is an equivalence relation on the set of G-stable
regular subgroups of Perm(G), and so yields an equivalence relation on the set of
Hopf-Galois structures admitted by L/K. Given a G-stable regular subgroup N,
we have Ny = Ny, if and only if p(¢~h) € Normpeym(c) (V). In particular, if G is
abelian then p(G) = A(G), and since N is G-stable we have N, = N for all g € G.
We shall return to the question of determining the number of distinct p-conjugates
of a given G-stable regular subgroup in Section 4.

Example 2.3. Let p, ¢ be prime numbers with p = 1 (mod ¢) and let L/K be a
Galois extension whose Galois group G is isomorphic to the metacyclic group of
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order pg:
G=(st|sP=tl=e, tst™! =5,
where d is a positive integer of multiplicative order ¢ modulo p. Let n = A(s)p(t) €

Perm(G) and N = (n). It is routine to verify that N is G-stable and regular. We
find that N; = N and that

Ny = (A(s)p(s' =)

for each i = 0,...,p—1. These subgroups are all distinct, and so we obtain a family
of p mutually p-conjugate Hopf-Galois structures on L/K.

Example 2.4. Let n be an even natural number and let L/ K be a Galois extension
whose Galois group G is isomorphic to the dihedral group of order 2n:

G=(rs|rm=s’=e, srs 1 =r71).

Let N = (A(r)p(s), A(s)). Then N is G stable, regular, and isomorphic to Da,. We
find that Ny = N and that

Npx = (A(r)p(r*5), A(s))

for each kK = 0,...,n/2 — 1. These subgroups are all distinct, and so we obtain a
family of n/2 mutually p-conjugate Hopf-Galois structures on L/K.

Byott [4] enumerates the Hopf-Galois structures admitted by a Galois extension
of degree pq. In particular, [4, Theorem 6.2] implies that the Hopf-Galois structures
corresponding to the G-stable regular subgroups constructed in Example 2.3 are all
of those for which the corresponding subgroup of Perm(G) is cyclic (that is: those of
cyclic type). On the other hand, Kohl [19], enumerates the Hopf-Galois structures
of dihedral type admitted by a Galois extension whose Galois group is isomorphic
to the dihedral group of order 2n; the precise formula depends upon the congruence
class of n modulo 8, but if n is even there are at least (n/2+1)|Y,,|, where |Y,,| is the
number of square roots of 1 modulo n. The Hopf-Galois structures corresponding to
the G-stable regular subgroups constructed in Example 2.4 account for less than half
of these. Similarly, it is known that a Galois extension with Galois group isomorphic
to the quaternion group of order 8 admits 22 Hopf-Galois structures [21, Table A.1].
Using the descriptions of the corresponding G-stable regular subgroups found in [23]
we find that the 6 cyclic subgroups fall into 3 pairs under p-conjugation, whereas
each of the remaining 16 subgroups is normalized by p(G). We expect that situation
of Example 2.3, in which all of the G-stable regular subgroups of a given type are
mutually p-conjugate, to be rare.

We shall shed more light on these examples, and construct others, in Section 6.

In Greither and Pareigis’s original paper classifying Hopf-Galois structures on
separable extensions [12] they show that if N is a G-stable regular subgroup of
Perm(G) then so too is

NPP — Centpcrm(G) (N)

In [17] the Hopf-Galois structure corresponding to N°PP is called the opposite of
the one corresponding to N, and [18, Corollary 7.2] shows that for each g € G we
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have (Ng)°PP = (N°PP),. We shall see fruitful applications of this interaction in
Section 5.

