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Abstract

We study the Hopf-Galois module structure of rings of integers in tame Galois
extensions L/F of global fields with Galois group isomorphic to the quater-
nion group of order 8. We determine explicitly the Hopf algebras giving
Hopf-Galois structures on such extensions and study which of these are iso-
morphic as Hopf algebras or as F-algebras. We study “quotient” structures
in order to understand the Hopf-Galois module structure in such extensions
corresponding to Hopf algebras of cyclic type.

Next we specialise to a certain family of tame quaternionic extensions,
L/Q, employing a construction of Fujisaki. We show that for these extensions
the ring of algebraic integers, Oy, is locally free over its associated order in
each of the Hopf-Galois structures. We find explicit local generators for all
but the structures of cyclic type. We then employ the machinery of locally
free class groups to study the structures of dihedral type and give necessary
and sufficient conditions for 97, to be free over its associated order in each

of these structures.
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Chapter 1
Introduction

A prominent classical question of algebraic number theory surrounds finding
a description of the ring of the algebraic integers in a finite Galois extension
of number fields. Let L/F be such an extension with Galois group G. The
normal basis theorem states that there exists an element x € L such that the
set {o(z)| o € G} is an F-basis for L. We can rephrase this; the existence of
a normal basis of L over F' is equivalent to L being a free module of rank one
over the group ring F|G]|. However, the integral analogue of this question
has no such sleek answer; does there exist an element x € 97, such that the
set {o(x)|o € G} is an Op-basis of Oy, or equivalently, is Oy, a free module
of rank one over Or[G]? The Hilbert-Speiser theorem is the first result in
this investigation for global fields and states that if an extension L/Q is
abelian and tame (that is, the ramification indices of each prime ideal are
all relatively prime to the corresponding residue characteristic) then Oy is a
free Z[G]-module of rank one.

We may investigate the consequences of removing either of the two as-
sumptions made in the Hilbert-Speiser theorem. If one removes the require-
ment that the extension be abelian then we may look to Martinet’s work. He
found that if L/Q is a tame Galois extension with Galois group isomorphic

to the dihedral group of order 6 then Oy, is a free Z[G]-module of rank one
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CHAPTER 1. INTRODUCTION

(see [Mar69]). However, Martinet also found examples of tame extensions
L/Q with Galois group isomorphic to the quaternion group of order 8 such
that Oy is not a free Z[G]-module (see [Mar71]). These examples motivated
intensive study of Galois module structure of tame extensions of Q which
culminated in Taylor’s result that the structure of O, over Z[G] is governed
by the behaviour of certain L-functions (see [Tay81]).

With these examples it is clear that the tame condition of the Hilbert-
Speiser theorem is also insufficient when the abelian condition is removed.
In fact, in general when L and F are global fields, there is no guarantee that
any basis exists for Oy, over O, let alone a normal integral basis. However,
it is often more fruitful to consider the notion of local freeness, which is
weaker as it is necessary but not sufficient for freeness. This concept arises
via completion, that is, for each prime p of Op we study the completed ring
of integers O, = L ® Op,, which does have a basis over the completed ring
of integers Op,. We say O, is locally free over Op[G] if O, is a free module
of rank one over O p,[G] for all p of Op.

With this machinery we are able to understand the role of the tame
condition more clearly. A theorem of Noether (see [Fri83, page 8|) states
that the ring of integers of an extension L/F is locally free if and only if the
extension is tame. Thus an extension that is not tame, that is wild, cannot
hope to have a normal integral basis. Following Noether’s theorem it is clear
that a different technique is required to study wild extensions. One such
technique is to study the structure of O, not over Or[G], but rather, over

some other O p-order in F[G], called the associated order:
Apie) = {a € FIG]|a(O1) = O}

For wild extensions the associated order properly contains the integral group
ring O [G] so is a sensible order to study in the hope of yielding more results.
In fact, by construction, the associated order is the largest Op-order in F[G]

over which 9 is a module, so it is in some sense the best option.



However, this approach does not offer anything to the study of tame
extensions as in these cases the associated order and the integral group ring
coincide. In a different direction, that may provide fruit for the study of
tame extensions, as well as wild extensions, one may consider the notion of
a Hopf-Galois structure, that provides an analogue for the associated order
that does give more opportunity for study in tame extensions. A Hopf-Galois
structure on a finite Galois extension L/F consists of an F-Hopf algebra of
dimension [L : F] together with a certain F-linear action of H on L. The
group ring F[G] is the F-Hopf algebra for one such structure, called the
classical structure. However, a given extension may in general be adorned
with several nonclassical structures.

A theorem of Greither and Pareigis (see [GP87, Theorem 2.1]) gives a
bijection between these Hopf-Galois structures and some subgroups of the
permutation group on the letters of the Galois group, reducing the problem
of finding the structures, to a much simpler group theoretic problem. Once
one has a collection of Hopf-algebras H that give Hopf-Galois structures on
the extension L/F we naturally ask for analogues to the classical picture.
We have that the analogue to the normal basis theorem holds, that is L is
a free H-module of rank 1. It remains to ask for the integral picture. In
general, though, there is no direct analogue for Ok [G] and so instead we ask

for the analogue to the associated order:
Ay = {Oé c H|Oé(DL) = DL}

We then study 9, over its associated order 2y for each Hopf-algebra H that
gives a Hopf-Galois structure on L/F.

In the case of wild extensions of local fields this approach has proven
fruitful. For instance see [Kocl5], [Eld18] and [Byo97]. In particular Byott’s
result shows that there are examples of wild Galois extensions of local fields
L/F for which Oy, is not free over g but is free over 2y for some other

Hopf-algebra H giving a Hopf-Galois structure on the extension.



CHAPTER 1. INTRODUCTION

This line of study, though, has also been applied to tame extensions of
global fields, where there is still room for improvement. For instance one
may see [Trull], [Trul2] and [Trul6]. In these cases we certainly have no
hope that a different Hopf-Galois structure could give a better local picture,
due to Noether’s theorem, but it might be possible globally, though no such

example has yet been found.

In this thesis we investigate tame Galois extensions of the rational num-
bers with Galois group isomorphic to the quaternion group of order 8; the
first examples, due to Martinet, of extensions that could be either glob-
ally free or not in the classical case. We study these extensions using the
techniques of Hopf-Galois module structure in an attempt to find the first
examples of tame extensions for which we do not have global freeness in the
classical sense, but attain global freeness using a nonclassical Hopf-Galois
structure. Unfortunately, we are not yet able to exhibit such an example,
but we do uncover interesting connections between the descriptions of the

algebraic integers given by the various Hopf-Galois structures.

In Chapter 2 we collect background information on the key topics of
study, from basic Galois module theory, through properties of quaternionic
extensions, on to Hopf algebras, their Hopf-Galois structures, their Artin-
Wedderburn decompositions, on through quaternion algebras, and then onto
Hopf-Galois module theory and finally to locally free class groups that will
provide a technique for understanding the global picture once the local pic-

ture has been established in enough detail.

In Chapter 3 we use the theory of Greither and Pareigis to determine
explicitly the Hopf-Galois structures on quaternionic extensions. We use an
established count of such structures found in [SV18] and propose the form of
the subgroups in bijection with the Hopf-Galois structures due to Greither
and Pareigis. We also study isomorphism properties of the corresponding

Hopf algebras, considering which are isomorphic as Hopf algebras, and thus

4



which structures correspond to the same Hopf algebra with a different ac-
tion on the extension, and which structures have different Hopf algebras.
We further investigate their Artin-Wedderburn decompositions to find which
structures are isomorphic as F-algebras, a weaker property than isomorphism
as Hopf algebras.

In Chapter 4 we apply a recent result of Koch, Kohl, Truman and Un-
derwood [KKTU19b] concerning “quotient” structures to questions of Hopf-
Galois module structure. In particular we show that if L/Q is a tame quater-
nionic extension with a Hopf algebra H of cyclic type giving a Hopf-Galois
structure on the extension L/Q then Oy, is not free over the associated order
2y, despite being locally free (see [Trull]).

For the remainder of the thesis our focus will turn to a particular family
of quaternionic extensions, which we label Fujisaki extensions, that allow us
to give a more explicit description of the action of the Galois group on the
elements in the extension. In Chapter 5 we will construct these extensions
and derive criteria for them to be tame. We further investigate discriminants
and local integral bases. We finally derive a condition for a tame Fujisaki
extension to have a normal integral basis.

In Chapter 6 we prove that if L/Q is a tame Fujisaki extension then O
is locally free over 2y for all Hopf algebras H giving Hopf-Galois structures
to the extension, and give explicit local generators for O, over 2y for all but
those H of cyclic type.

In Chapter 7 we focus on the Hopf-Galois structures that are given by
Hopf algebras of dihedral type. We use the explicit local generators found in
chapter 6 and idelic machinery, that is finding the class of O in the locally
free class group, to derive necessary and sufficient conditions for 9, to be
globally free over Ay. As it turns out, the conditions found are the same
as for O being globally free over its associated order in the classical Galois

situation.



Chapter 2

Background

In this chapter we collect the Galois module theory we will need in what
follows before introducing the notion of a Hopf-Galois structure along with
results that will allow us to understand the form of the objects involved.
We then present Hopf-Galois module theory as a generalisation of classical
Galois module theory before finally introducing the locally free class group
as a tool for understanding the relationship between local and global module

structure.

2.1 Galois module theory

In this section we present the theory of local fields and ramification in Galois
extensions in order to understand the comparative notions of global and local

freeness, before relating these ideas to quaternionic extensions.

2.1.1 Local fields

This presentation of the theory of local fields is mostly taken from [Neul3,
chapter 2]. We start by understanding the process of completion.

6



2.1. GALOIS MODULE THEORY

Definition 2.1.1. An absolute value on a field K is a function
‘ . | K — R+
such that

1. |x| =0 if and only if x =0,

2. |xy| = |z|ly| for all z,y € K,

3. |z +y| < |z|+ |y| forallz,y € K.

Definition 2.1.2. A field K with an absolute value |- | is called complete if

every Cauchy sequence (a,)nen i K converges to an element a € K.

From any field K with an absolute value we may obtain a complete field

K with respect to that absolute value through the process of completion.

Definition 2.1.3. A ring R is called a discrete valuation ring if it is a
principal ideal domain which has a unique non-zero prime ideal, m. We have
that m is maximal since R is a principal ideal domain and can be written

m = 7R where the generator 7 is called a uniformiser of R.

Since m is maximal every element not contained in m is a unit and 7
is the only prime element of R up to multiplication by a unit. Thus any
nonzero element of R, say x, may be written as x = un™ for some u € R*
and n € NU {0}. Since any other choice of uniformiser must result in the

same value of n we may define a valuation on R:
v:R—NU{0}

by v(un™) = n. This naturally extends to the field of fractions of R, say K,
by setting v(a/b) = v(a) — v(b) and v(0) = oco.

We may also do the reverse of this process:

7



CHAPTER 2. BACKGROUND

Definition 2.1.4. Let K be a field and define a valuation v : K — Z U {co}
on K. Let R = {x € K|v(z) > 0}. Then R is a discrete valuation ring

called the valuation ring or the ring of integers of K with respect to v.

We can perform the process of completing a field K with respect to a valu-
ation v by associating the valuation with some absolute value and performing

the process described above.

Definition 2.1.5. The completion of a global field has a discrete valuation
ring with a corresponding finite residue class field. Such fields are called local
fields. Explicitly, for a global field K with valuation v, valuation ring R with
unique prime ideal m we may suppose that R/m 1is finite with q elements,
say. We denote and define the normalised absolute value on K associated
tov by |z|, = ¢ V@), We call K a local field if it is complete with respect to

this absolute value.

Example 2.1.6. Let K be a number field, and p be a prime of the ring of
integers Ok lying above a prime number p € Z. The residue class field O /p
is finite. We define a valuation v, : K — Z U {oo} by setting v,(0) = oo
and for all x € K* setting v,(x) to be the power of the prime p that appears
in the factorisation of the fractional ideal xOy. We denote the associated
normalized absolute value by |-|, and note that K is not complete with respect
to this absolute value. We denote the completion K, which is a local field with

valuation ring O, which has, in turn, mazimal ideal p. Such local fields are

called p-adic fields.

Example 2.1.7. In particular, when K = Q, we identify a prime of the
ring of integers 7 as the ideal pZ in one-to-one correspondence with prime

numbers, p, in Z. Any element of Q is of the form
== Hp”’
p

where for each prime p, r, € Z. Then the valuation for any prime p is given

by vp(z) = 7).



2.1. GALOIS MODULE THEORY

2.1.2 Ramification in Galois extensions

Let L/K be a finite extension of number fields with rings of integers O and

Dk respectively.

Definition 2.1.8. Let p be a prime of O with

pDL: ‘il...ﬁp;g

the unique factorisation of pOy into prime ideals of Oy, so that the e; are the
ramification indices of their respective ;. For each v = 1,..., g the finite
field O /B, is a finite extension of the finite field Ok /p, and we denote the
degree of this extension by f;, called the residue field degree. Then we have

the relation
g

[L:K]=) ef

i=1
Let p be the characteristic of the residue field ky, = Ok/p. We have the

following definitions.

e The prime p is said to be unramified in O if e; = 1, or equivalently
the extension of p-adic fields Ly, /K, is unramified, for alli=1,..., ¢

and ramified otherwise.

e p is said to be tamely ramified if it is ramified and (e;,p) = 1 for all
i =1,...,9, or equivalently the extension of p-adic fields Ly, /K, is

tamely ramified, and wildly ramified otherwise.

We call the extension L/K unramified if all primes of Ok are unramified
in O, tamely ramified (or tame) if all primes of O which are ramified in
9y, are tamely ramified, and wildly ramified (or wild) if any prime of Ok
is wildly ramified. We may also say an extension is at most tamely ramified

if it is either unramified or tamely ramified.

9



CHAPTER 2. BACKGROUND

Remark 2.1.9. If L/ K is a finite extension of number fields of prime power
degree, say [L : K| = p™ for some prime p, then L/K is tame if and only if
p is unramified in L for all p| pO.

As the extensions we will be investigating in this thesis are tame exten-

sions we now present equivalent conditions for an extension to be tame.
Theorem 2.1.10. The following are equivalent:

1. L/K is tame,
2. TTL/K(DL) = DK,
3. there exists some x € Oy, such that Trp k(x) = 1.

Proof. For the proof of the equivalency of part 1 and part 2 see [Fro83, The-
orem 3|. The last statement implies the second because it implies Tr(9) D
Tr(xOk) = Ok and Ok 2O Tr(Oy) since Tr(O,) must lie in K and be

integral. The opposite implication is obvious since 1 € O . O

We now wish to apply this ramification theory to Galois extensions ap-
propriately for the investigations in this thesis. Suppose that L/K is Galois
with group G. Then if P lies above p then so does o1 for each o € G since

cPBPNOL=0c(PNOL) =0p=p.
The ideals o'B for 0 € G are called the prime ideals conjugate to B.

Proposition 2.1.11. G acts transitively on the set of all prime ideals B of

O, lying above p, that is these prime ideals are conjugates of one another.

Proof. See [Neul3, §9, Proposition 9.1]. O

This leads to the following helpful corollary.

