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Abstract An asymmetric three-layered laminate with prescribed stresses along the faces is considered. The
outer layers are assumed to be much stiffer than the inner one. The focus is on long-wave low-frequency
anti-plane shear. Asymptotic analysis of the original dispersion relation reveals a low-frequency harmonic
supporting a slow quasi-static (or static at the limit) decay along with near cut-off wave propagation. In
spite of asymmetry of the problem, the leading order shortened polynomial dispersion relation factorises into
two simpler ones corresponding to the fundamental mode and the aforementioned harmonic. The associated
1D equations of motion derived in the paper are also split into two second-order operators in line with the
factorisation of the shortened dispersion relation. Asymptotically justified boundary conditions are established
using the Saint-Venant’s principle modified by taking into account the high-contrast properties of the laminate.

Keywords Sandwich - Asymptotic - Saint-Venant - Long wave - Low frequency - Boundary Conditions

1 Introduction

Thin multi-layered structures have always been among main focuses in structural and solid mechanics. Thereis a
substantial literature on the subject, including in particular advanced research monographs [1,2] as well as most
recent review articles [3—-5], and insightful papers [6—8], to name a few. Modern industrial applications provide
additional motivation to studying laminates, especially with high contrast geometric and physical properties
of the layers, see for example [9—12] for photovoltaic panels and laminated glass, [13] for components of
lightweight vehicles, [14] for sandwich panels in building construction. Modelling of such structures is of
clear practical importance, and numerous efforts have already been made to establish various methodologies,
see e.g. [15-18] and references therein, along with the citations above.
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The asymptotic methods proved to be most efficient for thin elastic plates and shells, see e.g. [19-24], can
also be applied to structures with high contrast properties, see [25-30]. In particular, in [28] multi-parametric
nature of the problem for a symmetric sandwich plate with traction free faces was revealed with the emphasis
on the effect of extra problem parameters , i.e. the ratios of thickness, densities and stiffness of the layers. In
the cited paper, the conditions on these parameters are obtained ensuring the lowest shear cut-off frequency to
become asymptotically small, see also [31,32]. As a result, the range of validity for the classical plate bending
theory may become rather restricted motivating derivation of two-mode approximations involving the first
shear harmonic along with the fundamental bending mode.

A more explicit insight into asymptotic phenomena, observed for the plane-strain problem studied in [28],
has been produced for its less technical anti-plane counterpart in [29] dealing with the antisymmetric motion
with respect to the mid-surface. Such motion does not support a symmetric fundamental mode, while wave
propagation occurs above the smallest cut-off frequency with its value tending to zero at the high contrast
setups considered in the paper. In addition to shortened polynomial dispersion relations, the associated 1D
equations of motion for long-wave low-frequency vibrations were also derived.

In this paper, we generalise the approach developed in [28,29] for anti-plane shear of a three-layered
asymmetric laminate with traction free faces. We restrict ourselves with the high contrast scenario in which
outer layers are stiff, while middle one is relatively soft. The considered scalar problem is apparently the most
explicit example in mechanics demonstrating a two-mode long-wave low-frequency behaviour involving the
first harmonic along with the fundamental mode.

In Sect. 3, we study the exact dispersion relation presented in Sect. 2 at the long-wave low-frequency
limit. It is shown that the leading order shortened polynomial equation (a rather sophisticated asymptotic
behaviour of its coefficients is evaluated in “Appendix 1”’) can be factorised into two ones corresponding to the
fundamental mode and harmonic. In this case, the latter equation also covers a slow quasi-static (and static at
zero frequency) decay below the small cut-off frequency in question, when the associated harmonic becomes
evanescent. The factorisation of the asymptotic dispersion relation seems to be counter-intuitive since the
coupling of two studied modes could be expected due to the asymmetry of the laminate. In fact, the assumed
high contrast in problem parameters makes such coupling asymptotically negligible.