Example 2.5. Recall the hypotheses and notation of Example 2.4 above. The
opposite of the subgroup N constructed in that example is the subgroup generated
by p(s) and the permutation ug defined by

polris’] = Pt gl

Exploiting the interaction between opposite subgroups and p-conjugation, we find
that for each k = 0,...,n/2 — 1 the opposite of the subgroup N, is generated by
p(s) and the permutation u defined by

plris?] = Pt (=D G

The Hopf algebra giving the Hopf-Galois structure corresponding to a G-stable
regular subgroup N is the fixed ring L[N]“, where G acts on L via the usual Galois
action and on N via g xn = A(g)n\(g)~!. It is possible for two distinct Hopf-
Galois structures on L/K to involve isomorphic Hopf algebras, and it is well known
(see [15, Corollary 2.3], for example) that we have L[N]¢ = L[N']¢ if and only
if there is a group isomorphism ¢ : N = N’ such that h * ¢(n) = ¢(h x n) for
allp € N and all h € G. More explicitly: ¢ induces an isomorphism of L-Hopf
algebras ¢ : L[N] = L[N’], which descends to an isomorphism of K-Hopf algebras
¢ : L[N]¢ = L[N']C.

Turning to p-conjugate subgroups we have (see also [15, Example 2.7])

Proposition 2.6. For each g € G we have L[N]|¢ = L[N,|¢ as K-Hopf algebras.

Proof. Consider the isomorphism ¢ : N — N, defined by ¢(n) = p(g9)np(g)~* for all
1 € N. By the proof of Proposition 2.1 we have h*¢(n) = ¢(h+n) for all n € N and
all h € G, so ¢ yields an isomorphism of K-Hopf algebras ¢ : L[N]¢ = L[N,]¢.
Explicitly, we have

D e | =D eaplg)nple) " (1)

nenN nenN
U

3. THE HOPF-GALOIS CORRESPONDENCE

If a Hopf algebra H gives a Hopf-Galois structure on a finite extension of fields
L/K then each Hopf subalgebra H’ of H has a corresponding fixed field

LH/:{xeL|z-x:e(z)xforalleH’},

where € : H — K denotes the counit map of H. In analogy with the classical Galois
correspondence, we have [L : L#'] = dimg (H'). The correspondence from Hopf
subalgebras of H to intermediate fields of the extension L/K is inclusion reversing
and injective, but not surjective in general; we say that an intermediate field M is
realizable with respect to H to mean that there is a Hopf subalgebra H' of H such
that L' = M. The proportion of the intermediate fields of the extension L /K that
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are realizable with respect to H has been called the Galois correspondence ratio for
H, and has been studied by several authors in recent years, with particular interest
in situations for which it is equal to 1 (see [8], [9, Chapter 7], or [22], for example).

Specializing to the case in which L/K is a Galois extension, we have seen that
each Hopf algebra giving a Hopf-Galois structure on L/K has the form L[N]¢ with
N some G-stable regular subgroup of Perm(G); in this case the Hopf subalgebras of
L[N]¢ are precisely the sets L[P]“ with P a subgroup of N that is itself G-stable
(see [10, Theorem 2.3] or [9, Theorem 7.2]). Abusing notation, we write L in place
of of LLIPI?; since dimg (L[P]¢) = |P|, we then have [L : LF] = |P|.

Turning to p-conjugate subgroups we have

Proposition 3.1. For each g € G the lattices of intermediate fields of L/K real-
izable with respect to the Hopf-Galois structures given by L[N]¢ and L[N,]¢ are
isomorphic.

Proof. By virtue of the Hopf algebra isomorphism ¢ : L[N]¢ = L[N,]¢ con-
structed in Proposition 2.6 the lattices of Hopf subalgebras of L[N]“ and L[N,]“
are isomorphic. The result then follows from the discussion above. O

As a consequence of this, the Galois correspondence ratios for the Hopf-Galois
structures given by L[N]¢ and L[N,]“ are the same for all g € G. In fact, we can
identify precisely how the intermediate fields realizable with respect to L[N]¢ and
L[N, are related to one another. As a first step, we study the actions of these
Hopf algebras on the field L.

It follows from the theorem of Greither and Pareigis that the action of an element
2 nen Cnll € L[N]% on L is given by

Z en | e = Z enn” Heg)(w) for all z € L (2)
nenN neN
(see [9, Proposition 4.14], for example). The action of L[N,]“ on L is given by
an analogous formula. We describe how the isomorphism ¢ interacts with these
actions.