10



2.1. GALOIS MODULE THEORY

Corollary 2.1.12. Let p be a prime of Ok such that

— €14YYe2 e
pOL = PiPs* - Py

is the unique factorisation of pO, into prime ideals of O, with corresponding
residue field degrees fi,..., fy. Then in fact the e; and f; are independent of
1 so that

pOL = (PP Py)*

with f = [Op/PB;: Ok /p] for eachi=1,...,g, and so [L: K| =efg.

Proof. See [Neul3, §9, page 55]. ]

2.1.3 Global and local freeness results

As discussed in the introduction, the normal basis theorem states that for
a Galois extension L/K with group G, there exists some = € L such that
{o(z)|o € G} is a K-basis for L. One may investigate the existence of a
normal integral basis of L over K and it is helpful to rephrase this question

in terms of the group ring of O, defined here.

Definition 2.1.13. Let R be a ring and G be a finite group. We define the
group ring R[G] to be the set {3 ;749|714 € R, g € G} with multiplication
defined by extending the multiplication on G R-linearly.

Proposition 2.1.14. Let L/K be a Galois extension of global or local fields

with valuation rings O, O respectively. The following are equivalent:

1. Oy, is free of rank 1 over O k|G|,
2. Oy, has a normal integral basis over Dy,

3. there exists x € Oy such that O = Ok[G] - x.

11



CHAPTER 2. BACKGROUND

We may define the completion of the extensions of K in a natural way,

and then find a helpful, and equally natural, decomposition for these rings.

Definition 2.1.15. Let L/K be a finite separable extension of number fields
with rings of integers Oy, Dx respectively. Let p be a prime of Ok. Then
we define the K,-algebra,

L, =K,®K L

and we define

Theorem 2.1.16. Let L/K be a finite separable extension of number fields
with rings of integers O, Dk respectively. Let p be a prime of Ok . There is

a decomposition

Ly =[] Ly

Blp

The analogous decomposition at integral level also holds:

Oy =97 oy Oxcp = Hgm.
Blp

Proof. See [FT93, Theorem 17]. O

If p is a prime ideal of Ok then K, is a local field. We can study the

effect of this completion on L and ;..

Definition 2.1.17. Let L/K be an extension of number fields with rings of
integers O, O respectively. We say that Oy, is locally free of rank 1 over

O k|G if for all primes p of K, Oy, is free of rank 1 over O ,[G].

Theorem 2.1.18. Noether’s Theorem. If L/K is an extension of global
fields then Oy, is locally free of rank 1 over Ok |G| if and only if L/ K is tame.

For wildly ramified extensions a new subring of K|[G] is needed to be

considered in the place of O k[G].

12



2.1. GALOIS MODULE THEORY

Definition 2.1.19. We denote and define the associated order of Op in
K[G] by
Uke)(D1) = {a € K[ a(9,) = D1},

It is clear that this ring contains Ok [G] but in fact the associated order
is equal to Ok [G] if and only if the extension L/K is tame. Thus, for tame
extensions this generalisation does not help us investigate global freeness
when trying to improve upon Noether’s theorem. There are two main pieces
left. The first is to generalise the form of K[G] in a helpful manner and the
second is to understand how to relate the question of local freeness to that

of global freeness.

2.1.4 Quaternionic extensions

As this thesis investigates tame Galois extensions with Galois group iso-
morphic to the quaternion group of order 8, we now consider the previous

discussions in this context.

Definition 2.1.20. An extension of fields L/ K is called a quaternionic ex-
tension if it 1s Galois with group G isomorphic to the quaternion group of

order 8.

Let L/K be a quaternionic extension with K a field of characteristic zero
and let G = Gal(L/K). In this section we will present numerous results

regarding quaternionic extensions.
Proposition 2.1.21. L/K has a unique biquadratic subextension FE/K.

Proof. GG has a unique subgroup of order 2, generated by the only element of
order 2, say g. This subgroup is normal in G' and the quotient group G/(g)

is elementary abelian of order 4. ]

In the opposite direction the following theorem relates the question of

whether a biquadratic field can be embedded into a quaternionic extension

13



CHAPTER 2. BACKGROUND

to the question of equivalency of quadratic forms. We present it as it has

useful implications for our investigations.

Theorem 2.1.22. (Witt, 1936) Let a,b € K be such that a,b,ab ¢ K?,
and let o, 3 € K" satisfy o® = a, 32 = b. Then the biquadratic extension
K(a, B) can be embedded into a quaternionic extension of K if and only if
the quadratic form aX? + bX3 + abX3 is equivalent to the quadratic form
VP +Y5+ Y3

Proof. See [Wit36] or [JY88, Theorem 1.1.1]. O

This theorem has a helpful corollary:

Corollary 2.1.23. Let a € K — K? and let o € K% satisfy o® = a. If the
quadratic extension K(«) can be embedded into a quaternionic extension of

K then a is the sum of three squares in K.
Proof. See [JY88, Proposition 1.2.8]. O
Definition 2.1.24. A Quaternionic Field is a quaternionic extension of Q.

We must also understand the ramification of primes in the extension
K/Q. The following result gives straightforward equivalent conditions for

the tameness of this extension.

Proposition 2.1.25. Let E/Q be a biquadratic extension, and write E =
Q(a, B) with a = o and b = (* squarefree integers. Then E/Q is tamely
ramified if and only if a =b=1 (mod 4Z).

Proof. Let us first suppose E/Q is tamely ramified so that we must have
Q(a)/Q is tamely ramified. Since the latter is a Galois extension of degree 2

we have that 2 is unramified in Q(«). This implies 2 1 0(Q(«)/Q). We also

have, since a is squarefree, that
a ifa=1 (mod4Z)
0(Q(a)/Q) =

4a otherwise.

14



2.1. GALOIS MODULE THEORY

Thus we must have a = 1 (mod 4Z). Similarly, we find b =1 (mod 47Z).
Conversely, suppose @ = b = 1 (mod 4Z). Then 2 1 9(Q(a)/Q) and so
Q(a)/Q is tamely ramified. Since b = 1 (mod 4Z) we have b = 1 (mod p?)
for each prime ideal p of Og() lying above 2, and so E/Q(«a) is tamely
ramified since HTO‘, # € Op and both have trace 1. Therefore E/Q is also

tamely ramified. O

As stated in the introduction, Martinet gave the first examples of tame
Galois extensions of Q with no normal integral basis, when the Galois group
is isomorphic to the quaternion group of order 8. In fact, he gave conditions
for exactly when such an extension has freeness; Martinet proved an effective
method of determining whether or not Oy, is free over Z|[G].

As in the proof above let us denote the unique biquadratic subfield of a

quaternionic extension L/Q by F = Q(«, 5) so that E has subfields Q(«),
Q(B) and Q(ap).

Theorem 2.1.26. Martinet’s Criterion. Let L/Q be a tame quater-
nionic extension with ring of integers Or. Denote d(Q(w)/Q) by d,. Let
e =114f L is real and € = —1 if L is imaginary and let A =03(L/Q). Let

140,05+ 040
a 4

¢

and

Y= er.
plA
Then Oy, is free over Z|G| if and only if
=1 (mod 4). (2.1)

Proof. See [Mar71, Proposition 3.2, Proposition 4.1] ]
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CHAPTER 2. BACKGROUND

Example 2.1.27. Let o = /5, f = /21, 7 = %% and L = K(7).
It is verifiable that L is a tame quaternionic extension of Q. The only prime
factors of A are 3,5 and 7, and L is real, so the right hand side of the above
congruence is 3 X 5 x 7. The left hand side is w. Hence both sides

are congruent to 1 (mod 4) and so Oy, is free over Z|G].

Example 2.1.28. Let o = /5, § = /41, 4% = SE 85 gpg [ = K (7).
It is verifiable that L is a tame quaternionic extension of Q. The only prime
factors of A are 5 and 41, and L is real, so the right hand side of the above

14-5+414-205
4

congruence is 5 X 41. The left hand side is . Hence the two sides

are not congruent to each other modulo 4 and so Oy, is not free over Z|G|.

This result highlights the advantages of looking here for an example of
an extension that is not free classically but may be free when we consider

alternative rings in place of Z[G].

2.2 Hopf-Galois theory

In this section we present the notion of a Hopf-Galois structure as an alter-
native method of studying the structure of algebraic integers in extensions

of local or global fields.

2.2.1 Hopf algebras

Let R be a commutative ring with unity. We start this section by defining a

Hopf algebra and how this defines a Hopf-Galois structure on an extension.

Definition 2.2.1. An R-module, A, is called an R-algebra if it is adorned
with a multiplication map p: A®r A — A and a unit map ¢ : R — A such
that 1 is associative, the map po(1®1) : AQr R — A®r A — A is the same
as the R-module multiplication map A®r R — A, and finally that po (1 ®1)

16
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is the same as scalar multiplication R @r A — A. That is the diagrams

A®RA®RAL®1> A®RpA

[y ¥

AA — 9 4

A®pr R &% Az A
H |+

A ®R R scalar mulé]. A

and
RopA 2 Aog A
H J»
Rop A scalar mully 4
commaute.

Definition 2.2.2. An R-module, A, is called an R-coalgebra if it is adorned
with a map A : A — A®pgr A, called comultiplication, and a map € : A —
R, called counit, that are R-module homomorphisms and that satisfy the

coassociativity property, that is the diagram

A—>B A®Rr A
I Joo
A®RA1;®6> ARrARp A

commutes, and the counitary property, that is the diagrams

A—L 5 Axp A

| e

A+t A®pR

and
AL Axp A

H ls@l

A+t RepA

both commute.

17
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Definition 2.2.3. An R-bialgebra, H, is an R-module that is both an R-
algebra and an R-coalgebra. We define the switch map 7: H® H — H® H
by T(hy ® hy) = ho ® hy. Then an R-bialgebra is called an R-Hopf algebra if

there is an R-module homomorphism
AN H—H

called the antipode which is both an R-algebra and an R-coalgebra antiho-
momorphism, that is

AR ® 1) = AH) @ \(h)

and

AXR) = (A® A)TA,

and further satisfies the antipode property:
(1@ ANA =g and p(A® 1)A = e.

Now that we have the notion of a Hopf algebra we wish to understand
how such an object can define a new structure on an extension of fields.
We start by defining a property of a Hopf algebra and giving a motivational

example.

Definition 2.2.4. An R-Hopf algebra, H, is cocommutative if TA = A, and
commutative if H is commutative as an algebra. Further, H is abelian if H
is both commutative and cocommutative. H is said to be finite if it is finitely

generated and projective as an R-module.

Example 2.2.5. For a finite group G, a group ring, R|G|, defined in Defini-
tion 2.1.13, is the classical example of an R-Hopf algebra. Since A, e and A
are R-linear homomorphisms, they are uniquely determined by their actions
on elements of G:

Ao) =0 ®o0,
e(o) =1

18
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and

Mo)=o0""

for any o € G. The group ring R[G] is finite and cocommutative as an

R-Hopf algebra.

The following notation is useful for describing the comultiplication on a

Hopf algebra:

Definition 2.2.6. Sweedler Notation. Let R be a commutative ring with

unity and H an R-Hopf algebra. For h € H we may write

A(h) =Y hay®he) € H®p H.
()

Example 2.2.7. Using Sweedler notation we may recognise that cocommu-

tativity becomes the condition

D hay@he) =Y he @ ha).
(h) (h)

Definition 2.2.8. Let H be an R-Hopf algebra and S an R-algebra which

1s also an H-module. Then S is said to be an H-module algebra if, for all

h e H and s,t € S, we have
h(st) =Y hay(s)he(t)
(h)

and

We finally define the notion of a Hopf-Galois structure and give a known

example recognisable from the discussion in the previous section.

Definition 2.2.9. Let H be a finite cocommutative R-Hopf algebra and let

S be a finite commutative R-algebra. We say S is an H-Galois extension of
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R, or the extension S/R is H-Galois, or H gives a Hopf-Galois structure on
S/R, if S is a left H-module algebra, and the R-module homomorphism

j:S®@rH — Endg(S)

Jj(s @ h)(t) = sh(t), fors,t € S ,heH,

18 an isomorphism.

Example 2.2.10. Let L/K be a finite Galois extension of fields with group
G. Then the K-Hopf algebra K|G| gives a Hopf-Galois structure on the
extension. This example is called the classical structure and any other Hopf-

Galois structure admitted by such an extension is said to be nonclassical.

2.2.2 Greither and Pareigis theory

Greither and Pareigis proved a theorem, in [GP87] (see also [Chi00, Theorem
6.8]), that classifies Hopf-Galois structures on separable field extensions in
group theoretic terms. We state it here in a weakened form specifically for
Galois extensions. We start by presenting some group theoretic properties

that are necessary for understanding the theorem.

Definition 2.2.11. For some set X, let Perm(X) be the group of permu-
tations on the letters of the set X. A subgroup N C Perm(X) is said to
be reqular if any two (and therefore all three) of the following conditions are

satisfied:

1. N and X have the same cardinality,

2. N acts transitively on X (i.e. for all x,y € X there exists n € N such
that nx =y ),

3. the stabiliser Staby(z) = {n € N |nx = n} is trivial for all x € X.

20
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Definition 2.2.12. Let L/K be a Galois extension of fields with group G.

We denote and define the left regular representation map by
A: G — Perm(G)
A7)(o) =710

for all 0,7 € G. Similarly, we denote and define the right regular represen-
tation map by
p: G — Perm(G)

p(r)(o) = 077!

forallo,m € @G.

Remark 2.2.13. In Perm(G) the subgroups p(G) and A\(G) commute with
each other.

We define an action of G on Perm(G) by 9x = A(g)xX(g™') for all x €
Perm(G). Any subgroup N of Perm(G) that is normalized by A\(G) is acted
on by G under the same action. This allows us to define the fized group ring
L[N]% as the set of elements of L[N] that are fized under the above action of
G.

Now we may state the theorem of Greither and Pareigis.

Theorem 2.2.14. Greither and Pareigis. Let L/ K be a Galois extension
of fields with group G. Then we have the following;

1. There is a bijection between reqular subgroups N of Perm(G) that are
normalised by \(G) and Hopf-Galois structures on LK.

2. The bijection may be explicitly described by N <+ L[N|“ where LIN]¢ is
the K-Hopf algebra that gives a Hopf-Galois structure onto LK. Such
a group N is said to be the underlying subgroup of the Hopf-Galois

structure it corresponds to.
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3. L[N]% acts on L by the following

< Z cnn> LT = Z can” H(1g)[] (2.2)

neN neN

where ¢, € L, x € L.
Proof. See [Chi00, Theorem 6.8]. O

Remark 2.2.15. Let H be a Hopf algebra giving a Hopf-Galois structure on
an extension with underlying subgroup N. N is abelian if and only if H is

commutative.

Example 2.2.16. Let L/K be a finite Galois extension with group G. It
is easy to see that A\(G) and p(G) commute with one another regardless of
whether or not G is abelian and that p(G) is a reqular subgroup of Perm(Q).
Then, since A\ and p commute, it is normalised by \(G). Thus L[p(G)]¢ is
a K-Hopf algebra adorning a Hopf-Galois structure onto L/K. In fact, the
action of G on p(G) is trivial and so L{p(G)]® = K[p(G)] = K[G] and so
this is the classical structure found in Example 2.2.10.