Next, in Sect. 4 we adapt a preliminary asymptotic insight coming from analysis of the dispersion relation
for deriving 1D equations of motion generalising the technique established in [29], see also [20,21]. As might
be expected, the derived partial differential operator can also be factorised into two second-order operators
corresponding to the fundamental mode and the lowest harmonic. As above, the operator governing the har-
monic describes a slow decaying behaviour below the cut-off. In Sect. 5, following the long-term tradition in
the theory for thin elastic structures, e.g. see [33], the obtained governing equations are re-written in terms of
stress resultants, stress couples and also the average displacement and the angle of rotation.

In Sect. 6, we apply the Saint-Venant’s principle [34] combined with asymptotic considerations for for-
mulating of boundary conditions extending the powerful procedure developed for homogeneous plates and
shells, e.g. see [19,35-37]. We start with the so-called decay conditions for a semi-infinite three-layered strip
in case of its static equilibrium subject to homogeneous boundary conditions along the faces and prescribed
anti-plane shear stresses at the edge, see for example [35,38,39]. In contrast to the conventional approach,
we require a ‘strong’ decay of the boundary layer, resulting in localisation of the induced stress field over the
narrow vicinity of the edge, with a typical length of the same order as the strip thickness. In this case slowly
decaying solutions, characteristic of high-contrast laminates, e.g. see [40], are not counted as boundary layers.

Two decay conditions are formulated in this section. The first of them is given by an exact formula which
expresses the self-equilibrium of the prescribed shear stress in agreement with the classical Saint-Venant’s
principle. The second decay condition is of asymptotic nature. Fortunately, it takes an explicit form for the
considered high contrast case. This condition is tested by comparison with the calculations for a symmetric
sandwich using the Laplace transform technique, see “Appendix 2.

The derived decay conditions immediately lead to the inhomogeneous boundary conditions at the edge of
a finite length laminate using straightforward scheme. It consists in inserting the deviation between the given
edge stress and that calculated from 1D governing equations into the decay conditions, see for greater detail
[41]. It is also worth mentioning that two boundary conditions in Sect. 6 do not imply coupling of the solutions
to the related second-order equations.
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Fig. 1 A three-layered asymmetric plate

2 Statement of the problem

Consider a three-layered asymmetric laminate with the isotropic layers of thickness %1, hy and h3, see Fig. 1.
The Cartesian coordinate system is chosen in such a way that the axis xj goes through the mid-plane of the
core layer. In what follows two outer layers have the same material parameters.

For the antiplane shear motion, the only non-zero displacement is orthogonal to the x1 x> plane. Hence, the
equations of motion for each layer can be written as

80{13 80513 82uq
- —0, g=1,2.3, |
ot o P 4 M
with 5
ol =gt =12, @)
13 q axi

where ‘71% are shear stresses, u; = uy(x1, x2,1) are out of plane displacements, 7 is time, p, are Lamé

parameters, and p, are mass densities. As we have already mentioned, u3 = @ and p3 = py.
The continuity and boundary conditions at the upper and lower faces are given by

hy

Uiy = uj, 0213 = 0223 at xp = 7,
h
2 3 2

uj3 = us, 023 = 023 at Xy = _7, (3)

and

h
6213=F1 at x2=?2+hl’

ha
0'233 =F at x; = —? — h3’ (4)

respectively. Here F7 and F3 are prescribed forces.

Let us seek the solution of the formulated problem (1)—(4) in the form of a travelling wave e’ (kxy —ot)
where k is the wave number and o is frequency. For a homogeneous problem F; = F3 = 0, this results in the
dispersion relation

ual(tanh(hlzal) + tanh(h32a1)) + ,uzozz tanh(wy)

tanh(a») .

+ 12 tanh(h201) tanh(h301) 0, (5)

where

o] = KZ—E.QZ, ar =vVK?— 22,

0
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and

why 2 02 hi h3
K=khy, =—-, u=—, p=—, hp=—, hp=-—,
€22 123 o1 ha ha

with ¢ = /2 /p2.

Consider the contrast in the material parameters corresponding to stiff outer layers and a relatively soft
core one, defined as
w<Ll, p~wu, hpp~1, hzp~1 (6)

This formula drastically simplifies further analysis due to the reduction of the number of the problem param-
eters. To certain extent, it might be adapted for laminated glass [42] and also seemingly holds for sandwich
panels with several types of magnetorheological cores [2,43].