Proposition 3.2. Let = € L. Then for all z € L[N] we have
#(z) x=g(z g~ (2))

Proof. Write z = 3 cyn with ¢, € L. Since z € L[N]¢ we have z = h * z for
all h € G. In particular,
z=grz=»_glen)Mg)nAlg)™",
nenN

and so

é(2) > glen)plg)Mg)nA(g)  olg)

nenN

> glen)Mg)plg)np(g) " Ag) ™

neN
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since A(G) and p(G) centralize each other inside Perm(G). Therefore

d(z)-x = | gle)M@pl@mp(e) Mg)™" | -
neN
= Y gle)M@)plg)n " p(g) " M) ea] ()
neN
= > glen)Mg)plg)n g g)(x)
neN
= > glen)gneclg  (x)
neN
= chn eglg™ ()
nenN
= gD em| 97
neN
= g(z-97'(2),
as claimed. O

Now we have the following:

Theorem 3.3. An intermediate field M of L/K is realizable with respect to L[N]
if and only if the intermediate field g(M) is realizable with respect to L[Ny|%.

Proof. Suppose that M is realizable with respect to L[N]¢. Then M = L” for
some G-stable subgroup P of N. We have ¢(L[P]%) = L[P,]%, a Hopf subalgebra
of L[N,]%, and for z € L we have

re Ll o ¢(2) -z =e(2)z forall z € L[P]®
& (z “Hx)) = e(2)x for all z € L[P]¢, by Proposition 3.2
& “H2) = e(2)g Y(x) for all z € L[P]
=3 gil(x) el =M
< xeg(M).

Hence g(M) is realizable with respect to L[N,]. For the converse statement we

replace N by N, and g by ¢~ ! in the argument above. (I

Example 3.4. Recall the hypotheses and notation of Example 2.3 above. Each of
the subgroups N,: is cyclic of order pg, and therefore has a unique subgroup P; of
order p and a unique subgroup @Q; of order ¢; by uniqueness, each of these is G-
stable. Since N,: is generated by \(s)p(s*1=Dt), we see that P; = (\(s)) regardless
of 4, and that Q; = (p(s*~Dt)). Therefore L = L{*) (the unique intermediate
field of degree p over K) and L9 = LG8 Thus each of this family of p-
conjugate Hopf-Galois structures realizes the intermediate fields L, K, L{*), and a



8 PAUL J. TRUMAN

unique intermediate field of degree g over K, and each intermediate field of degree
q over K is realized by exactly one Hopf-Galois structure in this family.

4. SKEW BRACES

A (left) skew brace is a triple (B,,0) where B is a set and *,o0 are binary
operations on B, each making B into a group, such that

1

zo(yxz)=(zoy)*x " x(zoz)foral x,y,z € B. (3)

Here ! denotes the inverse of « with respect to x; we denote the inverse of = with
respect to o by T. We call Equation 3 the left skew brace relation; the right skew
brace relation is analogous. We call a skew brace two-sided if both the left and
right skew brace relations hold for all triples of elements of B. Skew braces with
underlying set B yield solutions of the set theoretic Yang-Baxter equation on B;
we can then obtain solutions of the Yang-Baxter equation over any field by using
B as the basis for a vector space (see [16, §2], for example).

The connection between skew braces and Hopf-Galois structures on Galois exten-
sions follows from an observation by Bachiller [1, Remark 2.6]. One formulation is
as follows: a finite skew brace (B, x, o), yields two left regular representation maps
Ais Ao : B — Perm(B); we find that A\,(B) is a (B, o)-stable regular subgroup of
Perm(B), and so corresponds to a Hopf-Galois structure on a Galois extension with
Galois group (B, o). Conversely, if G = (G, o) is a finite group and N is a G-stable
regular subgroup of Perm(G) then the map n — nleg] is a bijection from N to Gj
we use this to define a second binary operation x on G by