Moreover N(G) = p(G) if and only if G is abelian. If G is not abelian
then it is also easy to see that A\(G) is a reqular subgroup of Perm(G) and is
trivially normalised by N(G). Thus LIN(G)]| is a K-Hopf algebra admitting
a Hopf-Galois structure on L/K and this is called the canonical nonclassical

structure.

We will lean heavily on this theorem as we can now present every Hopf
algebra giving a Hopf-Galois structure on a Galois extension in this form
as a “twisted” form of a group ring. It also gives us ways of relating two

structures to each other. One example of such a relationship is given here.

Definition 2.2.17. Let L/K be an extension which is H-Galois for some
Hopf algebra H, with underlying subgroup N. Define the centraliser of N in
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Perm(G) by
N' = Centperm(cy(N) = {n € Perm(G)|nn' =n'n for alln € N}.

Then N' is a reqular G-stable subgroup of Perm(G) and thus is the underlying
subgroup of some other Hopf algebra H' adorning L/K with a Hopf-Galois
structure. We define the structure given by H' to be the opposite structure

to that given by H.

Example 2.2.18. For nonabelian extensions, the classical and canonical

nonclassical structures are opposites.

2.2.3 Hopf Algebra isomorphisms

Two Hopf-Galois structures can have the same Hopf algebra that acts in two
different ways. The results in this subsection are presented so that we may
understand when Hopf-Galois structures have different Hopf algebras or the

same Hopf algebra only with different actions.

Definition 2.2.19. Let G be a group and N be a set. Then N is a G-set
if there is a G-action on the set N, i.e for alln € N and g,h € G we have
g(hn) = (gh)n. Two G-sets, Ny, Ny are said to be isomorphic as G-sets if
there is a G-equivariant bijection f : Ny — Na, i.e. f(gn) = gf(n) for all
g€ G andn € Ny.

Definition 2.2.20. Let G be a group and N be a G-set. Then N is said to be
a G-group if it is a group on which G acts via automorphisms. We say that
two G-groups N1, Ny are isomorphic as G-groups if there is a G-equivariant

isomorphism f : Ny — Ns.

Example 2.2.21. An underlying subgroup, N, of a Hopf-Galois structure
on a field extension L/K, that has Galois group G, is a G-group.
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We may finally present the result of Koch, Kohl, Truman and Under-
wood that isolates when two Hopf algebras are isomorphic based upon the

relationship between their underlying subgroups.

Theorem 2.2.22. Let L/K be a Galois extension of fields with group G. Let
N1 and Ny be underlying subgroups of Hopf-Galois structures on L/ K. Then
L[N,|¢ = L[N,]¢ as K-Hopf algebras if and only if N1 = Ny as G-groups.

Proof. See [KKTU19a, Theorem 2.2] O

Example 2.2.23. Let L/K be a finite Galois extension of number fields with
Galois group G. Then K|[G|, the Hopf algebra with underlying subgroup p(G)
is not isomorphic to LIN(G)]¢ as K-Hopf algebras, unless G is abelian when
the Hopf algebras are actually equal. This is because the action of G on p(QG)
is trivial but the action of G on A(G) is conjugation so is not trivial when G

18 not abelian.

2.2.4 Separable algebras and orders

Now we present some general results that will allow us to find decomposi-
tions of Hopf algebras. We have discussed how two Hopf algebras can be
isomorphic but act on an extension in different ways to give different Hopf-
Galois structures. Even when two Hopf algebras are not isomorphic as Hopf
algebras, they can be isomorphic as K-algebras. The following results allow

us to understand when this is the case.

Definition 2.2.24. Let K be a field and A a K-algebra. A is semisimple if
it 1s the direct sum of a finite number of minimal left ideals. A is separable if
for every extension field L of K, including K itself, L ®x A is a semisimple
L-algebra.

In particular, if an algebra is separable then it is semisimple.
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Theorem 2.2.25. Artin- Wedderburn. Let A be a semisimple ring. Then

r
Az @ o
1
=1

for some division rings D; where r is the number of simple A-modules and

the n; and D; are determined up to isomorphism for each .

This is only useful to us if our Hopf algebra is separable, however in many
cases a Hopf algebra that gives a Hopf-Galois structure to an extension is

separable.

Lemma 2.2.26. Let L/K be any Galois extension with a Hopf algebra H
giwing a Hopf-Galois structure on the extension. Suppose the characteristic
of K does not divide the degree of the extension. Then H is a separable
K-algebra.

Proof. See [Trul8, Lemma 4.2]. O

Thus every Hopf algebra has a decomposition of the form described in
Theorem 2.2.25. We can understand such a decomposition of certain sub-

rings. To study this we need to find the notion of an order.

Definition 2.2.27. Let K be a number field with ring of integers Oy, and
let A be a finite dimensional K-algebra. An O -order in A is a subring A of
A satisfying the following conditions:

e the centre of A contains Oy,
e A is finitely generated as an O g-module,

° A®DKK:A

An Ox-order in A is called maximal if it is not properly contained in any

larger O -order in A.
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Example 2.2.28. Let L/ K be a finite Galois extension of number fields with
group G. with rings of integers Oy, and O i respectively. Then the group ring
Ox|G] is an Og-order in K[G]. Moreover, the Hopf algebra L[N] has the
Ox-order O[N],

We find that a Hopf algebra giving a Hopf-Galois structure on an exten-

sion will contain a unique maximal order, under certain hypotheses.

Proposition 2.2.29. Let A be a commutative separable K-algebra. Then

there exists a unique mazimal O g -order in A.

Proof. See [CR81, 26.10]. O

2.2.5 Bases of Hopf algebras

We now present results that give us a technique to find the algebra decom-
positions of our Hopf algebras, along with explicit bases that respect the

decompositions. We first present a result that gives an O g-basis of O [N]C.

Lemma 2.2.30. Let L/K be a Galois extension of fields with K™ the alge-
braic closure of K. Let G be the Galois group of L/ K and N be the underlying
subgroup of some Hopf-Galois structure on L/ K. Further, let O and Ok be
the rings of integers of L and K respectively. Let nq,...,n, be the represen-
tatives of the G-orbits of N. For each i € {1,...,r} let L; be the fized field
of S; = Stabg(n;) < G, and let x;1,...,x;,, be a K-basis of L;. Finally, for
1<i<randl<j<r, set

Then

1. The elements a;j, 1 <i<r, 1 <j<r; form a K-basis of L|N]®.
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2. If, for each i € {1,...,r} the elements x;1,...,x;,, form an Ok-basis
of Or, then the elements a;;, 1 <i <r, 1 <7 <r;, form an Ok-basis
OfDL[N]G.

Proof. See [BB99, Lemma 2.1]. O

We now wish to present a result that gives an 9 g-basis of the maximal
Og-order in L[N]Y, for N abelian, which is only sometimes equal to O[N],

In order to do this we first present some useful information regarding the dual

group.

Definition 2.2.31. Let N denote the dual group of the group N, defined as
the group of K" -characters x of N. We note that a group G with an action
on N acts on N by

forxeN,ge G andne N.

The primitive idempotent in er v K “® has entry 1 in the component of
x and 0 elsewhere. Then we denote the corresponding element of K e [N] by
ey. Then

1 -1
ey = i Z x(n=)n.

Finally, note that 9(ey) = e(sy) for each g € G and x € N.

The following result applies only to abelian underlying subgroups N,
though the techniques presented here naturally extend to nonabelian N by
replacing the orbit representatives of the dual group by the characters of N.

Lemma 2.2.32. Let L/K be a finite Galois extension of fields with group G
and a Hopf-Galois structure that has abelian underlying subgroup N. Sup-

pose char(K) 1 |N|. Let x1,...,Xs € N be a set of representatives for the
G-orbits of N. For each k € {1,...,s}, let Ly, denote the fized field of
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Sk = Staba(xx) < G, and let yy1, - .., Yrs, be a K-basis ofﬁk. For1<k<s
and 1 <1 < s, set

Then

1. The elements ay;, 1 <k <s, 1 <1< s, form a K-basis of LIN]® and

H= H Ly.
k=1

2. If, for each k € {1,...,s}, the elements yi 1, ..., Yrs, form an O k-basis
oszk then the elements a;, 1 <k <s,1 <1 < s, form an O k-basis

of the maximal Ok -order in L[N]°.
Proof. See [BB99, Lemma 2.2]. O

Remark 2.2.33. It is possible that the images of the characters of N do not
necessarily lie in the extension L. In this case fix an algebraic closure of K,
K", and let Q = Gal(K™ /K). Then the group algebra K™ [N] has a basis
of mutually orthogonal idempotents, each corresponding to an element of N.
The action of €2 on K™ [N] permutes these idempotents and so one can form
Q-invariant linear combinations of them. Then, since LIN]® = K"[N]2,
such linear combinations must be a K-basis of L[N]|®, that corresponds to

the Artin-Wedderburn decomposition found in Lemma 2.2.32.

2.2.6 Quotient structures

We now take a small detour to consider “quotient structures” as a manner

of relating structures on an extension to structures on a subextension.
Let L/K be a Galois extension of fields. Let H = L[N]“ be a Hopf

algebra giving a Hopf-Galois structure on the extension. If P is a G-stable
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subgroup of N then L[P]¢ is a Hopf subalgebra of L[N]“, and we define its
fixed field to be

LY :={r € L|z 2 =2¢(2)z for all z € L[P]“}.

Now suppose P is normal in N. Since P is normalized by A(G) it corre-
sponds to a subgroup of G under an injection ¥, mapping from subgroups of
N normalized by A(G) to subgroups of G defined by ¥(P) = Orbp(lg) = J
(see [KKTU19b, Lemma 2.6]). J can be described in two further natural
forms: J = Gal(L/L?) and J = {¢"'(1¢)|q € P} (see [KKTU19b, Theorem
2.4]). If J is normal in G it makes sense to consider G/J and we find that
AG)/A(J) and N/P act regularly on the cosets {g1J, ..., gmJ } as permutation
groups (see [KKTU19b, Lemma 2.7]).

We wish to recognise N/P as an underlying subgroup of a Hopf-Galois
structure on L/K. It is therefore helpful to find the following

Lemma 2.2.34. \(G)/\(J) normalizes N/ P as a subgroup of Perm({g;J}).
Proof. See [KKTU19b, Lemma 2.8]. O

With this we may find that the Hopf algebra LY[N/P]%// gives a Hopf-
Galois structure on the extension L”/K (see [KKTU19b, Theorem 2.9]). We
may remove the assumption that J be normal in G, but still impose the
condition that P be normal in N. Doing this, we find that the obvious

generalisation of Lemma 2.2.34 does hold, that is:

Theorem 2.2.35. The Hopf algebra L[N/P]® gives a Hopf-Galois structure
on LY/K.

Proof. See [KKTU19b, Theorem 2.10]. O

So, if P is a normal subgroup of N then the Hopf algebra L[N/P]¢ gives

a Hopf-Galois structure on the extension L”/K, which itself may not be
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Galois. In fact, it is shown that G acts on N/P by 9(nP) = (9n)P for all
g € G and n € N, and that the Hopf algebra L[N/P] acts on L¥ by

( > Cﬁﬁ) w= Y e (o)l (2.3)

REN/P REN/P

for all x € LY where 7 = nP.

2.2.7 Quaternion algebras

The final part of the section presents some more specific results regarding
quaternion algebras, that will later appear in some of the Artin-Wedderburn
decompositions of Hopf algebras. For this subsection let K be a field of

characteristic zero.

Definition 2.2.36. Let U,V € K*. We define the quaternion algebra

(U, V)i to be the K-algebra on two generators u,v whose relations are defined

by

From here we present some useful results about quaternion algebras.
Proposition 2.2.37. {1,u,v,uv} is a K-basis for (U, V).
Proof. See [Lam05, Chapter III, Proposition 1.0]. ]
Proposition 2.2.38. We have the following useful properties.

1. (UV)g 2 (Ua?, Vy*) g for any U, V,z,y € K*.

2. (=1,1)x = My(K).

3. The centre of (U, V) is K.
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4. (U, V) is a simple algebra, that is it has no nontrivial ideals.
Proof. See [Lam05, Chapter III, Proposition 1.1]. O

Proposition 2.2.39. Algebras with the properties (3) and (4) above are
called central simple algebras over K. If two K-algebras are central sim-

ple algebras over K then so is their tensor product.
Proof. See [Lam05, Chapter IV, Theorem 1.2(3)]. O

We now lay out some definitions in order to finally define the norm on a

quaternion algebra.

Definition 2.2.40. A quaternion s an element of a quaternion algebra. A
quaternion x = c¢o + ciu + cov + csuv € (U, V) is called a pure quaternion

ZfCO = 0.

Definition 2.2.41. We denote and define the conjugate of a quaternion

T = o+ cru+ cov + cguv by T = cg — cru — cov — c3uv.

Definition 2.2.42. We define the norm of a quaternion x to be N(x) = xx.

For x = ¢y 4 c1u + cov + cguv the norm of x is given explicitly as
N(z)=c— AU -3V + UV,
Having defined the norm we now state some useful properties of the map.

Proposition 2.2.43. We have the following properties of the norm.

1. Forxz,y € (U, V)k, N(zy) = N(x)N(y).

2. x € (U, V)k is invertible if and only if N(x) # 0.
Proof. See [Lam05, Chapter III, Proposition 2.4]. ]

We can now state a theorem that describes when two quaternion algebras

are isomorphic.
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Theorem 2.2.44. The following statements are equivalent:

1. (U, V)i and (U, V') k are isomorphic as K -algebras.

2. The norms on (U, V) and (U', V') are equivalent as quadratic forms.

3. The norms on the pure quaternions of (U, V) and (U', V') k are equiv-

alent as quadratic forms.

Proof. See [Lam05, Chapter III, Theorem 2.5]. O

We now define a group of equivalence classes of quaternion algebras so

that we can rephrase previous results in a more useful manner.

Definition 2.2.45. We may adorn the set of isomorphism classes of central

simple division algebras over F with a multiplication such that

where C' is the component of A @k B that is a division algebra. This yields
a group called the Brauer group of K, denoted by Br(K).

Remark 2.2.46. The Brauer group is often defined by setting up an equiv-
alence relation between central simple algebras over K and proving the set of
equivalence classes has a group structure. One finds that these two formula-
tions are equivalent (see [Lam05, Chapter 1V, Proposition 1.4]).

In particular, two quaternion algebras (U, V)i and (U',V')k are isomor-
phic as K-algebras if and only if [U, V] = [U', V'] in Br(K), where [U,V] in
Br(K) is the isomorphism class of (U,V)k. Moreover the identity class [1,1]
corresponds to My(K).

Finally we state a useful property of the classes in the Brauer group.
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Theorem 2.2.47. For U,V,W € K%, we have
(U, V)i @ (U, W)k = (U, VW)x @5 My(K).

This is equivalent to

U, V]|[UW]|=[U VW]

in the Brauer group.