First, setting K = 0 in dispersion relation (5), we have for the cut-off frequencies

I (tan (hlz\/%9> + tan (h32\/§9>) + wp tan (£2)
— tan (hlz\/gﬂ) tan (h32\/§9> tan (£2) = 0. (7)

For this type of contrast, we have two cut-off frequencies over the low-frequency range of interest (£2 < 1),
namely, £2 = 0 and the extra small one

hio+h
) _hin+h3xn
@2 = g3~ athn
hi2h3)

Next, setting £2 = 0, we deduce from (5) the static equation for K

o~ u <Kl (®)

Kz(u(tanh(hlgl() + tanh(h3,K)) + 122 tanh ()

+ tanh(12K) tanh(h3: K) tanh (K) ) = 0, ©)
We have an obvious root K = 0, associated with rigid body motion and another small one, given by
h h
K*=K} Q_MM’ (10)
hi2h32

The latter is associated with slowly decaying boundary layers (| K §,| ~ wu < 1) specific of high contrast
laminates only, e.g. see [40].

Figure 2 demonstrates dispersion curves for two sets of material parameters. In particular, Fig. 2a is
plotted for a laminate without contrast, while Fig. 2b corresponds to a laminate with high contrast in material
properties of the layers. The values of £2,;, and K; are calculated using (8) and (10), respectively, for each
set of parameters. It can easily be observed that for the laminate with no contrast these values are of order 1,
while for a high-contrast laminate they become small.

3 Asymptotic analysis of dispersion relation

Expand all trigonometric functions in (5) in asymptotic Taylor series over the low-frequency long-wave range
(2 < 1 and K « 1) assuming that relations (6) hold. We arrive at a polynomial dispersion relation, which
can be written as

y1K2 + J/z.Qz + J/3K4 + 3/4[('2.92 + J/5.Q4 + J/6K6
+ K422 + K224+ 9020+ =0, (11)

where the coefficients y; are given in “Appendix 1.
From (68), we observe that y; ~ y» ~ u,andy; ~ 1,i =3, ..., 9. Asaresult, the leading order two-mode
approximation takes the form

WK + 922 + K + K227 + 202t = 0.
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Fig. 2 Numerical solution of dispersion relation (5) for i1 = 1.0, h3p = 1.5anda u = 1.0 and p = 2.0, b © = 0.01 and
p =0.02

It can be also factorised as
(K2,00 - 92) {hi2h32 (K2,00 - 92) + upo(hi2 + h3)} = 0. (12)

Figure 2 demonstrates a good agreement between two exact dispersion curves calculated from transcendental
relation (5) and polynomial approximation (12) for the chosen set of parameters. In this figure, 25, = 0.18
and | Kp;| &~ 0.13, according to asymptotic formulae (8) and (10), respectively.

For the fundamental non-dispersive mode and the first harmonic, we have

2% = poK? (13)

and
02— £0
hi2h3

respectively. It is worth mentioning that approximation (13) is valid at least over the whole range K ~ 2 < 1.
We also note that if K = 0 in (14) then we arrive at the expression for the cut-off frequency (8), which is
of order ,/u. Alternatively, setting £2 = 0 in this equation, we get (10) for K. Hence, asymptotic formula
(14) is valid for both quasi-static (2 <« /) and near cut-off (2 ~ K ~ /i) behaviour. Moreover, at
/I K K < 1itcoincides at leading order with (13).