nlec] x ulec] = nplec].
Then (G,*) = N, and the fact that N is G-stable implies that (G,x,0) is a skew
brace. As noted in [20, Proposition 2.1] and [18, Proposition 3.1], two G-stable
regular subgroups N, N’ < Perm(G) yield isomorphic skew braces if and only if
N’ = o=t Ng for some ¢ € Aut(G,o), and yield the same skew brace if and only
if N = ¢~ 1Ny for some ¢ € Aut(G,*,0) (the group of automorphisms of (G, o)
that also respect ). Since these results involve conjugation by automorphisms
of (G,0), the following alternative formulation of p-conjugate subgroups is useful
when studying connections with skew braces (see also [18, Proposition 4.1]). We
note, however, that this formulation is less suitable for studying results such as
Proposition 2.6 and Proposition 3.2, whose proofs depend heavily on the fact that
A(G) and p(G) centralize each other inside Perm(G).

Proposition 4.1. Let N be a G-stable regular subgroup of Perm(G), and let g € G.
Then Ny = 4N @;1, where ¢, is the inner automorphism of G corresponding to

g.
Proof. We may write ¢, = p(g)A(g), and we then have

(
weNegt = p(9AGNA9)  p(g) ™
= plg)Np(g)~! since N is G-stable

\
=
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d

This observation immediately implies that p-conjugate Hopf-Galois structures
yield isomorphic skew braces under the correspondence described above ([18, Corol-
lary 4.1]).

The number of distinct p-conjugates of a given G-stable regular subgroup N of
Perm(G) can be studied via the corresponding skew brace.

Theorem 4.2. Let N be a G-stable regular subgroup of Perm(G), let (G, *,0) be
the corresponding skew brace, and let g € G. The following are equivalent:

i) The G-stable regular subgroup N is normalized by p(g);
ii) The inner automorphism ¢, of Aut(G, o) is an element of Aut(G,*,0);
iii) We have (yxz)og=(yog)xg tx(zog)forally,z€G.

Corollary 4.3. Let G' = {g € G | ¢, € Aut(G,*,0)}. Then the G-stable regular
subgroup N has |G|/|G’| distinct p-conjugates.

Corollary 4.4. The G-stable regular subgroup N is normalized by p(G) if and
only if (G, ,0) is a two-sided skew brace.

Proof of Theorem 4.2. By Proposition 4.1 we have N, = <pgNgog_1, and the discus-
sion above then implies that N, = N if and only if ¢, € Aut(G,*,0). Hence (i)
and (ii) are equivalent.

Now suppose that (ii) holds. By the left skew brace relation (3), for all y,z € G
we have

go(yx2z)=(goy)xg~ " *(g02).
Since g € Aut(G, *,0), so is 90;1 = ¢g. Applying this to the equation above yields
pglgo(y*2)) = pg((goy) xg~' *(g02))
= wglgo(y*2)) = pglgoy) *vglg™") *xglg 0 2)
= gogo(yxz)og=(gogoyog)xpslg) ' x(gogozoy)
= (yx2)og=(yog)xg ' x(z0g);
Hence (iii) holds.
Finally, suppose that (iii) holds. Then for all y,z € G we have

pg(yxz) = gol(yxz)oyg
= go((yog)xg ' x(20g)) by (iii)
= (goyog)xg '*(Gog ')xg ' (gozog) by Equation 3.

Now by a well known skew brace identity (see [13, Lemma 1.7, part (2)], for exam-
ple) we have

g (Gog )xg =Fog9) T =ea
applying this to the final line above yields
eg(yxz) =(goyog)x(gozog) =¢g(y) » vg5(2),
and so gz € Aut(G, ,0). Therefore ¢, € Aut(G, *,0)), so (ii) holds. O
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5. INTEGRAL MODULE STRUCTURE

We now suppose that L/K is a Galois extension of local or global fields (in any
characteristic) with Galois group G. As discussed briefly in Section 1, Hopf-Galois
structures can be used in this context to study the structure of fractional ideals B
of L. More precisely: if H is a Hopf algebra giving a Hopf-Galois structure on the
extension then L is a free H-module of rank 1 (this is a Hopf-Galois analogue of
the classical normal basis theorem), and we seek integral analogues of this result.
Each fractional ideal B of L has an associated order in H:

Ay (B)={h € H|h -z B forall z € B},

and we may study the structure of B as an 2y (B)-module, with particular empha-
sis on determining criteria for it to be free (necessarily of rank 1). By construction,
Ay (2B) is the largest subring of H for which 9B is a module, and it is the only order
in H over which B can possibly be free.