Proof. See [Lam05, Chapter III, Theorem 2.11]. O

2.3 Hopf-Galois module theory

In this section we investigate Hopf-Galois module theory, starting with the
general definition of an associated order as a generalisation of the classical
group ring K[G]. We will present the theory of Childs and Hurley, the
Hopf-Galois module structure of opposite structures, and finally some general

results under the assumption the extension is tame.

2.3.1 Associated order and Hopf orders

We first recall the definition of an order in general from Definition 2.2.27, and
what it means for an order to be maximal. We recall from Proposition 2.2.29
that a Hopf-Galois structure with abelian underlying subgroup, of extensions
we will be concerned with in this thesis, will contain a unique maximal order.

In Hopf-Galois theory we can define a specific type of order that will give

us a strong general result later.

Definition 2.3.1. Let R be a Dedekind domain with field of fractions K of
characteristic zero. Let H be a finite K-Hopf algebra. An R-order in H is
called a Hopf order if it is an R-Hopf algebra with operations inherited from
those on H.
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Now we define the most important type of Oy order that is our replace-

ment for Ox[G] in the classical structure.

Definition 2.3.2. Suppose H is a finite K-Hopf algebra and L/K is an H-
Hopf-Galois extension of local or global fields. Let O and Oy be the rings
of integers of K and L respectively. The associated order of O in H is

The associated order is an 9 g-order in H but need not be a Hopf order.
For instance, if L is a wild abelian Galois extension of Q then 2y is not
necessarily a Hopf order. Still, the associated order is the best O g-order to

consider in place of O x[G] due to the following.

Proposition 2.3.3. Let L/K be an H-Hopf-Galois extension, $ C 2y an

order over O in H, and suppose Oy, is $-free of rank one. Then $ = Ay.
Proof. See [Chi00, Propostion 12.5]. O

By considering the associated order we can obtain results for extensions
we previously couldn’t. For instance Leopoldt found that if L is any abelian
extension of Q, then the ring of integers 9, of L is a free module of rank
one over its associated order in Q[G] (see [Thol0, pp 165]). However, when

the associated order is a Hopf order we have a strong claim due to Childs:

Theorem 2.3.4. Suppose L/K is a finite H-Hopf-Galois extension of local
(resp. global) fields. If Ay is a Hopf order in H, then Oy, is free (resp. locally

free) of rank one over Ay.

Proof. See [Chi00, Theorem 12.7]. O

2.3.2 Childs-Hurley theory

Here we present some theory of Childs and Hurley that concerns the structure

of O in certain extensions of local fields.
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Theorem 2.3.4 says that if L/K is a finite H-Hopf-Galois extension of
local fields with the associated order a Hopf order then O is free over the
associated order. Under certain additional hypotheses we can determine an

explicit generator of O over Ay.

Definition 2.3.5. A ring is said to be a local ring if it contains a unique

mazximal (left) ideal.

Definition 2.3.6. Let R be a commutative ring with unity and H an R-
Hopf algbera. An element 0 € H is a left integral if for all x € H we
have 0 = e(x)f. An element € H is a right integral if for all x € H,
Or = e(x)6.

If R is a principal ideal domain then the module of left integrals of H is
a free R-module of rank one. That is, if [ is the set of all integrals in R then
I = R# for some integral . This leads to a result that determines an explicit

generator when the associated order is a local Hopf order.

Theorem 2.3.7. (Childs and Hurley). Let L/K be an H-Hopf-Galois
extension of local fields and suppose Ay is a local Hopf order in H. Let 6
generate the module of integrals of Ay. Ift € Op is such that § -t =1 then
Oy =Ay - t.

Proof. See [Chi00, Proposition 14.7]. O

Finally, we present an alternative characterisation of a local ring.

Theorem 2.3.8. A ring R is local if and only if for all x in R, either x or

1 —x is a unit of R.

Proof. See [Lam13, §19, Theorem 19.5, part 5"]. ]
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2.3.3 Opposite structures

Here we briefly recall the notion of opposite structures and find how this
relates to the Hopf-Galois module structure of finite Galois extensions. Recall

the definition of opposite structures from Definition 2.2.17.

Theorem 2.3.9. Let L/K be a finite Galois extension of number fields or
p-adic fields and let H and H' be Hopf algebras giving Hopf-Galois structures
on L/K whose actions commute. Let A and A" be the associated orders of
Oy in H and H' respectively. Then Oy is a free A-module if and only if it

is a free A'-module.
Proof. See [Trul8, Theorem 1.2]. O
In particular we have the following:

Corollary 2.3.10. If L/K is an extension of number fields then Oy is a
locally free A-module if and only if it is a locally free A'-module.

Proof. See [Trul8, Corollary 1.3]. O

2.3.4 Tame extensions

In the final part of this section we will present some theory of Hopf-Galois
module theory useful for tame extensions in particular. We first present
results that enable us to understand the relationship between O;[N]¢ and

2 where H is the Hopf algebra L|N]¢.

Proposition 2.3.11. Let L/K be a Galois extension of number fields and
suppose that L/ K is H-Galois for some Hopf algebra H = L[N]% with un-
derlying subgroup N of Perm(G). We have that O [N]¢ C Ay.

Proof. See [Trull, Proposition 2.5]. O

We now present results that state in some circumstances that the com-

pletion of the associated order is the completion of O [N]¢.
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Proposition 2.3.12. Let L/K be a finite extension of number fields and
let H be a commutative Hopf algebra giving a Hopf-Galois structure on the
extension. For any prime p lying above a prime number p that does not divide
the order of the extension we have that Op,,[N| is the unique mazimal order

in H and so is equal to A ,. Moreover, O, is a free Ay ,-module.
Proof. See [Trull, Theorem 4.3, Theorem 4.4]. O

Theorem 2.3.13. Let L/ K be a finite Galois extension of number fields with
group G, and suppose that L] K is H-Galois for the Hopf algebra H = L[N]¢.
Let p be a prime of Ok which is unramified in Or. Then Ug, = Op ,[N]C

and Op,p s a free A p-module.
Proof. See [Trull, Theorem 5.4]. O

We define a type of extension that allows us to present a result which will

then apply to a case useful for this thesis.

Definition 2.3.14. Let L/K be a Galois extension of number fields. We
say the extension is domestic if no prime of Ok lying above a prime number

dividing [L : K] ramifies in Op.

Theorem 2.3.15. Let L/K be a finite domestic Galois extension of number
fields. Suppose that L/ K is H-Galois for some commutative Hopf algebra H .
Then Ay = OL[N]|¢ and O is a locally free Ay-module.

Proof. See [Trull, Theorem 5.9]. O
In particular, we get the following corollary.

Corollary 2.3.16. Let L/K be a finite Galois extension of number fields of
prime power degree which is at most tamely ramified. Suppose that L/K is
H-Galois for some commutative Hopf algebra H. Then Oy is a locally free

A zr-module.
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Proof. Since L/K has prime power degree, the assumption that the exten-
sion is tamely ramified is equivalent to the assumption that the extension is

domestic. See [Trull, Corollary 5.10]. O

2.4 Locally free class groups

In the final section of this chapter we present the theory of locally free class
groups that provides us with machinery to understand the global module
structure of O, from the local module structure. The discussion that follows
is valid for number fields in general, however, we specialise to the base field
K =Q.

Let A be a Q-algebra and let A be a Z-order in A. A A-lattice is a finitely
generated free Z-module which is also a A-module. If X is a A-lattice then
for each prime number p we write X, = Z, ®z X and A, = Z, ®z A, and
then X, is a A,-lattice.

Definition 2.4.1. We say that X is a locally free A-lattice of rank 1 if X,, is
a free Apy-module of rank 1 for each p - a generalisation of Definition 2.1.17.
If X and Y are locally free A-lattices of rank 1, then we say that X and Y
are stably isomorphic if

XaoA 2y gk

for some k > 0. In particular we say that X is stably free over A if X @ AF =
A* for some k > 0.

In general being stably free is weaker than being free but we have the

following;:

Proposition 2.4.2. The Fichler Condition. Suppose that no Artin-
Wedderburn component of A that is a quaternion algebra (x,y)q is a totally
definite quaternion algebra over Q, that is, (x,y)r = (—1,—1)r. Then stably

free A-modules are free.
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Proof. See [CR81, page 718]. O

Definition 2.4.3. The set of stable isomorphism classes of locally free A-

lattices forms an abelian group with operation
X]+Y]=[XaY]
called the locally free class group of A, denoted CI(A).

Remark 2.4.4. A A-lattice, X, is stably free if and only if it has trivial class
in Cl(A).

Definition 2.4.5. We denote and define the idele group of A by

J(A) = {(ap)p € I_IA;< a, € Ay for almost all p}.

p
This can be shown to be independent of the choice of the order A. We further
define two subgroups of J(A). We denote and define the subgroup of unit
ideles of A by

UA) =T A; ={(ap)pla, € AS for all p}.

and the subgroup of principal ideles {(a),|a € A*} which we denote A*

when the context is clear.

We now define a map from A to its centre to be able to give a useful
description of the locally free class group.

Let A be a Q-algebra with centre C'. Write A = A; x Ay x --- x A, for its
decomposition into simple algebras. Denote by C; the centre of the simple
algebra A; and note that C; is isomorphic to some extension of Q. Let B be
one of the A;, a simple algebra of square dimension, say m? over its centre.
There exists some finite extension, E say, of Q such that £ ®q B = M,,(E)
and denote the image of 1 ® b by 7.
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Definition 2.4.6. (Reduced Norm.) We define the reduced characteristic
polynomial of b to be the characteristic polynomial of T,. We then define
the reduced norm of b to be the constant term of the reduced characteristic
polynomial, denoted nr(b). Finally, we define the reduced norm on A to be

the map nr : A — C' for which we apply the reduced norm component-wise

on each of the A;, that is

nr((ay, as,...,a;)) = (nr(ay),nr(as), ..., nr(a;)).

Example 2.4.7. Let (U, V)q be a quaternion algebra which has centre Q, and
note that it is a simple algebra over Q. Let z € (U,V)q. There is a finite
extension E of Q such that EQ(U,V)g = My(FE) so the reduced characteristic
polynomial of z 1s monic with coefficients in Q and of degree 2, with z as a
root. Such a polynomial is unique and we can write a polynomial down that
fits these properties: let Z be the quaternion conjugate of z and consider the
polynomial

(x—2)(x—2) =2 — (24 2)x + 2Z.

This is the reduced characteristic polynomial of z and the reduced norm of
z 18 the constant term zZ which is the same as the quaternion norm of z

defined in Definition 2.2.42.

The reduced norm map nr : A — C, where C is the centre of A, induces
a reduced norm map nr : J(A) — J(C), and we let Jo(A) be the kernel of
this map. That is

Jo(A) = {(ap), € J(A) | nr(ap), =1}

Theorem 2.4.8. In the notation established above we have

J(A)

Y R

Proof. See [CR87, Theorem 49.22]. O
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We wish to describe the class of a locally free A-lattice in Cl(A) and in
order to do so we require an additional assumption. Since X is a A-module,
Q ®z X is a module over Q ®z A, which is equal to A. We assume that
Q®z X is actually a free A-module of rank 1. Then let = be a free generator
of Q ®z X as an A-module, and for each p, let z, be a free generator of X,
as a A,-module. Then for each p, there exists a unique element a, € A, such

that a, - = x,,.

Proposition 2.4.9. The class of X in Cl(A) corresponds to the class of the
ideéle (ayp), in the quotient group
J(4)
Jo(A)AXU(A)
Proof. See [CR87, Proposition 49.22]. O

We can obtain a simpler description by applying reduced norms to the
idele group J(A) and the subgroups studied so far. We have nr(J(A4)) =
J(C) and nr(U(A)) = [[,nr(A)). In general nr(A*) is a (possibly proper)
subgroup C* of C* (see [CR87, §45A]). Putting these together and applying

the third isomorphism theorem we obtain the following.

Theorem 2.4.10. We have

cam) = ﬁ(iﬁ ol

Proof. See [CR87, Theorem 49.17]. O

Proposition 2.4.11. The class of X in CI(A) corresponds to the class of

the reduced norm of the idéle (a,), in the quotient group

J(C)
C+ Hp nr(A;)'
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Chapter 3
Hopf-(Gzalois structures

In this chapter we determine the Hopf-Galois structures admitted by a quater-
nionic extension, and study properties of the corresponding Hopf algebras.

We shall reserve K for a certain intermediate field so we change notation:
let L/F be a finite Galois extension of fields with group G. Furthermore, let
H be a finite dimensional F-Hopf algebra, such that H gives a Hopf-Galois
structure on L/F.

Since a Hopf-Galois structure on an extension L/F' consists of a Hopf
algebra H and an action of H on L, it is possible for distinct Hopf-Galois
structures on L/F to involve Hopf algebras that are isomorphic, either as F-
Hopf algebras or as F-algebras. These phenomena have recently been studied
in papers such as [KKTU19b] and [KKTU19a]. In particular, [KKTU19a]
studies in detail the Hopf-Galois structures admitted by a dihedral extension
of fields of degree 2p, where p is an odd prime. In this chapter we similarly
analyse the Hopf-Galois structures admitted by a Galois extension of fields
with Galois group isomorphic to (Jg, the quaternion group of order 8.

The results of this chapter have appeared in [TT19].

Recall Theorem 2.2.14, which classifies all of the Hopf-Galois structures
admitted by a finite Galois extension of fields. Every Hopf algebra giving a
Hopf-Galois structure onto the extension L/K has the form H = L|N]¢ for
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some N described in the theorem that is called the underlying subgroup of

the structure.

3.1 Structures on the extension

Let L/F be a quaternionic extension and let its Galois group G have gener-

ators o and 7, that is

4 2

G=(o7|oc'=1"=10"=7* 07 =70"1).

First, we recall Proposition 2.1.21 that states L/F has a unique bi-
quadratic subextension which we label K.

The underlying subgroup of a structure must have order 8, the same
as the Galois group. There are 5 isomorphism types of groups of order 8:
the elementary abelian group Cs x Cy x Cy, Cy x Csy, the cyclic group Cy,
the dihedral group D, and the quaternion group (Js. A count of the Hopf-
Galois structures admitted by L/F appears in [SV18, Table A.1], which we
reproduce in Table 3.1 below. The same count appears in work of Crespo and
Salguero [CS20, Table 3], as an application of an algorithm written in the
computational algebra system Magma which gives all Hopf-Galois structures
on separable field extensions of a given degree.

We now determine the regular subgroups of Perm(G) corresponding to
these Hopf-Galois structures. We start with the subgroups corresponding to

the Hopf-Galois structures of type Cy x Cy x Cj.

Lemma 3.1.1. Let s,t € {o,7} with s # t and let E; be generated by
A(s)p(t), A(s?), and A(t)p(st). Then E,; is a regular subgroup of Perm(G)
that is normalized by A\(G) and isomorphic to Cy x Cy x Cy. The groups E, ,
and E. , are distinct, and are the underlying subgroups of the 2 Hopf-Galois
structures of type Cy x Cy x Cy on L/F.
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Type Number of structures
Oy x Oy x Cy 2
Cy x Oy 6
Cs 6
(s 2
Dy 6

Table 3.1: The number of Hopf-Galois structures on a Quaternionic extension

Proof. The elements of E, are

Lo A, MOt Ast)p(s),

As?), AlsThp(t), AENp(st),  A(st)™)p(s).