{wlhiz + h3) + hishK?} (14)

4 Derivation of 1D equations of motion

Introduce local dimensionless thickness variables &;, i = 1, 2, 3 in such a way that they change from O to 1
across each layer

1 h h h
€2l=—<X2——2>, 2 cx <= 4hy,

hq 2 2 2
1 hy hy hy
Ezz—h—2<)€2+7>, —7<X2<7,
1 h2 /’lz h2
= — 2 ihy), —hy— 2 2 15
&3 h3<X2+2+3> 3-S5 <Xm<- (15)
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Fig. 3 Numerical solution of dispersion relation (5) (solid line) together with asymptotic expansions (12) (dashed line) for
hip = 1.0, h3 = 1.5, = 0.01 and p = 0.02

From (13) £2 ~ K. At the same time, (14) implies that £2 ~ K ~ ,/u. In the latter case, both (13) and
(14) are valid. Motivated by this observation, we introduce the scaling

hy hy

x| = &, t= T. (16)
N /1
Then, the displacements and stresses can be normalised as
Mq :hzqu 0.1‘13 :/Lq\/ﬁs%’ 02q3 = Iu'ZSg:;s q = 1127 3 (]7)

The dimensionless form of the equations in the previous section for layers 1 and 3 (¢ = 1, 3) can be written as

0Sly | 9855 hg 9707

=0, 18
TR O F {19
ov?
St = —, 19
13 a&-l ( )
ov?
,l,l,hq2523 = E, (20)
while for layer 2 we get
sy, 383, %2
_ =0, 21
. 01 d&x» arre @b
9 2
Sh = % (22)
1
9v?
S =—. 23
= b 2

The continuity and boundary conditions become, respectively

“1}521=o = v2|§22=1’ v2|§22=0 = ”3‘523=1’

1 2 2 3
S23|szl=0 = S23|§22=1’ 523|522=0 = SZ3|$23=1’ 24
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and

Sl =P penn. shl_ =2 = penn
Bley=1 = 2T Slgmg = ) = ST

Now expand displacements and stresses into asymptotic series in small parameter p

q q
vl =y +pvf 4,

573256'13,0"‘/*573,1‘*‘"'» qg=123 j=12

J
At leading order, we have forg = 1, 3

08130 | 95350  hg2 9*v)

hg2 =0,
T 0E T 8y po 0T
q aU(q)
513,0 = E
BUg
3";:211 -
and forg =2
2
9530 _ 2 23_')(2) @2 dvg
3n P T A TR aey

Continuity relations (24) together with boundary conditions (25) becomes

U(ng[:o = v§|$22=1’ v8|$22=0 = 1)8’523=1’

1 _ Q2 2 _ 3
S23,0|52,:0 - 523,0’522:1’ S23,0|522:() - S23,O £3=1"

I 3
S230ley =1 = f15 S3.0leym0 = -

Next, we derive

1 3 2
vg = w151, 1), vy =ws31, 1), vy = wrb + w3,

where
w2 = w; — w3,

resulting in equations

Zw; 1 9%w
w=fi+tho|— - ——
2=/ 12( 262 po T2
2wz 1 9%ws
=f—hyp|— - ——].
wo f3 32( 8%_12 00 912

Using above, we can derive an equation for w,, g = 1,3

Pw, 3w, (o + h32)
- w
Po 282 572 | WPoliz + 32ty

hioh 82wq 82wq —0
12132 | 00 8512 372 =0,
which supports the same dispersion relation as (12) as might be expected.
In terms of stresses, we can derive equations

3] 1 92w,
S§3,o:f1+h12< A ,

9&1  po 97?2

(25)

(26)

27)

(28)

29)

(30)

(3D
(32)
(33)

(34)

(35)
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aS; 1 9%w
2 13,0 3
S50 = 3 —ha ( &1 a % at? |’ (36)
where
Jw
Stio = 8%‘?’ g=13, 37)
$33.0 = 2. (38)
Thus,
35%3 0 1
, 3
dEy D130 S13,0- (39
In what follows, we also need the equations
9 1 92
1 3
7 (h12813,0 + h32573) — T (hipwi + haaws) = f3 — fi,
928 0 1 1 > 1 3%ws f3 f
—_— | — + — 23,0 a2 = 5 T 7 (40)
0&10&2 hio  h3 © o po 0T hz  hpo

obtained as a linear combination of the equations in (36). Here, the first equation corresponds to the outer stiff
layers, while the second one governs the motion of the soft middle layer.
5 Equations of motion in stress resultants and stress couples