The most famous results in this area are due to Byott [3], who exhibits Galois
extensions L/K of p-adic fields for which the valuation ring Oy, is not free over
Axq)(Or), but is free over Ay (Or) for some other Hopf algebra H giving a Hopf-
Galois structure on the extension. On the other hand, in [24] and [25] we show
that a fractional ideal B of L is free over its associated order in a particular Hopf-
Galois structure if and only if it is free over its associated order in the opposite
Hopf-Galois structure. The main result of this section is in a similar vein. Recall
that an ambiguous ideal of L is a fractional ideal of L that is invariant under the
action of G. (In particular: the ring of algebraic integers O, is an ambiguous ideal
of L, and if L/K is an extension of local fields then every fractional ideal of L is
an ambiguous ideal.) We will prove:

Theorem 5.1. Let L[N|¢ give a Hopf-Galois structure on L/K, and let g € G.
Then an ambiguous ideal B of L is free over its associated order in L[N]¢ if and
only if it is free over its associated order in L[N,].

Corollary 5.2. An ambiguous ideal of L is free over its associated order in L[N]%
if and only if it is free over its associated order in L[N, for all g € G.

The proof of Theorem 5.1 does not depend upon the fact that L is a field, so
if L/K is an extension of global fields and p is a prime ideal of Ok then we may
apply the theorem to the Galois algebra L, = K, ®x L. This yields:

Corollary 5.3. If L/K is an extension of global fields then an ambiguous ideal of
L is locally free over its associated order in L[N]¢ if and only if it is locally free
over its associated order in L[N,]¢ for all g € G.

Proof of Theorem 5.1. Let 2 denote the associated order of B in L[N]“, and let
21, denote the associated order of B in L[N,]“. Suppose that B is a free A-module,
with generator x € B. We shall show that A, = ¢#(2() and that B is a free -
module with generator g(z) (note that g(x) € B because B is an ambiguous ideal
of L).
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Since ¢ is an isomorphism of K-Hopf algebras, it is immediate that ¢(2l) is an
order in L[Ny]¢. Now let y € B. Since B is an ambiguous ideal of L we have
g 1 (y) € B, and since B is a free A-module with generator = there exists a unique
element z € 2A such that z -z = g~ '(y). Now consider the action of the element
#(z) € ¢(A) on the element g(z) € B. We have:

#(2)-glx) = g(z-g ' (g9(z))) by Proposition 3.2
= 9(g7'(¥)
Hence given y € B there exists a unique element ¢(z) of the order ¢(2) in L[N,]¢

such that ¢(z) - g(x) = y, and so B is a free ¢(A)-module with generator g(z).
Since 2, is the only order in L[Ny]¢ over which B can be free, we conclude that

P(A) = Ay
For the converse statement we replace N by N, and g by ¢g~! in the argument
above. (I

The interaction between Theorem 5.1 and the previously mentioned results con-
cerning integral module structure with respect to opposite Hopf-Galois structures
can cause one instance of freeness to propagate to a whole family.

Theorem 5.4. Consider the Hopf-Galois structures given by L[Ny and L[Ng*?]¢
as g runs through the elements of G. An ambiguous ideal B of L is either free over
its associated orders in all of these Hopf-Galois structures or in none of them.