All of the non-identity elements above have order 2 in Perm(G), so Es;
is isomorphic to Cy x Cy x Cy. It is straightforward to verify that E,; C
Perm(G). It is also straightforward to verify that Es; - 1¢ = G since one

need only list the obvious actions of each element on 14:

s, st s, t

respectively; hence E;; is a regular subgroup of Perm(G). To show that E,
is normalized by A(G), it is sufficient to show that it is normalized by A(s)
and A(f). Using the fact that A(G) and p(G) commute inside Perm(G), as

stated in Remark 2.2.13, we have, for example

"A(s)p(t) = Alsss™)p(t) = A(s)p(t)
"A(s)p(t) = Altst)p(t) = A(s™)p(t).
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Similar calculations apply to the other elements, and so E;; is normalized by
A(G). Finally, we have Es; # E, , since A(t)p(s) lies in E; s but not in Ej;.
Referring to Table 3.1 we see that E, . and E. , are the underlying subgroups
of the two Hopf-Galois structures of type Cy x Cy x Cy on L/F. O

We now find the subgroups corresponding to the Hopf-Galois structures

of type Cy x (5 using a similar technique.

Lemma 3.1.2. Let s,t € {0, 7,07} with s # t and let As: be generated by
the permutations \(s) and p(t). Then As, is a regular subgroup of Perm(G)
that is normalized by A(G) and isomorphic to Cy x Cy. The 6 choices of the
pair s,t yield distinct groups, and these are the underlying subgroups of the

6 structures of type Cy x Cy on L/ F.

Proof. We have (p(t), A(s)) = Cy x Cy since p(t) and A(s) are both of order 4,
commute with each other, and share the same square. It is straightforward
to verify that A,; C Perm(G) and that for g, h € G we have A(g)p(h) - 1¢ =
gh™'; hence Ay, is a regular subgroup of Perm(G). The verification that it is
normalized by A\(G) is very similar to the verification in Lemma 3.1.1, using
the fact that p(G) and A\(G) commute inside Perm(G). To show that the six
choices of the pair s, t yield distinct groups, note that for each such pair the
group A, is the only one that contains A(s) and p(t). Hence, by Table 3.1,
the groups A, are the underlying subgroups of the 6 Hopf-Galois structures
of type Cy x Cj. [

The subgroups corresponding to the Hopf-Galois structures of type Cy
cannot be described in terms of combinations of elements from A(G) and

p(G), since the order of any such element is at most 4.

Lemma 3.1.3. Let s,t € {0, 7,07} with s #t and let Cs; be generated by

the permutation ns, defined in cycle notation by
Nee = (1 st (st)F o® sttt (st)).
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Then Cs; is a regular subgroup of Perm(G) that is normalized by A\(G) and
isomorphic to Cg. The 6 choices of the pair s,t yield distinct groups, and
these are the underlying subgroups of the 6 structures of type Cs on L/F.

Proof. 1t is clear that Cj, is a subgroup of Perm(G) isomorphic to Cs. More-
over, we have Cy; - 1¢ = G since 1%, - 1¢ = 1¢ if and only if £ =0 (mod 8).
Thus Cj; is a regular subgroup of Perm(G). To show that C;; is normalized
by A(G), it is sufficient to show that it is normalized by A(s) and A(t). We

have

A(s)sA(s71)
=(1ss®s ) (tstth (st) el st s®s)(t (st) "t st)
=(1(st) Pt ss?sttsh)

_ .3
- 775,]&7

and similarly, A(t)ns;A(t7!) = ns,. Therefore Cy, is normalized by A\(G). It
may be verified that each of the 6 choices of the pair s,t gives a permutation
that differs from all powers of those of the other choices. Hence, by Table 3.1,
the groups Cj; are the underlying subgroups of the 6 Hopf-Galois structures
of type Cs. m

Having found the abelian underlying subgroups of the corresponding
Hopf-Galois structures on our extension L/F we now find the structures of

quaternionic type. To this end, recall A(G) and p(G) from Example 2.2.16.

Lemma 3.1.4. p(G) and \(G) are the underlying subgroups of the two Hopf-
Galois structures of type Qs.

Proof. As stated in Example 2.2.16, since GG is non-abelian, p(G) and A(G)
are distinct regular subgroups of Perm(G) normalized by A(G). By Table 3.1,
they are the underlying subgroups of the 2 Hopf-Galois structures of type

Qs. ]
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Finally, the subgroups corresponding to the Hopf-Galois structures of
type Dy, the dihedral group of order 8, have a similar description to the
groups E,; and A, .

Lemma 3.1.5. Let s,t € {o,7,07} with s # t. Let D) be generated by
A(s) and X(t)p(s), and let Dy, be generated by p(s) and A(s)p(t). Then Dy
and D, do not depend upon the choice of t, and are reqular subgroups of
Perm(G) that are normalized by A(G) and isomorphic to Dy. The 3 choices
of s yield 6 distinct groups, and these are the underlying subgroups of the
Hopf-Galois structures of type Dy on L/F.

Proof. For a fixed choice of ¢ the elements of D; ) are

L, A(s), M%), AGs™), AD)p(s), Ast)(s), At )p(s), Al(st) ™ )p(s):

We see immediately that using st in place of ¢ yields the same group, that
A(s) has order 4, A\(t)p(s) has order 2, and that these elements anticommute.
Therefore D, \ = D,. It is straightforward to verify that Dy C Perm(G)
and that D; ) - 1¢ = G; hence D; y is a regular subgroup of Perm(G). The
verification that it is normalized by A(G) is very similar to the verifications in
Lemma 3.1.1 and Lemma 3.1.2, using the fact that p(G) and A\(G) commute
inside Perm(G). Similarly, D, , is a regular subgroup of Perm(G) that is
isomorphic to D4 and normalized by A(G). To show that the 3 choices of s
yield 6 distinct groups, note that for each s the group D; , is the only one
that contains A(s) and that D, is the only one that contains p(s). Hence,
by Table 3.1, the groups D, and D, , are the underlying subgroups of the
6 Hopf-Galois structures of type Dj. ]

Remark 3.1.6. For every reqular subgroup N of Perm(G) corresponding to
a Hopf-Galois structure on L/F we have p(c?) € N, and so Z(p(G)) C
p(G) N N. Clearly this is the case for N = p(G) and N = X\(G), and it is
easy to verify that it holds for N = E,,, Asy, Ds, and Dy, (for all valid
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choices of s,t) from the definitions of these groups. Finally, we can verify
that it holds for the groups Cs; (for all valid choices of s,t) by computing

ns; = p(0?) in these cases.

3.2 Hopf algebra isomorphisms

In this section we determine which of the Hopf algebras giving Hopf-Galois
structures on L/F are isomorphic as F-Hopf algebras. Recall that in Theo-
rem 2.2.22, Koch, Kohl, Underwood and Truman outline the following crite-
rion for two Hopf algebras arising from the Greither-Pareigis correspondence
to be isomorphic as Hopf algebras: let N; and Ny be underlying subgroups
of two Hopf-Galois structures on L/F. Then L[N;]¢ = L[N,]¢ as F-Hopf
algebras if and only if there exists a G-equivariant isomorphism f : Ny = Nj.
In particular, no two Hopf algebras of different types may be isomorphic as
F-Hopf algebras.

We now determine which of our Hopf Algebras are isomorphic. We con-
sider the isomorphism classes of the underlying subgroups individually. We

start with the elementary abelian groups.

Lemma 3.2.1. The Hopf algebras giving the two Hopf-Galois structures of
type Cy x Cy x Cy are isomorphic to each other as Hopf algebras. That is,
LIE,,|% ~ L|E,,|¢ as Hopf algebras.

Proof. Recall the definition of Ej, from Lemma 3.1.1 with non-trivial G-

orbits

{A()p(t), A(s™)p(t)},

{At)p(st), At 1) p(st)}
and
{A(st)p(s), A((st)~")p(s)}
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with stabilisers (s), (¢) and (st) respectively. Let the map f: Es; — E ¢ be
defined by

A(s)p(t) = Als)p((st)™)

/e As?) = A(s?)

A(t)p(st) = A()p(s).

\
The map is an isomorphism by construction and is G-equivariant since it
maps a representative of the orbit with stabiliser s,¢ and st in E; to a

representative of s,t and st, respectively, in Fj ;. O

Now we find that for the Hopf-Galois structures of type C4 x C5 the Hopf
algebra isomorphism classes are determined by the choice of s and so there

are 3 isomorphically distinct pairs of isomorphic Hopf algebras.

Lemma 3.2.2. Let s,s',t,t' € {o,7,07} with s # t and s' # t'. We have
L[A4)¢ =2 L[Ay ] if and only if s = .

Proof. Recall the definition of As; from Lemma 3.1.2. The non-trivial G-
orbits of Ag; are {\(s),A\(s7!)} and {A(s)p(t), \(s7})p(t)} both with sta-
biliser (s). Therefore if s # s’ then there cannot be a G-equivariant isomor-
phism between Ay, and Ay for any choices of t,t'. For fixed s,t and ¢/

satisfying s # t and s # t', let the map f : A;; — A, be defined by
A(s) = As)

p(t) = p(t).

Then f is a G-equivariant isomorphism by construction following the same

reasoning as in the proof of Lemma 3.2.1. [

With a nearly identical argument we now give the result for Hopf-Galois

structures of type Cs.
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Lemma 3.2.3. Let s,s',t,t' € {o,7,07} with s # t and s # t'. We have
L|Cs4)% = L[Cy ¢ as Hopf algebras if and only if t =t'.

Proof. Recall the definition of Cy; from Lemma 3.1.1. The nontrivial G-
orbits of Cyy are {ns¢,n2,}, {n2,,nS,} and {nZ,, nl,}, all with stabiliser (t).
Therefore if ¢ # ¢’ then there cannot be a G-equivariant isomorphism between
Cst and Cy p for any choices of s,s’. For fixed ¢t and s, s" satisfying s # ¢
and s’ # t let ns; and ny; be generators of Cy; and Cy ; respectively; then
the map f : Cs; — Cy+ defined by

f :ns,t — 775’,t~
is a G-equivariant isomorphism. O

The result for the Hopf-Galois structures of type (Jg is an instance of a

well known result (see [KKTU19b, Example 2.4], for example).

Lemma 3.2.4. The Hopf algebras LIN(G)]Y and L{p(G)]¢ are not isomor-
phic as Hopf algebras.

Proof. The G-action on p(G) is trivial since A(G) and p(G) commute. How-
ever, the G-action on A\(G) is conjugation so that the G-orbits are the con-

jugacy classes. Therefore no G-equivariant isomorphism can exist. [
Finally, we can give the result for the Hopf-Galois structures of type Dy.

Lemma 3.2.5. The Hopf algebras L[D,,]¢ and L[Ds,|¢ are all pairwise

nonisomorphic as Hopf algebras.

Proof. Recall the definitions of D and D;, from Lemma 3.1.5. The non-

trivial G-orbits of D ) are

{A), AT AA®A(s), At )p(s)}, and {A(st)p(s), A(st) ") p(s)},

with stabilisers (s), (t), and (st) respectively. If s # s and f : Ds\ —

Dy y is a G-equivariant bijection then by considering stabilisers we see that
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FA(s)) = A(t)p(s") for some t'. But A(s) has order 4, whereas A(t')p(s’) has
order 2. Therefore f cannot be an isomorphism.

The non-trivial G-orbits of D; , are

{M()p(t), A(s™")p(t)} and {A(s)p(st), A(s™")p(st) }

both with stabiliser (s). Therefore if s # s then there cannot be a G-
equivariant isomorphism between D, , and Dy ,.
Finally, there cannot be a G-equivariant isomorphism between D; ) and

Dy , for any s, s', since these groups have different numbers of G-orbits. O

3.3 F-algebra isomorphisms

In this section we investigate the F-algebra structure of the Hopf algebras
giving Hopf-Galois structures on L/F. We now impose the assumption that
the characteristic of F' is not 2; thus ensuring the Hopf algebras are separable
by Lemma 2.2.26, hence semisimple, so that each has an Artin-Wedderburn
decomposition by Theorem 2.2.25.

Recall that, since L/F is a quaternionic extension it has a unique bi-
quadratic subextension K/F' corresponding to the unique order 2 subgroup
(0?) of G, so that Gal(K/F) = G/(c?). Let s,t € {o,7,07} with s # t,
and let w, v be elements of K such that w? 1v? € F, s(w) = w,t(w) = —w,
s(v) = —v and t(v) = v; note that K = F(w,v).

Recall Lemma 2.2.32; a result of Bley and Boltje, that shows how one
may construct an F-basis of H corresponding to the Artin-Wedderburn de-
composition. Recall further, from Remark 2.2.33, that when the values of
the characters of N do not necessarily lie in L we may extend to the algebraic
closure of F and act through Gal(F™*/F) in order to find G-invariant linear
combinations of mutually orthogonal idempotents of F**[N] that form an

F-basis of L[N]“.
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If H is a Hopf algebra whose underlying subgroup N is isomorphic to
Cy x Cy x (5 then the values of the characters of N lie in F', so in this case

no such extension is required. Using this observation we have:
Lemma 3.3.1. Let Es; be defined as in Lemma 3.1.1. Then we have
L[E, ;)¢ = F* x K as F-algebras.

Proof. The dual group Es,t is generated by three characters:

X1 %9 A(s?) = 1

Xz As?) > —1

X3 © g A(s?) = 1

At)p(st) — —1

\

Let xo denote the identity in E&t, and recall the G-orbit structure of Ej,
in Lemma 3.2.1. It is easily verified that *x2 = xa2X3, ‘X2 = X1Xx2 and
Stye = X1X2Xx3 and that s and ¢ act trivially on xg, X1, X3 and x;x3. Hence
the orbits of G in E\&t are

{Xo}, {X1}7 {Xs}, {X1X3}, and {X2,X1X27X2X37X1X2X3}-
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The orbit representatives xo, X1, X3, X1X3 all have stabilizer G, and the orbit
representative y, has stabiliser (6%). Therefore we have L[E | = F* x K,

as claimed. H

For the remaining structures whose underlying subgroup N is abelian
there may exist characters of N whose values do not lie in the field F. In these
cases the action of Q = Gal(F™ /F) on N depends upon the intersection of
L with certain cyclotomic extensions of F', and can be difficult to follow in
detail. To overcome this problem we study the action of €2 on the group
algebra F8[N], as in Remark 2.2.33. As discussed above, we have L[N]% =
F28[N]® and the action of Q factors through Gal(L'/F) for some cyclotomic

extension L' of L. Thus, writing G’ = Gal(L'/L), we have
G

LN = (L))
where the action of G’ on L'[N] is only on the coefficients. In the following
lemma we follow this process by choosing a subfield E of F'# that contains
L and the values of the characters of NV, and consider the action of G' =
Gal(E/L) in place of . This allows us to find an L-basis of L[N] by acting on
idempotents of E[N] by G’, before considering the action of G. By forming
G-invariant linear combinations of these basis elements we obtain a basis
of LIN]Y corresponding to its Artin-Wedderburn decomposition. Although
working with bases in this way is rather cumbersome, it has the advantage
of applying uniformly, whereas studying the orbits of €2 in N can split into
many cases, depending upon the roots of unity contained in L.