As usual for thin plates and shells [21,33], we define, starting from (17) and (26)

ha/2+h —ha/2
N = olydxy + / oiydxy
ha/2 —hy/2—h3

~ i/ (h1Si30 4 h3Sis ) .

ha/2 5 )
—hy)2

hy/2 ) ) 1 ) 1
G = / oj3x2dxy & Mz«/ﬁhzf $13.0 (522 - 5) déxn
0

—hy/2
2
_ w2 /1th3 9513 0 @l
12 3

where stress resultant N corresponds to stiff layers, while the stress resultant 7 and stress couple G are
associated with the soft layer. Introducing the average displacement U and the angle of rotation ¢ as

hiuy +h3uz _ ha(hiwy + hzws) up —u3
— ~ s ¢ = — X wy, (42)
hy + hs3 hi + h3

we can re-write above equations (40) in terms of integral quantities defined in (41) and (42)

N (h1+h )82U =F-F

12 3G 1 1 9% F; Fi

— = =+ = |T—-pih—= === +—). 43
hap 0x1 <h1 - h3) P ? <h3 * hl) @)

Forces T', N and G at leading order can be expressed in terms of U and ¢ as

T =hyuao,
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oUu
N = pi (hi +h3) —,
0x1
h3 9
_ hahy ¢>. (44)
12 9xg
Finally, Eq. (43) can be presented as
3*U *U
hi+h3)—5 — p1(h1 + h3) — = F3 — Fy,
pi(hy + h3) 92 p1(hy + h3) o2 3—Fi
929 11 3¢ F3  F
hy— — —+—)o—pr—=—(—+—). 45
mzax% M2<h1+h3>¢ prhas <h3+h1> (45)

6 Derivation of boundary conditions

First consider static equilibrium of a semi-infinite three-layered strip (0 < x; < 400, —h3 — h2/2 < x3 <
h2/2 + hy) with the geometrical and mechanical properties specified in Sect. 2. Let the strip faces are traction
free, while its left edge x; = 0 is subject to prescribed stress p(x2)

016]3|x1:0 = P(XZ), q = 1, 2, 3 (46)

Our goal is to find the so-called decay conditions on the function p when

al"3|x1:+oo =0, ¢g=1,2,3. 47)
Moreover, we require the related boundary layer to be localised over the narrow vicinity of the edge of width
h (h ~ hy ~ hy ~ hj3), which does not depend on the small contrast parameter i, defined above. Thus, we

assume P P 1
—_—~ —~ -, (48)
0x1 dxp h

Let us start from the static counterpart of the equations (1), i.e.
dol, Ao
13 4 993

=0, =1,2,3, 49
0X1 dx2 a “9)

subject to homogeneous boundary conditions along the faces (4), setting F; = F3 = 0 and continuity conditions
(3), together with (46) and (47). Integrating the equation of motion for the upper layer (¢ = 1) over the domain
0 < x1 < +ooand hy < x3 < hy + hp and applying the aforementioned continuity and boundary conditions,

we obtain
+oo pha/24+h [ 541 90
/ / —13 + 23 dxidxy
0 ha)2 axy 0x2
ha/2+h | +00 +oo 1 ha/2+h
2/ 013 dxz +/ 073 X1
ha/2 x1=0 0 xa=hy/2
h2/2+h1 400
=— / p(x2)dxs — / 023 dx; = 0. (50)
ha)2 0 xo=hy/2
Hence,
+o0o ' ha/24h
/ ok do=- / pG)dxy (51)
0 x2=ha/2 ha/2

Similarly, for the bottom layer (¢ = 3) we derive

too poh/2 (553 903
/ / —13 + -2 dx1dx;
0 —haj2—hs \ 0x1 0x2
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—h2/2 +00
= —/ p(x2)dxz +/ 035 dx; =0, (52)
—h2/2—h3 0 xp=—hy/2
therefore,
+00 —hy )2
/ 033 dx; = / p(x2)dxa. (53)
0 xp=—h3/2 —hy/2—h3