Proof. By Corollary 5.2 the ambiguous ideal 9 is free over its associated order in
L[N]€ if and only if it is free over its associated order in L[N,]¢ for each g € G. Now
applying [25, Theorem 1.2] to each L[N,]¥ we find that B is free over its associated
order in L[N, if and only if it is free over its associated order in L[N, ;pp]G. O

Example 5.5. Let p,q be odd primes with p = 1 (mod ¢) and let L/K be a
Galois extension of local or global fields whose Galois group G is isomorphic to the
metacyclic group of order pq

G=(st|sP=tl=e, tst™! = s,
as in Example 2.3. For k =0,...,p—1 let
Ny = (A(5), A(t)p(s*t)).

It is routine to verify that each Ny is distinct, G-stable, regular, and isomorphic
to G. We find that p(t) normalizes each Ny, and that p(s)Nkp(s™1) = Ngi1_g.
Hence the subgroups N}, are mutually p-conjugate, and by [18, Corollary 7.2] the
same is true for their opposites Ny*”. Thus we obtain a family of 2p Hopf-Galois
structures on L/K. By Theorem 5.4, an ambiguous ideal 9B of L is either free over
its associated orders in all of these 2p Hopf-Galois structures or in none of them.
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6. INTERACTIONS WITH EXISTING CONSTRUCTIONS

In this section we study the interactions between p-conjugation and various re-
sults concerning the construction and enumeration of Hopf-Galois structures on a
Galois extension L/K. (We no longer assume that L/K is an extension of local or
global fields.)

6.1. Byott’s translation theorem and fixed-point free pairs of homomor-
phisms. Many results concerning the construction and enumeration of Hopf-Galois
structures on separable field extensions employ Byott’s translation theorem [2] to
address some of the combinatorial difficulties inherent to Greither-Pareigis the-
ory. Specializing to the Galois case, Byott’s theorem may be summarized as
follows: let M be an abstract group of the same order as GG, and consider reg-
ular embeddings o : M — Perm(G) (that is: embeddings with regular image).
Such an embedding yields a bijection a : M — G defined by a(u) = a(u)leq]
for all 4 € M, and thence a regular embedding 8 : G — Perm(M) defined by
B(g) = a=*X(g)a for all ¢ € G. Byott’s theorem asserts that this construction
yields a bijection between regular embeddings of M into Perm(G) and regular
embeddings of G into Perm(M). Furthermore: a(M) is G-stable if and only if
B(G) C Hol(M) = AM(M) Aut(M) C Perm(M), and o(M) = o/ (M) if and only if
there exists § € Aut(M) such that 8'(g) = 08(g)0~! for all g € G.

We can study p-conjugate Hopf-Galois structures from this perspective, using
the reformulation expressed in Proposition 4.1. Given a regular embedding « :
M — Perm(G) and an element g € G, the map oy : M — Perm(G) defined by
g (1) = pgap)e,* for all p € M is a regular embedding with image a(M),. We
then find the following:

Lemma 6.1. Let 5 : G — Hol(M) be the embedding corresponding to «. Then
the embedding 3, : G — Hol(M) corresponding to ay is given by 3, = Bp,-1.

Proof. The bijection a4 : M — G corresponding to g is given by

ag(p) = pga(p)pg—1lec] = pga(p)lea] = ggalp).
Hence for h € G and p € M we have

Bo(Mlul = a o Aa(h)pgaly]
a~to t (hgalulg™)
= a (9" hgalulg~'9)
= a ' Apy-1(h))alu]
= Blog—1(h)[ul.
Hence 3, = Bpgy-1, as claimed. O
As an application of Lemma 6.1 we study the interaction between p-conjugation
and Hopf-Galois structures on Galois extensions arising from fized point free pairs

of homomorphisms, due to Byott and Childs [5]. Given finite groups G, M of the
same order, a pair of homomorphisms fi, fo : G — M is called fixed point free if
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the only element h € G for which f1(h) = fa(h) is h = eg. Given such a pair of
homomorphisms, the map By, 5, : G — Hol(M) defined by

Bt (h) = A(f1(h))p(f2(h)) for all h € G

is a regular embedding of G into Hol(M) (where A, p denote the left and right
regular representations of M), and therefore yields a Hopf-Galois structure of type
M on a Galois extension with Galois group G. Applying Lemma 6.1 we obtain
immediately

Proposition 6.2. Let f1, fo : G — Hol(M) be a fixed point free pair of homomor-
phisms, with corresponding regular embedding 8 : G — Hol(M), and let g € G. For
i=1,2let f; ; = fiy. Then fi 4, fo,4 is a fixed point free pair of homomorphisms,
and the corresponding embedding of G into Hol(M) is §,.