We continue with the Hopf algebras giving the structures of type Cy x Cs
where here we find an explicit basis. We will find a certain idempotent plays

an important role in all of the coming bases so we introduce the notation:

1

fo= 5(1 — )\(02))

where o is chosen arbitrarily from the subset {o, 7,07} of elements of G since

o =71%=(0o7)%
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Lemma 3.3.2. Let Ay, be defined as in Lemma 3.1.2. Then we have
L[As,t]G >~ [ x F(w,1)? as F-algebras,
where 1 € F% is such that 1> = —1 and d = 2/[F(w, 1) : F(w)].

Proof. We may write Ag; = (A(s), A(s)p(t)). Following the discussion above
we define a subgroup of F#% by E = L(i) and let G’ = Gal(E/L) = (g)
where g : i + —i. Then E[N] = E® and L|N] = E[N]% as G’ has no effect
on N when it acts. Let Gal(E/F) = G”. Then

E[N]¢" = L[N]¢.

Thus a basis of E[N] can be found by considering the idempotents formed

using each generator of A,;. That is the idempotents {Eiej}i€{071}7j€{071,273}

where
o= LEAGB) +A(s?) +A(sY)
0= 1 ;
o — 14+ iA(s) — A(s?) —iA(s?)
1 ;
0 — 1 —A(s) + A(s?) — A(s?)
1 ;
oy — 1 —iA(s) — A(s%) +i\(s?)
4 )
5y LA
2
and
g 1Al
2

We next descend to L by considering the action of G’ and constructing ele-
ments that remained fixed under this action. We clearly need only consider
the action of g € G’ and it is easy to see that eq, €2, £y and F; are fixed and

that 9e; = e3 and vice versa. Therefore g fixes

1 — \(s?
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and
z'(el — 63) = —fo)\(S)

So our current candidate basis elements are
ek, eaEy, eoEr, ealn, foEy, —foA(s)Ey, foE1, —foA(s)Es.

These are the following elements:

by = %(1 FA(5) +A(?) HA(sTH + p(t) T+ A(s)Tp(t) + p(t) + A(s)p(t)),
b= (1= A+ M) = M) = (1) + M) (1) — plt) + A()o(0)
by = (14 M)+ AG2) + Al = p(0)™ = M) plt) = (1) = M)olt),
by = (1= M)+ M) = M) + (07 = Ao (1) + (1) = A()o(0)

b= (1= M)+ Als) (1) — Ms)o(t),

by = 7(1 =A%) = A(5) olt) + Al)o(t).

b = 1(= M)+ Als™) + plt) ! = o),

b= 1= Ms) + M) — 0+ D),
which are an L-basis of L[As,]. Recall from Lemma 3.2.2 that the non-
trivial G-orbits of A,;, are {\(s), A\(s™")}, {\(s)p(t), A(s71)p(t)}, both with
stabiliser (s). From this we see that by, b1, by and b are fixed by G, that
tby = bs, and that 'bg = b;. Therefore the following linear combinations of

the above elements are all fixed by G, and in fact form a basis of L[A,]“

over F"
ag = b,
a; = by,
ag = by,
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az = bs,

(- AE) =

agy = w(by — bs) = —wfor(s)p(t),
aaz = —bs + br = fopl(2),

Q43 = —W(bﬁ + b7) = Wfo)\(S).

Qa0 = b4 + b5 =

We have a;a; = 9, ja; for 7,5 =0,1,2,3 and a;a4, =0 for all © =0,1,2,3
and £ =0,1,2,3. Finally, we consider the multiplication table of the a, .

Q4.0 Q41 ) Q43
Q4,0 | Q4,0 Q4,1 a4,2 Q4,3
2 2
Q41 | g1 W7A40 4,3 W ay,2
Q4,2 | Q4,2 4,3 —a4,0 —Q41
2 2
G433 | Qg3 W'Q42 —041 —W7 440
From the table it is clear that we have the claimed decomposition. O

We use a similar process for the Hopf algebras giving the Hopf-Galois
structures of type Cg, but we suppress the details of the descent and instead

give candidate L-basis elements of L[N].

Lemma 3.3.3. Let C,; be defined as in Lemma 3.1.3. Then we have
L[C,)¢ = F? x F(v))™ x F(ri,v)"® as F-algebras,

where r,1 € FY% such that r? = 2, 1> = —1 and where d; = 2/[F(vt) : F] and
dy = 2/[F(ri,ve) : F(vi)].

Proof. Let n =n,; as defined in Lemma 3.1.3, so that Cs; = (1), and let

—_

bo =5 (L+n+m+n*+n' + 0" +1° +n7),
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by = %(1—77+n2—n3+774—n5+776—n7),
by = i(l -+t =),
by = }l(n—n3+n5—n7),
=5 (1),
bs = %(n3 -n'),
bs = %(Tf —1°),
b =5 (0 =)

It is easily verified that these 8 elements of L[C, ] are linearly independent
over L and so form an L-basis of L[C,;]. Recall from Lemma 3.2.3 that the
nontrivial G-orbits of Cy; are {n,n*}, {n? n°} and {n° n"}, all with stabiliser
(t). From this we see that by, b, by and by are fixed by G, that b3 = —bs,
*bg = —bg, and that °bs = b;. Therefore the following linear combinations of
the above elements are all fixed by G, and in fact form a basis of L[C;;] over

L:

ap = by,
a; = b17
az0 = ba,

a1 = vbs = vban),
aso = by = fo,
as) = vbg = yfonQ,
asp = (bs +br) = fo(n® +n),
ass = v(bs — by) = Vfo('flg — 7).
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We have a,a; = 6, a; for i, = 0,1, aasr = 0 for all ¢ = 0,1,3 and
k = 0,1, and a;a3r = 0 for all 7 = 0,1,2 and & = 0,1,2,3. Finally, we

consider the multiplication tables of of the ag and the as:

a2 0 az
Q20 | G20 azq
2
Qg1 | G211 —V Q20
aszo as as2 as 3
as,o | a3,0 a3,1 a3,2 a3,3
2 2
asz1 | Gzn  —V7aszpo as ;3 —VTas2
aso | asp as3 —2az0 —2az;
.2 _2 2 2
33 | 433 v=as2 a3 1 v=aso
From these tables it is clear that we have the claimed decomposition. O]

The remaining structures are of nonabelian type, and so we cannot em-
ploy the methods of [BB99, Lemma 2.2]. We emulate the same process using
the character table in place of the dual group of our underlying subgroup.
We write down a convenient L-basis of L[N] and form G-invariant linear
combinations of these basis elements. We find that certain quaternion alge-
bras appear in the decompositions, and so we recall our notation for these
from Definition 2.2.36: let (U,V)p denote the quaternion algebra with F-
basis 1,u,v,w satisfying the relations v?> = U € F*, v> = V € F*, and
uv = w = —uu.

We begin with the Hopf Algebras giving the classical and canonical non-

classical structures of type Qs.
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Lemma 3.3.4. We have
Lp(G))¢ 2 K[G] = F* x (—1,—1)p as F-algebras

and

LIMG)C = F* x (—w?, —v?)p as F-algebras.

Proof. Let i € {p, \}. The character table for u(G) is

L {u(e®)} An(s),n(s™)} {n(t), p(h} {ulst), p((st)™)}
Xo | 1 1 1 1 1
X1 |1 1 1 ~1 ~1
Xa | 1 1 ~1 1 —1
xs |1 1 ~1 ~1 1
w2 -2 0 0 0

First we consider the case i = p, corresponding to the classical Hopf-
Galois structure on L/F. For k = 0,1,2,3, let ¢ be the orthogonal idem-
potent corresponding to the character x,. The idempotent corresponding to

the 2-dimensional representation is

1

ey = 5(1 - p(02)> = fo.

The following is a set of 8 linearly independent elements of L[p(G)], and each
element is fixed by G since the action of G on p(G) is trivial. It is therefore

a basis of L[p(G)]Y = F[p(G)] over F:

{eo, 1, €2, €3, fo, fop(s), fop(t), fop(st)}.

The e, are orthogonal idempotents, and each is also orthogonal to every

element of the set { fo, fop(s), fop(t), fop(st)}. This set spans a 4-dimensional
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F-algebra, which is isomorphic to the quaternion algebra (—1,—1)z via the
F-algebra isomorphism defined by fop(s) — u, fop(t) — v. Therefore we
have the claimed decomposition.

Now we consider the case u = A, corresponding to the canonical non-
classical Hopf-Galois structure on L/F. As discussed in Lemma 3.2.4 the
G-orbits of A(G) are the conjugacy classes. As above, for k = 0,1,2,3 let
er be the orthogonal idempotent corresponding to the character xj, and
note that these are fixed by G. The idempotent fy, corresponding to the
2-dimensional representation of A\(G), is also fixed by G. Now consider the
L-linearly independent set {fo, foA(s), foA(t), foA(st)}. An element of the
sub-algebra generated by this set is of the form

xTr = aofo + Cblfo)\(S) + azfo)\(t) + Clgfo)\(st) with ay € L for k = 0, 1, 2, 3.

The element z is fixed by G if and only if a1 = aw, ay = a4v and a3 = ajwr

for some ag, a}, ah, ay € F. Thus the following set is an F-basis of L[A\(G)]¢:

{eo, €1, €2, €3, fo, wfoA(s), v foA(t), wr foA(st)}.

As above, the e are orthogonal to each other and to every element of the set
{fo,wfoA(s), v foA(t),wr foA(st)}. This set spans a 4-dimensional F-algebra,
which is isomorphic to the quaternion algebra (—w?, —1?)p via the F-algebra
isomorphism from (U, V) defined by u — wfoA(s),v — vfyA(t). Therefore

we have the claimed decomposition. O

It may appear that the Hopf algebras giving the classical and canonical
non-classical structures are not isomorphic as F'-algebras. However, we recall

Theorem 2.1.22 which gives us the following:
Lemma 3.3.5. We have (—w?, —1?)p = (=1, —1)r as F-algebras.

Proof. By Witt’s result (Theorem 2.1.22), the fact that K = F(w, v) embeds

into a quaternionic extension of F' implies that the quadratic form w?x? +
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vir3 + w?r?x? is equivalent to the quadratic form z% + z3 + z3. These are

the norm forms of the subspaces of pure quaternions of (—w?, —v?)p and
(=1, —1)p, respectively. Therefore the norms are equivalent as quadratic

forms, and so, by Theorem 2.2.44, (—w? —1?)p = (=1, —1)p as F-algebras.

Corollary 3.3.6. We have L[p(G)]¢ = LING)]¢ =2 F* x (=1,—1)r as F-

algebras.

In fact, this result follows from an unpublished theorem of Greither which
states that if L/F is any Galois extension of fields then F[G] = LIA(G)]¢ as
F-algebras. See [KKTU19a, Theorem 5.2] for more details.

Finally, we have the Hopf Algebras giving the structures of type Dj.

Lemma 3.3.7. Let D, and D, be defined as in Lemma 3.1.5. Then we

have

L[DS,A]G ~ % (—w2, VQ)F as F-algebras

and

L[Ds,p]G ~ F* x (=1,w))r as F-algebras.

Proof. For ease, let X = {1,A(s?)} so the character table for D, is the

following;:
I A} A&X ABp(s)X Alst)p(s)X
Xo |1 1 1 1 1
yi | 1 1 1 —1 —1
X2 | 1 1 —1 1 —1
vs | 1 1 —1 —1 1
Y12 =2 0 0 0
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As in the proof of Lemma 3.3.4, for £ = 0,1, 2, 3 let e, be the orthogonal
idempotent corresponding to the character yj, and note that the idempo-
tent corresponding to the 2-dimensional representation is fy. Recall from

Lemma 3.2.5 that the non-trivial G-orbits of D; ) are

{A(), A AA®A(s), At )p(s)}, and {A(st)p(s), A(st) ") p(s)},

with stabilisers (s), (t), and (st) respectively. Hence each e is fixed by G.

Now consider the L-linearly independent set

{fo, foA(s), foA(t)p(s), foA(st)p(s)}.
An element of the sub-algebra generated by these elements is of the form
x = ape + areX(s) + azeA(t)p(s) + azeA(st)p(s) with a € L for k =0,1,2,3.

The element z is fixed by G if and only if a1 = ajw, ay = a4v and az = ajwr
for some ag, a}, al,ay € F. Let f, = wfol(s), f, = vfoA(t)p(s) and f,, =
wr foA(st)p(s), and consider the set

{60,61,62,63, f07 fwa fu7fwy}~

This set is L-linearly independent and each element is fixed by G. It is
therefore an I-basis of L[DS,A]G. The e, are orthogonal to each other and
to every element of the set {fo, f., [, fur}. This set spans a 4-dimensional

F-algebra with the following multiplication table:

fO fw fu fwz/

fO fO fw fu fwz/
fw fw _WQfO fwz/ _W2f1/
fl/ fu _fwu V2f0 _V2fw

fwu fwu w2fu Vwa (wy>2f0
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From this table we see that L[D, ]9 & F* x (—w?, 1?)p as F-algebras.
We determine the structure of L[D; ,]¢ by essentially the same method,
and so we omit some of the details. In notation analogous to that employed

above, we find that the set

{607617627637 f07f17 f27 fd}?

where fo, fi = fop(s), f2 = wfol(s)p(t) and f3 = w foA(s)p(st), is an F-basis
of L[D,,]¢. The final four elements span a 4-dimensional F-algebra with the

following multiplication table:

fo fi f2 IE

folfo i [ JE
filh —fh [z —f
fo| fo —f3 w2fo —w2f1

fa| s [ w2f1 w2f0

From this table we see that L[D,,]¢ = F* x (—1,w)r as F-algebras. O

As in the case of the Hopf algebras giving the Hopf-Galois structures of
Qs type, some of the quaternion algebras appearing in the decompositions

above are isomorphic:
Lemma 3.3.8. We have (—w? 1*)p & (—1,w?)r as F-algebras.

Proof. Write [—w?, /%], [—1,w?] for the classes of (—w?,v*)r, (—1,w?)F in the
Brauer group Br(F). It is sufficient to show that [—w? %] = [-1,w?. We
refer to Theorem 2.2.47 for the multiplicative property, and to Proposi-
tion 2.2.38 for further properties, of the classes of quaternion algebras in

Br(F). Using the result of Lemma 3.3.5 we have [—~w? —1?] = [-1, —1], and
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so in Br(F') we have

[~w? V)[—w?, —1?] = [~w? —v

= [-1,0?[~1, —1]

= [-1,0?[-w? —1?].

2

Cancelling [—w?, —1%], we obtain [—w?, %] = [~1,w?], as claimed. Therefore

(—w?, 1) p = (—1,w?)p as F-algebras. O
Corollary 3.3.9. We have
LD, )% = L[D,,]¢ 2 F* x (=1,w®)F as F-algebras.

In order to better understand the F-algebra structure of the Hopf algebras
LD ¢, we investigate the relationships between (—1,w?)p, (—1,2%)r and

(-1, w?v?)p.