For the middle layer (¢ = 2), we first integrate the associated equation of motion, resulting in
400  pha/2 BU 80’2
/ / 9913 4 9955\ 4 yds
hy /2 8)(?1 axz
ha /2 too too
= — / p(x2)dxy + / 053 dx; — / 053
0 x2=h3/2 0

—ha/2
Now, we substitute (51) and (53) into the latter, taking into account the continuity conditions. As might be
expected, the following exact result corresponds to the conventional decay condition, expressing the classical
formulation of the Saint-Venant principle. It manifests self-equilibrium of the external load and is given by

dx; = 0. 4
N 0 (54)

ha/24+h
/ p(x)dxy =0. (55)
—hy/2—h3

Next, we multiply the equation of motion for the middle layer by x» and integrate again over its area. We

obtain
400 phy/2 3 P 2
/ / 013 + —023 dx1dxp
h2/2 8)61 8)(?2

ha)2 +o0  pha/2
= / xz0123 dxz + / / xz—dxldxz
—ha/2 = ha/2
ha/2 ha/2 ha/2
= —/ X2 p(x2)dx; —I—/ (X20‘223 —f 0223dxz> dx
—hy/2 0 xa=—hy/2 —hy/2

+ 053

ha)2 +00
= —f x2p(x2)dxs + %/ <<7223
ha)2 0
+oo  phy)2
/ / 023dxzdx1
ha)2

2 ) dxl
xp=—hy/2

xa=hy/2

ha/2 hy [t/ )
~— x2 p(x2)dx —|——/ (o o )dx =0, 56
/—h2/2 2p(x2)dx2 2 J 23 o= )2 23 =2 1 (56)
where we have neglected the asymptotically small O () term
400 phy/2 ) +00 ha/2
f / 053dx2dx; = Mz/ uy dx; ~ u. 67
ha/2 0 xp=—hs/2

This is due to the effect of contrast, resulting in a sort of squeezing of the softer middle layer by the stiff outer
layers. In fact, we may readily deduce that in the last formula 0223 ~ p while uy(x1, h/2) = ui(x1, ha/2) ~
hoy, _hp hogy _hp
P and up(x1, —h2/2) = uz(x1, —h2/2) ~ o ~

the aforementioned condition on the boundary layer given by (48) Next, substituting (51) and (53) into (54)

we obtain the second decay condition on the prescribed edge load p

. These asymptotic estimations follow from

hy/2 hy hy/2+h ho —h3/2
/ xop(x2)dxy + = px)dx; — = / p(x2)dx; =0, (58)
)2 2 Jnyp2 2 ) hyy2—hs
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which is, in contrast with the first "exact" condition (55), is of an asymptotic nature and holds only for high
contrast laminates. At 71 = h3 and p(—x3) = —p(x2), the last formula reduces to decay conditions (88)
derived in “Appendix 2" using Laplace transform technique.

It can be easily shown, see e.g. [39], that obtained decay conditions (55) and (58) are also valid at leading
order for the low-frequency setup considered in the paper (3/9¢t << h+/pi/1tk, k = 1,2). Let us then adopt
the latter for deriving the leading order boundary conditions at the edge x; = 0 of the laminate governed by
formulae (1)-(4), subject to an arbitrary low-frequency loading P (x>, ), i.e.

01613|xl:0 = P(-x21 t)7 q = 1, 2, 3 (59)

It is obvious that the function P (x», f) is not assumed to satisfy two decay conditions above in contrast to the
function p(x7).

Asusual, see [19,37,41] for greater detail, insert the discrepancy of the prescribed edge load P and stresses
01‘13, resulting from the equations of motion established in Sect. 5, into the decay conditions. Neglecting

asymptotically secondary stress 0123, see formula (17), we set in (55) and (58)

h h
p=P-oy = <x2<=+h, (60)
ha hy
=P, —— —=, 61
P S <M <3 (61)
h h
p=P—o} —h3——2<xy<—-2 (62)
2 2
having
ha/2+hy ha/2 ~hy/2
/ (P — 0113)dx2 + / Pdx; + / (P — 0133)dx2 =0, (63)
ha/2 —hy/2 —h3—hy/2
and
hy/2 hy ha/2+h) . hy —hy/2 3
/ x2 Pdxy + > (P —op3)dxy — ?/ (P —oj3)dx, =0, (64)
—hy/2 ha/2 —hy/2—h3
Finally, expressing 0'113 and 0133 in (63) through N by formulae (41), first boundary condition becomes
ha/24h
N = Pdxs. (65)
—h3—h3/2