Example 6.3. Let n be an even natural number and let G = (r, s) and M = (u, )
both be isomorphic to the dihedral group of order 2n (here r, 1 have order n and
s, m have order 2). Fix 0 <k <n/2— 1 and define f; : G — M by fi(r's’) = p'n?
and fo : G — M by fo(r's?) = (u?*7)". Then f1, fo form a fixed point free pair of
homomorphisms, and the corresponding embedding 8 : G < Hol(M) is given by

B(r) = Xw)pu* ),  B(s) = A(m).

(Here A, p denote the left and right regular representations of M.) We find that
composing 5 with ¢, results in an equivalent embedding, whereas composing with
each .« for 0 < ¢ <n/2—1 gives an inequivalent embedding. Thus we obtain n/2
mutually p-conjugate Hopf-Galois structures of dihedral type on a Galois extension
with Galois group isomorphic to G. In fact, these are the Hopf-Galois structures
described in Example 2.4.

6.2. Hopf-Galois structures arising from abelian maps. An abelian map is
a group endomorphism with abelian image. In [7] Childs shows that fixed point
free abelian maps on a finite group G yield a family of Hopf-Galois structures on a
Galois extension L/K with Galois group G. This approach is generalized by Koch
[14], as follows: let ¢ : G — G be an abelian map, and for each h € G define
ny(h) € Perm(G) by
1y (h) = Ao (h) ™) p(w () 7).

Then Ny = {ny(h) | h € G} is a G-stable regular subgroup of Perm(G) [14,
Theorem 3.1], which therefore corresponds to a Hopf-Galois structure on L/K.

Proposition 6.4. Let ¢ be an abelian map on G and let Ny be the corresponding
G-stable regular subgroup of Perm(G). Then for each g € G the subgroup Ny 4
arises from an abelian map on G.

Proof. By Proposition 4.1 we have Ny, 4 = <pgN¢<pg_1. Tt is shown in [18, Proposition
5.1] that if ¢ is an abelian map on G and ¢ € Aut(G) then the map e~ is also
an abelian map on G, and N y,-1 = ©Nyo~!. Thus Ny, arises from the abelian
map ¢’ = gpﬂ)gp? on G. O
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Example 6.5. Let n > 5 and suppose that G is isomorphic to the symmetric
group S,,. In [14, Example 3.7] Koch shows that the abelian maps on G correspond
bijectively with elements = € S, of order at most 2, as follows:

e ifteA,
d’””(t)_{ v iftd A,

Let N, be the G-stable regular subgroup arising from the abelian map v,.. Applying
Proposition 6.4 we see that for each g € G the subgroup Ny 4 arises from the abelian
map @g¢p, ', which behaves as follows

1 - e ift e An
Povay (D)= { grg~l ifted A,

Thus cpgilimgo;l = tgzg-1, and so the p-conjugate subgroups correspond to con-
jugacy classes of elements of order at most 2 in G. In particular, the subgroups
arising from transpositions are mutually p-conjugate.

6.3. Induced Hopf-Galois structures. The method of induced Hopf-Galois struc-
tures is due to Crespo, Rio, and Vela [11]: if T is a subgroup of G having a normal
complement S in G then, given a Hopf-Galois structure on L/LT and a Hopf-Galois
structure on LT /K, we can induce a Hopf-Galois structure on L/K. Note that T
need not be a normal subgroup of G, and so the extension LT /K need not be a
Galois extension. In order to study Hopf-Galois structures on this extension, we
need the full strength of the Greither-Pareigis classification. In this context, it im-
plies that the Hopf-Galois structures on LT /K correspond bijectively with regular
subgroups of Perm(G/T) (the permutation group of the left coset space) that are
G-stable in the sense that they are normalized by the image of G under the left
translation map A : G — Perm(G/T) defined by A(h)[xT] = hzT for all h € G and
T € G/T.