Lemma 3.3.10. Let z,y € {w? v w*/?} with v # y. Then we have
(—L,x)r = (=1,2y)r as F-algebras if and only if (—1,y)r = My(F) as
F-algebras.

Proof. In Br(F) we have [-1,zy] = [-1,z][—1,y], so [-1,2] = [-1,zy] if
and only if [-1,y] = [-1,1]. That is, (—=1,2)r = (—1,2y)F as F-algebras if
and only if (—1,y)r = (=1,1)p = My(F) as F-algebras. O

Lemma 3.3.10 suggests three scenarios for the quaternion algebras (—1,w?)p,
(—1,v%)p and (—1,w?v?)p; all three are isomorphic to matrix rings; exactly
one is isomorphic to a matrix ring and the other two are isomorphic to the
same division algebra; or each is isomorphic to a distinct division algebra.

The following examples illustrate that each of these three cases does occur.
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Example 3.3.11. Suppose that —1 is a square in F'. Then for v € {w? v? w?v?}
we have that —1 occurs as the norm of an element of the field F(x), and so
(—Lz)p = (=1,1)p = My(F) [JY88, Proposition 1.1.6]. Therefore in this
case we have
L[Ds,)% 2 L[Dy,p)* = LDy, | = F* x My(F)

as F-algebras.
Example 3.3.12. Let F = Q, w = V11, v = 2. Then, by [Fuj90a),
K = Q(w,v) can be embedded in a quaternionic extension L of Q. In this
case we have (—1,1%)g = (—1,1)g = My(Q) a Q-algebras since 2 is the norm
of the element 1+ i € Q(i), and so by Lemma 3.5.10 we have (—1,w?)g =
(—1,w?v?)g as Q-algebras. However, (—1,w?)g ¥ M2(Q), since no element
of Q(i) has norm 11. Therefore in this case we have L[D; ,]¢ = Q* x My (Q)
and

L[D;, )% 2 LDy |9 = F* x (—1,w?) 2 F* x M,(Q)
as Q-algebras.
Example 3.3.13. Let F = Q, w = V11, v = /6. Then, by [Vau92, Evample
4.4], K = Q(w,v) can be embedded in a quaternionic extension L of Q. In
this case none of (—1,w?)qg, (—1,1%)q, (—1,w?*v?)q is isomorphic to Ma(Q) as
a Q-algebra, since none of 6,11,66 occurs as the norm of an element of Q(7).

Therefore by Lemma 3.53.10 these quaternion algebras are all nonisomorphic

as Q-algebras, and so we have
L[D&p]G r?\é L[Dt,p]G % L[Dst,p]G

as Q-algebras.

3.4 Opposite Hopf-(Galois structures

The final section of this chapter highlights the relationship between some
of these Hopf algebras. Recall Definition 2.2.17 that defines the opposite
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Hopf-Galois structure to that with Hopf algebra H = L[N]%, is that with
Hopf algebra H' = L[N’]% where N’ is the centraliser of N in Perm(G).
Further note from Definition 2.2.17 that the structures of abelian type are
opposite only to themselves. Finally, recall Example 2.2.18, that states that
the classical and canonical nonclassical structures are opposite to each other.
This raises the question of which of the dihedral structures are opposite to

each other.

Proposition 3.4.1. Recall the definitions of D, 5 and Dy , from Lemma 3.1.5.
For each choice of s € {o,7,07} we have L|Ds,|% = (L[Ds,]%).

Proof. 1t is sufficient to show that each generator of D; ) commutes with
each generator of Dy , since this implies D, C Dy , and since |D,, \| = | D; )|
this means D, , = Centperm(g)(st)\) as required. We make finitely many

calculations:

66



Chapter 4

Some general results

In this chapter we turn to questions of integral module structure in Hopf-
Galois extensions. In the first section, we prove a general “descent” lemma
relating the integral Hopf-Galois module structure of a Galois extension to
that of a subextension (Lemma 4.1.2). In the second section we apply this re-

sult to Hopf-Galois structures of cyclic type on a tame quaternionic extension

of Q.

4.1 Quotient structures

Let L/F be a Galois extension of number fields or p-adic fields. Let H =
L[N]% be a Hopf algebra giving a Hopf-Galois structure on the extension,
and let P be a G-stable normal subgroup of N. Recall Theorem 2.2.35 that
states that the Hopf algebra L[N/P]¢ gives a Hopf-Galois structure on LY/ F
and recall from Equation (2.3) that the action of the Hopf algebra on the

extension is given by

< > CW) w= ) e (le)la]

7EN/P NEN/P

for all x € LY and 77 = nP.
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There is a natural homomorphism v : N — N/P which clearly extends
to an L-algebra homomorphism v : L[N] — L[N/P]. We first aim to un-
derstand the interaction of v with the G-actions in order to restrict v to

H.

Lemma 4.1.1. We have v(9z) = 9v(z) for all z € L[N], and so v restricts
to a K-algebra homomorphism v : L|N|® — L|N/P]°.

Proof. First, it is sufficient to consider the case where z = ¢n with ¢ € L and

n € N. In this case, for each g € G we have

v(%en) = wv(g(e)n) = g(c)(*n) P,
and
fv(en) = 4(enP) = g(e)(“n)P,
due to the description of the action of G on L|N/P] given in Equation (2.3),

repeated above. Hence, v is G-equivariant, and so ¥ maps any element fixed

under G to another element fixed under G. O

We now state the main lemma of this section, before specialising to the

case where (G is isomorphic to the quaternion group of order 8.

Lemma 4.1.2. Let K = L, let A/ r denote the associated order of Op, in
L[NI®, and let Uy p denote the associated order of O in LIN/P]%. Suppose
that Oy, is a free A, p-module and that L/ K is at most tamely ramified. Then
Ag/r = vy r) and Ok is a free Uy p-module.

Proof. Let o« € Oy, be a free generator of Oy, as an 2, p-module, so that
Or = Ayp - . Since L/K is at most tamely ramified, we have Ox =
Trr/k(Or). Let 0 =% 7€ L[N]; then 90 = 6 for all g € G, since P is a
G-stable subgroup of N, and so § € L[N]®. In [KKTU19b, Theorem 2.4] it
is shown that P - 15 = Gal(L/K). Hence,

0-x=> 7 '(le)l]= D gla)=Tryx(x)

reP g€Gal(L/K)
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for all x € L.
Since P is normal in N we have 6n = nf for all n € N and, in particular,
O = 0 for all m € P. So, let ny,1m9,...,m, be a set of coset representatives

for P in N. Then, each z € L[N]“ can be uniquely expressed in the form

Z = ZT: Z Cin T

=1 weP

where ¢; » € L. Now for x € L we have

0z) -x = (9 zr: Z CinlliT | - T
Z Cinnm | - x

i=1 weP

(>

= ( > ciamimd | - x
>
P

> Yo 000

i=1 meP

z:cmnZ ) (0 - x) by Equation (2.3)

=1 weP

=v(z) - Trp/k(x).
From this we now have
DK :TI‘L/K(DL)
:TrL/K(ﬁL/F 'Oé)
:0 . (QlL/F . Oé)
=(02ALp) -«
—I/(QlL/F> 'TI'L/K<04).

Therefore O is a free module of rank one over v(2,r), which is an order

in L[N/P]%. Since the only order in L[N/P]% over which Ok can possibly
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be free is its associated order g, r by Proposition 2.3.3, we have RUg/p =

V(A p) and Ok is a free Ax,p-module. O

We now have enough information to be able to consider the consequences

of the previous section in our case.

4.2 Quaternionic extensions

First recall Proposition 2.1.21 that states L/F has a unique biquadratic
subextension K/F. Now we may use Corollary 2.1.23 to find a useful prop-
erty of the unique biquadratic subfield K of the quaternionic extension L/Q.

Proposition 4.2.1. If the biquadratic field K = Q(«, 8) can be embedded
into a quaternionic field then a,b > 0 and so K C R.

Proof. If K can be embedded into a quaternionic extension L/Q then so can
the quadratic extensions Q(«) and Q(f). Then a and b are positive values in

@ as they can be written as the sum of three squares by Corollary 2.1.23. [

Now, our focus of study shall be on tame quaternionic extensions and so
it is important to understand necessary conditions for our extension to be

tame.

Proposition 4.2.2. Let L/Q be a quaternionic field with unique biquadratic
subfield K. Then L/Q is tamely ramified if and only if L/ K is tamely ram-
ified and K/Q is tamely ramified.

Proof. In general, a tower of number fields is tamely ramified if and only if
each layer is tamely ramified. This follows from the fact that ramification

indices in towers are multiplicative (see [FT93, Chapter 3, Section 1]). [
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4.3 Hopf-Galois structures of cyclic type

For this section let L/Q be a tame quaternionic extension. We apply Lemma 4.1.2
and argue that O, may not be free over its associated order in any structure

of cyclic type.

Proposition 4.3.1. Let L/Q be a tame quaternionic extension. Let L[N]%
be a Hopf algebra giving a Hopf-Galois structure of cyclic type on L/Q, and
let A denote the associated order of Oy in L[N|®. Then Oy is a locally free
A-module, but not a globally free A-module.

Proof. Since L/Q is a tamely ramified extension of prime power degree and
L[N]% is commutative, we have 2 = O[N]9 and Oy, is a locally free 2A-
module by Corollary 2.3.16. Since N is cyclic of order 8 it contains a unique
subgroup P of order 2, and P is G-stable since GG acts on N by automor-
phisms. Therefore L = K is the unique subfield of order 4 over Q. If Oy is
free over its associated order in L[N]“ then by Lemma 4.1.2 O is free over
its associated order in L|N/P]%. We proceed to show this is impossible.
The field K is a tame biquadratic extension of @, and is real since it
embeds into a quaternionic extension of Q by Proposition 4.2.1. Since L/Q
is tame, we must have that K/Q is tame by Proposition 4.2.2. Hence, we
may write K = Q(v/a, \/5) for some positive squarefree integers a and b
that are both congruent to 1 modulo 4 by Proposition 2.1.25. The extension
K/Q admits precisely four Hopf-Galois structures: the classical structure
of elementary abelian type and three non-classical structures each of cyclic
type (see [Byo02, Theorem 2.5]). Since the quotient group N/P is cyclic of
order 4, the Hopf-Galois structure on K/Q corresponding to N/P must be
non-classical. Each of these corresponds to a quadratic subfield Q(y/v)/Q
with v € {a,b,ab}. Moreover, in [Trul2, Proposition 6.1] it is shown that a
necessary condition for O to be free over its associated order in the Hopf-

Galois structure corresponding to the choice v is that there is an integer
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solution the equation

2% 4 vy? = +2d. (4.1)

where d = ged(u,v) such that v € {a,b,av} — {v}. If 29,90 are an integer
solution to Equation (4.1) then we have d|z2 and so, since d is squarefree,

d|xo. Therefore we obtain an integer solution to the equation
dz® + (v/d)y? = 2,

which is impossible since d and v/d cannot both be 1 because v > 1.
Therefore Dy is not free over its associated order in the Hopf-Galois struc-
ture L[N/P]¢ on K/Q, and so O, is not free over its associated order in

L[NIC. 0
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Chapter 5

A Class of tame quaternionic

fields

5.1 Constructing quaternionic extensions

Now we have found all of the Hopf-Galois structures on any quaternionic
extension, we focus on tame quaternionic extensions L/Q. In order to deter-
mine the structure of O as a module over the associated order of each of the
Hopf-Galois structures on L/Q we will find local generators, for which we
need some explicit information about the extensions. To this end, from now
on L/F is a quaternionic extension with I a field of characteristic zero. Re-
call from Proposition 2.1.21 that any quaternionic extension L/F must have
a unique biquadratic subextension K/F. We can deduce equivalent condi-
tions for when a biquadratic extension can be embedded into a quaternionic
extension.

To understand the properties of a quaternionic extension we need to un-
derstand its Galois group. To begin with, it is helpful to understand the
Galois group of the unique biquadratic subextension K/F, and how the el-

ements of this group act on the elements of L/K. In doing so we find the
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actions of the Galois group of K/F also give sufficient conditions for an

extension to be quaternionic.

Lemma 5.1.1. Let a,b € F be such that a,b,ab & F?, let o, 3 € F% satisfy
o> =a, 2 =b. Let K = F(a,f3) and let s,t € Gal(K/F) be defined by
s(a) = a, s(B) = =B, t(a) = —a and t(8) = B. Let c € K — K?* and let
v € F% be such that v* = c.

L=K(®)
K = F(a,p)
Fle)  F(B)  F(ab)

Then L = K(v) is a quaternionic extension of F if and only if the fol-

lowing conditions are satisfied:

o 2s(v%) = ba? for some 1, € F(a);

o ’t(y%) = abx3 for some x5 € F(J3);

o 2st(y?) = az? for some x3 € F(af).

Proof. Following the proof of [Fuj90b, Lemma 1] we suppose L/F is a quater-
nionic extension. Then K(vy) = K(1/s(7?)) and so v*s(y?) = A\? for some
A € K. Since v?s(7?) = Ng/ra)(7?) € F(a), A must have the form 2; or 213
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for some z; € F(a). If A =21 € F(«), then L = K(v)/F(«) is an abelian
extension but is not cyclic. We know that L/F(«) is a cyclic extension so
A must have the form z;3. That is, v%s(7?) = ba? for some z; € F(a).
Similarly, we have v2*t(y?) = abx3, v*st(y*) = ax? for some x, € F(3) and
zg € F(apf). Conversely, if the conditions hold, then L/F is a Galois ex-
tension of degree 8 and the subextensions L/F(u) for p € {a, 5, af} are all
cyclic of degree 4. Any finite group of order 8 which contains three cyclic
subgroups of degree 4 is the quaternion group and so L/F is a quaternionic

extension. UJ

This result does not practically help construct quaternionic extensions,
but does provide valuable information about such extensions. Once one
has found one such extension, with the biquadratic subextension K/F, it
is straightforward to construct infinitely many more and, in fact, all of those
quaternionic extensions with biquadratic subextension K/F. The following

proposition explains this construction.

Proposition 5.1.2. Let K be a biquadratic extension of F, let c € K — K>
and let v € F% be such that v* = c. Suppose that F(v) is a quaternionic
extension of F that contains K. For r € F*, let v, € F% be such that
v2 =ry? =rc. Then:

1. the field F(v,) is a quaternionic extension of F' containing K ;

2. every quaternionic extension of F' containing K is of the form F(v,)

for somer € F*;

8. F(v,) = F(y) if and only if r /v’ € K2.
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F(v) F(v,)

N

K

Proof. We follow the proof of [Fuj90b, Proposition]. If L = F(y) = K(7)
is a quaternionic extension of F', then by Lemma 5.1.1, F(v,) = K(v,)
is a quaternionic extension of F' containing K. Conversely, let L' be any
quaternionic extension of F containing K. Then L' = K(¢) for some ¢? € K
and, as in the results of Lemma 5.1.1, K((/v) is a Galois extension of F'
and the three extensions K ((/v)/F(u) with p € {«, 5,8} are all bicyclic.
Since a finite group of order 8 which contains three abelian subgroups of type
Cy x Cy is an abelian group of type Cy X Cy X Cy we have that K ((/v)/F is an
abelian extension of type Cy X Cy x Cy. Hence, K({/7) has the form K (/1)
for some r € F'*, and hence K(¢) = K(~,). Therefore, L' = K({) = F(v,).
Finally, as F'(y.) = K(v,) for r € F*, F(~,,) = F(yy,) for ry,ry € F* if
and only if ry /ry € K2 O

We now only need an explicit construction for finding a quaternionic
extension with a given biquadratic subextension. The following theorem is
a modified version of a theorem due to Fujisaki ([Fuj90a, Theorem 1]) that
gives a straightforward construction. Though it may not account for all
quaternionic extensions of a given field, with the previous result we certainly

capture infinitely many.