Similarly, expressing second condition (64) through approximate formulae for N and G together with equation
(39), we obtain

h/2 h ha/2+h h —hy/2
/ xp Pdxy + 22 Pdx) — 22 Pdx,
—h2/2 2 Jnop2 2 Johajr—ns
h hy—h 24h1h
_ 3N+ > 1B gl=o (66)
2 \hi+hs " phd(hy + h3)

Finally, using (65) we arrive at the second boundary condition

h2 h h 2 ha/2 ho/2+4hy
G= M(—/ % Pdxs +/ Pdx

24hyh3 ha J nyp2 h2)2
—hy/2 hy — h3 h2/2+h)
— Pdx, — Pdx, ). 67)
—ha/2—h3 hi+h3 J_pyo—n,

Derived boundary conditions (65) and (67) correspond to the first and second equations in (43), respectively.
They can be also expressed through the average displacement U and the angle of rotation ¢ using (44).
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7 Concluding remarks

The consideration in the paper is seemingly the optimal toy scalar problem for elucidating the effect of high
contrast. In spite asymmetry of the laminate, the leading order shortened equations governing the fundamental
mode and the low-frequency harmonic, (13) and (14), are not coupled. The findings in the paper facilitate
asymptotic analysis of various more sophisticated formulations for strongly inhomogeneous thin structures,
including vector problems for multi-layered laminates with a variety of contrast types.

It is demonstrated that the harmonic of interest describes both a static (and quasi-static) slow decay and
near cut-off long wave propagation, see (14). In this case, the associated ‘weak’ boundary layer, observed
earlier in statics of high-contrast laminates, e.g. see [40], can be naturally embedded into the low-dimensional
theory for the interior domain, see the second 1D equation in (43).

For the first time, asymptotically justified boundary conditions (65) and (67) are established using the
Saint-Venant principle adapted for a high-contrast laminate. It is remarkable that the extra approximate decay
condition (58) isn’t directly related to the overall equilibrium as the conventional ‘exact’ decay condition (55).
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Appendix 1
Coefficients y; in (11) are given by
Yi=u(hiz+hn+wp,
112
Y2 = — (hi2 +h32 + p),

"
Y3 = hi2h3zy — 3 (h?z + 13, + 1),

2u
Y4 = 3 (Ao + h3op = 3hiahss + pp) ,
" 3 2
Ys = T30 (A2 + Wop = 3hiohzy + p?)
21 hi2h32
V6=E(h?z+h§z+ﬂ)— (his+h3 +1),
1
=15 (6u2 (h?z +h3, + ,0) — Shighzy (3hTyu + 3h3u + 2 + P)) ;
uw
n=157 <6M (h?zu +hHu + pz) — Shizhsz (3htyu + 3hZu + 1 + 210)) :
2
7
»="153 (2 (h?z,uz + hiu* + p3> — Shizhz (B + h3om + P)) :

At leading order coefficients y; are given below

v = (hi2 + hao)
0 hi2 + h3
v =————u,

£0

Vgp = h12h3z,
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0 2h12h3
Vo = ——>»
£0
o hihz
7/5 = 2 ’
)
hi2h3
0 2
Yo =—73 (hiy +h3 + 1),
hi2h3
y = S (3h1, +3h3, + po +2),
£0
hi2h3)
W =— 307 (3h1, + 3h3, +2p0 + 1),
h12h32
v = - (h1y + h3, + po) . (68)
0

where pg = p/1L .