Given a G-stable regular subgroup A C Perm(G/T) and a T-stable regular
subgroup B C Perm(T'), we use the fact that G is the semidirect product of S and
T to identify A with a regular subgroup of Perm(S), and then to define a map
n: A x B — Perm(G) by

n(a,b)[st] = a[s]b[t] for all s € S and t € T.

It is easy to see that 7 is an embedding whose image N is a regular subgroup of
Perm(G) isomorphic to A x B; [11, Theorem 3] shows that N is G-stable, and hence
corresponds to a Hopf-Galois structure on L/K. We say that the subgroup N is
induced from the subgroups A and B, and that the Hopf-Galois structure on L/K
corresponding to N is induced from those corresponding to A on LT /K and B on
L/LT.

Now let g € G and let ¢ = ¢, be the inner automorphism corresponding to g.
Since S is normal in G we have ¢(S) = S, and it is easily shown that G is the
semidirect product of S and ¢(T'). We shall show that the Hopf-Galois structure
corresponding to N, is induced from certain Hopf-Galois structures on L‘p(T)/ K
and L/L*™),
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Lemma 6.6. Let g € G and ¢ = ¢4. Then:
i) pAp~1identifies naturally with a G-stable regular subgroup of Perm(G/p(T));
ii) @By ~! identifies naturally with a ¢(T')-stable regular subgroup of Perm(o(T)).
Proof. To show (i), let a € A and so(T) € G/p(T) (with s € S). Then

pap ™ [so(T)] = alp™ (s)T] = s'¢(T)
for some element s’ € S. Hence pAp~! permutes G/o(T), and this action is regular
because A acts regularly on G/T. To show G-stability, let h € G and consider
Mh)pap )N [sp(T)] = hpalp™ (K1)~ (s)T]
= (e (Male™ (W)™ (5)T]
p(eH(h)ap™ (W)™ sp(T)]

= pa'p” [se(T)]
for some @’ € A, since A is G-stable. Hence pAp~! is G-stable. The proof of (ii) is
similar. (]

Note that if g € T then the regular subgroup @By ~! of Perm(T) is p-conjugate
to B.

Proposition 6.7. For A, B, N, and g as above, the subgroup N, < Perm(G) is
induced from pAp~! < Perm(G/¢(T)) and pBp~t < Perm(p(T)).

Proof. Let h € G, and write h = sp(t) with s € S and ¢ € T. Now let = n(a,b) €
N and consider

ene~sp®)] = enle” (s)t]
= (a[p (s)]b[t]) (note that p~1(s) € S)
(pale™! ()] (wblt])
(palp™ (s)]) (bl

bl p(®))])
= nlpap™, pbe™")[se(1)].
Hence N, < Perm(G) is induced from ¢Ap~! < Perm(G/¢(T)) and B! <
Perm(o(T)). O

We remark that the argument of Proposition 6.7 remains valid if ¢ is any auto-
morphism of G that preserves S.

Example 6.8. Let p, g be odd primes with p =1 (mod ¢) and let L/K be a Galois
extension of fields whose Galois group G is isomorphic to the metacyclic group of
order pq
G={(st]|s"P=tl=e, tst™! = s%),

as in Example 2.3. Let T = (t) and S = (s). Then the conjugates of T" are
precisely the subgroups T; = s*T's™%, and S is a normal complement to each of
these subgroups in G. For each i the extensions L/LT" and LT'/K have prime
degree and each admits a unique Hopf-Galois structure (note that each LTi/K is
non-normal). In each case, we can induce a Hopf-Galois structure on L/K from
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these, and by Proposition 6.7 we obtain a family of p mutually p-conjugate Hopf-
Galois structures on L/K. Referring to Example 2.3 we see that these are all of
the Hopf-Galois structures of cyclic type admitted by L/K.
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