Appendix 2

Letus find decay conditions for a symmetric three-layered plate (7| = h3) with traction free faces using Laplace
transform technique. We restrict ourselves with the motion for which the displacements of the laminate are odd
functions in x2, i.e. ua(x1, —x2) = —u2(x1, x2), uz(xy, —x2) = u1(xy, x2). Let functions Uy (s, x2) denote
Laplace transform of displacements u,, ¢ = 1, 2, 3, i.e.

0.¢]
Uyts) = [y xe™ M, (69)
0
where s is Laplace transform parameter. Transforming equilibrium equations (49), we get
3’U,
+ 52U, = Ry, (70)
sz
where Ry (s, x2) are defined through
du p(x2)
Ry (s, — = 71
g(s,x2) = ”‘q|x1 0ot — 7 | o s q|xl:0+ e (71)
Solving equations (70) for odd displacements, we have
. 1 = ! . / /!
= A((s)sinsxy + Ax(s) cossxr + — R (s, x5) sins(x2 — x5)dx;, (72)
s Jo
and
1 [*%
U = Bi(s)sinsxp + —/ R (s, x5) sins(xa — x5)dx), (73)
s Jo

where unknown functions A, A> and B are determined from the transformed boundary and continuity
conditions and given by

_ ho shy shy
_ 1 _ ) o n2
Ai(s) =D (s){ i (h1+ 2><ucos S sin® = )
ho hy sho shy
<82 ( > ) -5 (7>) L sin (sh1 + > )cos -
hZ h2 hz . Sh2
(Cl <2>—/LC2 (7>> sin (ShH_T) s1n7}, (74)
sho

Ar(s) = 1(s){C1 <h1+h >(u—l)s1n%cos7
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h h sh sh

+ (Sz (é) - 51 (g)) L COS (shl + 72> cos 72
h h sh . sh

+ <C1 <72) — nuCy (é)) cos (sh1 + —22) sin —22 }

and
Bi(s) =D (S){_Cl h+—=—)+(S2\ =) =S| =) )sinsh
2 2 2
+1(C ha C h2 h }
bl — ) | cos
1 ) ne2 > shit,
where \ )
D(s)=s (,u cos shi cos 372 — sinshy sin S72> ,
and

x2
Cy(s, x2) = / Ry (x5) cos s(xy — x5)dx3,
0

x
Sy(s, x2) = / Ry (x3)sins(xp — xp)dxy, ¢ =1,2.
0

The sought for displacements is expressed through Mellin integrals as
S+ioo
ug(xy, x2) = =— U(s, xp)e**ds
270 Js—ioo

for § > 0. These integrals can be found using the residue theory

o0
uq (i, x2) = ) Resy, (Uy (s, x2)e™ 1},
n=0

where only small poles s,, corresponding to unwanted slow decay are of the concern, see also [38,39].

At u < 1 and s « 1, the leading order asymptotic behaviour of denominator (77) is given by

D(s) = —2s(h1has® — ),

2
st =4 —M
hihy

Resgx {Uj(s, x2)e™"} = Resgx { D71 (s) (A1 (s) sinsxz + Az (s) cos sx) e},
Res,= {Ua(s, x2)e™'} = Resgx {D 7' (s) By (s) sinsxe™ }

resulting in two small non-zero roots

The associated residues are

where D(s) is defined in (82).
Expanding now the numerators in these relations at 4 < 1 and s ~ /i and using the formula

p(x2)
Ry =suz| _o+ ,
=0 KL

we obtain at leading order

ha/2
Res;+ =

Nor ( /«hz J2+hy
h

2
([ 2
dpi/hy /1 22 ha Jo

P(xz)X2dX2) ,

(75)

(76)

(77)

(78)

(79

(80)

81

(82)

(83)

(84)

(85)

(86)
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and
V2x, ( ha/2+hi 2 h2/2
Reset =—— ———— / p(xz)dxy + —/ p(xz)xzdx2> , 87)
) 2pivhiha /e \Jny 2 ha Jo
for u; and uy, respectively.
These residues diminish at
hy/2+h 2 hy/2
f p(x2)dxy + — / p(x2)x2dxy =0, (88)
e ha Jo

ensuring strong decay of the boundary layer.
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