Theorem 5.1.3. Let k,m,n,r € F*, and let a = k> +m?+n?%, b= m? +n>.
Suppose that a,b,ab ¢ F? and let o, 8 € F% satisfy o* = a,B% = b. Let
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vy € F% satisfy

22 = r(a—i—aﬁ)ll(b—i-mﬁ)‘

Then F(v,) is a quaternionic extension of F with biquadratic subfield K =
F(a,B). The group Gal(F(~,)/F) is generated by the automorphisms o, T
defined by

de)=a,  o(f)=-5, o) = LI,
0)=-a  T(9)=5 ) = 2
O'T(Oé) =~ OT(B) = _67 O-T(/YT) = B ;Lm’%’

Proof. Let K = F(«, ) be a bicyclic biquadratic extension of F' and let
Gal(K/F) = {09, 01, 02,03} where oy = 1k is the identity and

Let L = K(v,) with 42 € K and let y; : K — F# fori = 0, 1,2, 3 denote any
fixed embeddings of K into F*# which extend o; for i = 0, 1, 2, 3 respectively.

Now, as an example, consider .

() = o2((a + aB)(b+ mp))

= ;1(@ —ap)(b+mp)

~(a=p)7r
= Tz(a + apf)(b+mp)
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where e; = £1 is dependent on the choice of py. Similarly,

to(Vr) = €0V

B—m

H3 (%‘) = €3 Vrs

where ey, e1,e3 = 1 is dependent on our choice of u; for i = 0,1, 3.

Remark 5.1.4. If one multiplies each of the above by ~, and then squares
the result one can verify the conditions found in Lemma 5.1.1 hold and so
the extension is quaternionic. What follows is an alternative, more direct,

route to the same conclusion.

As one can see, u;(v,:) (1 = 0,1,2,3) are all in L for any extension p; :
L — F¥8 of g; (i = 0,1,2,3) and so it follows that L = K(v,) is a Galois
extension of F' and y; (1 = 0,1,2,3) are automorphisms of L over F'.

It is clear, then, that the restriction of u? to K is o7 which is the identity
on K due to the isomorphism type of Gal(K/F). Furthermore u?(7,) = —7,
(1 =0,1,2,3). It follows that 7, ¢ K so that [L : F|] = 8. Hence L/F is a
Galois extension of degree 8. Now, it is clear that pi maps v to itself and so
is the identity on L. Similarly, x? is certainly not the identity on L nor is
p? which, when restricted to K, also acts like o; for each i = 1,2, 3. Choose

ep = —1 so that po(7y,) = —7-. Then we have

id, 1o, By 15, o, (3, [13, 1L

are different automorphisms of L over F' and so form the Galois group of
L/F. One may assume that each e; = 1 (i = 1,2, 3) since if any are -1, one

can simply replace u; with g2, Under this assumption it is verifiable that the
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following relations hold:

i—id (2 £id) (i=1,2,3)
pi=po (i=1,2,3)

Hapby = M3,  Hip3 = M2, M3t = 1
i o = = g

where y1;41; is defined by p;p(x) = pi(pj(z)) for any « € L. These relations
determine that the Galois group Gal(L/F) is isomorphic to the quaternion
group of order 8.

Finally, since it is verifiable that u(v,) # v(7v,) for any p,v € Gal(L/F)
such that p # v, it is true that L = F(~,). To reconcile this notation with

that of the statement we note now that p; = o, o =7 and puz = or. ]

Using this construction, one can construct infinitely many quaternionic
extensions. The construction is always closely linked to the unique bi-

quadratic subfield, a theme that continues to appear throughout this work.

5.2 Tamely ramified quaternionic fields

We wish to study tamely ramified quaternionic extensions of Q. We can find
equivalent conditions for when a quaternionic extension of the form described
in Theorem 5.1.3 is tame.

First, it is useful to recall that any biquadratic subfield of a quaternionic
extension must be totally real, by Proposition 4.2.1. Recall further that
it is necessary that K/Q be tamely ramified in order that L/Q be tamely
ramified, by Proposition 4.2.2. As such we now find a sufficient condition for

when L/Q is tamely ramified under the assumption that K/Q is.

Proposition 5.2.1. Let L/Q be a quaternionic extension with unique bi-

quadratic subfield K, and suppose that K/Q is tamely ramified. Write
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L = K(v) with v* € Ok, and suppose that there exists X € O such that
v* =X (mod 40k) and Trxg(X) = 1. Then L/Q is tamely ramified.

Proof. Let § = )‘%7 € L. Then (20 + v)? = A2, so § is a root of 22 + \x +
% = 0. Since 7, A € O and 72 = A\? (mod 49x), the coefficients of this
polynomial are algebraic integers, and so § € 9. Now we have
A —
TI“L/Q((S) = TIK/Q (TI‘L/K (T’Y>)
= Trjg(V)
=1

Therefore 6 € Oy, satisfies Try () = 1, and so L/Q is tamely ramified. [

Due to our construction in Proposition 5.1.2 we now give an equivalent

condition for when K(7,)/Q is tamely ramified given that K(v;)/Q is.

Proposition 5.2.2. Let L/Q be a tamely ramified quaternionic extension
with unique biquadratic subfield K. Write L = K(v) with v* € Og. Then
the tamely ramified quaternionic fields containing K are precisely the fields

K(7,) where 42 = ry? and r is a squarefree integer congruent to 1 (mod 47Z).

Proof. From Proposition 5.1.2 it is clear that the quaternionic fields contain-
ing K are precisely the fields K (v, ) where r is a squarefree integer. Since L/Q
is tamely ramified we have that K/Q is tamely ramified, and so K(v,)/Q is
tamely ramified if and only if K(v,)/K is tamely ramified.

Let p € R be such that p> = r and suppose r = 1 (mod 4Z). Then L(p)/L
is tame since we have that (1 + p)/2 is an algebraic integer of trace 1 in the
extension. Thus L(p)/Q is tame (as it can be formed as a tower of extensions
known to be tame). Now K (+,) is contained in the field L(p) = K(v, p) and
so K(7,)/Q is tame as it is a subextension of the tame extension L(p)/Q.

Conversely, if K(v,)/Q is tame then the composition K(v,~,) is tame.
However, v2/v* = r and so p € K(7,7,). Thus Q(p) C K(v,7,), so Q(p) is
tame and so r = 1 (mod 4Z). O
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To understand the reliance of our construction of tamely ramified quater-
nionic extensions on the construction of the biquadratic subfield and, more
specifically, on the principal remainders of a and b modulo 16, we state the

possible congruences of a and b.

Lemma 5.2.3. Let k,m,n € Z — {0} with m odd and k,n even. Let a =
k2 4+m?+n?, b=m?+n> The possible principal remainders of a,b modulo

16 are shown in the following table

9 | X x v V/

18 | v X X V

We now compile these results to give us the conclusions we have been
working towards. We find that L/Q is a tamely ramified quaternionic ex-
tension of the type described in Theorem 5.1.3 if and only if conditions,
involving those elements constructing A and the number r that is intrinsic
in generating our quaternionic extensions, hold, and that such a result is suf-
ficient to describe when any quaternionic extension of the form constructed

in Theorem 5.1.3 is tame.

Theorem 5.2.4. Let k,m,n € Z — {0} with m odd and k,n even, and let
a =k +m?+n% b=m2~+n> Suppose that a,b,ab ¢ 72 and let o, 5 € Q™
satisfy o> = a, 82 =b. Let r € Z and let v, € Q™ satisfy

77 = J(a+aB)(b+mp).
Then
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1. v, is an algebraic integer;

2. Q) is a quaternionic extension of Q with biquadratic subfield K =
Q(a, B);

3. every quaternionic field with biquadratic subfield Q(a, B) has the form
Q(vy) for some squarefree r € Z;

4. if k =n (mod 4) then Q(v,)/Q is tamely ramified if and only if r = 1
(mod 4);

5. ifk Zn (mod 4) than Q(v,)/Q is tamely ramified if and only if r = —1
(mod 4).

Proof. We prove each part separately.

1. Since a = b = 1 (mod 4Z) the numbers # and # are algebraic

integers, and so (since m is odd) the numbers ‘”;O‘B and b+;”ﬁ are alge-

braic integers. Therefore 7, is an algebraic integer.
2. This is immediate from Theorem 5.1.3.
3. This is immediate from parts 2 and 3 of Proposition 5.1.2.

4. Suppose that k& = n (mod 4). By Proposition 5.2.2, it is sufficient
to show that Q(v1)/Q is tamely ramified. We show that there exists
some A € Ok such that 4§ = A? (mod 49k) and Trg/g(A) = 1. By
Proposition 5.2.1 this implies Q(v;)/Q is tamely ramified. We have
k* = n? (mod 16), and m? = 1,9 (mod 16). First, if k = n = 0
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(mod 4) then k> = n? =0 (mod 16). We have

(1+mﬂ)2 L+mﬂ—mb+b+m5

2 4 2

L+ (m?>=2)(m*+n?) b+mp

— +

4 2

1 2(m? -2 b

= tm (4m ) —+ +2m5 (mod 49@(5))
b+ mp

= (mod 49@(5)),

since m?(m? —2) = —1 (mod 16) for all odd m. Similarly, we have

1 S| b—2
< —1—2046) _ I+ aEl ) 4 CL+2045 —— —1—2046 (mod 49O g(ap)),

since a(b —2) = b(b — 2) = —1 (mod 16). Therefore we have v = \?
(mod 49 ) with

_1+afl+mp

A
2 2

which satisfies Trx/g(A) = 1, and so by Proposition 5.2.1, Q(v1)/Q is
tamely ramified.

Now, if k =n =2 (mod 4) then k* = n? =4 (mod 16). We have

(1—nw)2 1+ (m?+2)b  b+mp

2 4 2
L+ mP42)(m*+n?) b+mpB
B 4 2
1+ (m?+2)(m?+4) b+mp
= ( 4)( ) — 5 (mod 4}3@(5))
_ b+mp

(mod 40@(/3)),

since (m? +2)(m? +4) = —1 (mod 16) for all odd m. Similarly, we
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have
1—ap 2_ l+a(b+2) a+af
2 N 4 2
a+ af

= — (mod 49@@/3)),
since a(b+2) = a(a —2) = —1 (mod 16). Therefore we have 72 = \?
(mod 40k ) with

\ = l—afl—mp
2 2

which satisfies Trx/g(A) = 1, and so by Proposition 5.2.1, Q(v,)/Q is

tamely ramified.

5. Suppose that k& # n (mod 4). By Proposition 5.2.2; it is sufficient to
show that Q(v_1)/Q is tamely ramified as we can identify all extensions
Q(7,)/Q where r = —1 (mod 4) with the extensions Q(y_;)/Q where
s = 1 (mod 4). We show that there exists some A € Ok such that
i = —A? (mod 49k) and Trg,g(A) = 1. Since this is equivalent to
v2, = A? (mod 49f), by Proposition 5.2.1 this implies Q(v_;)/Q is
tamely ramified. We have that m? = 1,9 (mod 16). First, if &k = 2
(mod 4), n =0 (mod 4) then we have

1+mB\> b+mpB
(F5) =5

(mod 49Dqs))

as in part 4, since we have n = 0 (mod 4). Moreover

1—ap 2 a—+ af
( 5 )E— 5 (mod 49q(ps)

as in part 4, since we have £ = 2 (mod 4) as above. This satisfies

—v% = A% (mod 49k) and

_1+mpl—ap
D) 2

A
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which clearly satisfies Trg,g(A) = 1.
Now, if k=0 (mod 4) and n =2 (mod 4) then we have

1- b
( Qmﬂ) = - +2m5 (mod 4Dq(s))

as in part 4, since we have n =2 (mod 4). Moreover

1+aB\?> a+af
(75) =

(mod 4D q(as))

as in part 4, since we have k = 0 (mod 4). This satisfises —v} = \?

(mod 49 ) and
_1-mpB1l+ap
2 2

which clearly satisfies Trg/g(A) = 1. So, in either case, Q(y-1)/Q is

A

tamely ramified by Proposition 5.2.1.

]

Remark 5.2.5. We refer to extensions of the form described in Theorem 5.2./
as Fujisaki extensions. That is a Fujisaki extension is an extension L/Q such

that L = Q(,) where v} = %(a + af)(b+ mp) as defined above.

5.3 Discriminants and integral bases

Suppose that L/Q is a tamely ramified quaternionic field with biquadratic
subfield K. Write K = Q(a, 8) with a® = a, 3% = b squarefree integers,
necessarily congruent to 1 modulo 4. In order to find local generators we
first need to ascertain a Z,-basis for Oy, for each prime p. To do this we
consider the discriminant of L/Q and compare it to an Og-module with a

specified basis. First we consider the ramification of each prime p.

Lemma 5.3.1. No prime number p is totally ramified in L/Q.
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Proof. We show that no prime number p is totally ramified in K/Q. For a
quadratic extension Q(d) with 6% = d a squarefree integer, a prime number
p > 2 splits in Q(J) if and only if (%) = 1. Since the Legendre symbol is
totally multiplicative in the top entry, at least one of (%), (%), (%’) is equal
to 1, and so splits in at least one of the subextensions Q(«)/Q, Q(5)/Q,
Q(af)/Q. Also, the prime 2 is unramified as the extension is tame. Therefore

p is not totally ramified in K/Q for any prime p. O

Any prime that does ramify, then, may still not totally ramify, but will
appear in the discriminant of L/Q. We determine the power with which

ramifying primes appear.

Proposition 5.3.2. Let p be a prime number that ramifies in L/Q. Then

6 if p ramifies in K/Q
vp(0(L/Q)) =

4  otherwise.

Proof. Let e, denote the ramification index of p in L. If p ramifies in K/Q
then e, > 2, but we have e, # 8 by Lemma 5.3.1, so we must have e, = 4.
Since the ramification is tame, [Neul3, Chapter III, Section 2, Theorem 2.6]
implies that vy (®(L/Q)) = 3 for each prime ideal P of O, lying above p, and
then [Neul3, Chapter III, Section 2, Theorem 2.9] implies that v,(0(L/Q)) =
6. If p does not ramify in K/Q then e, = 2, and we have v3(D(L/Q)) =1
for each prime ideal P of Oy lying above p. Finally, [Neul3, Chapter III,
Section 2, Theorem 2.10] implies that v,(0(L/Q)) = 4. O

We now work with a certain 9 g-module, I', defined via a specified basis,
and consider its discriminant along with that of L/Q. First, we must spe-
cialize to tame Fujisaki extensions and we begin by finding the discriminant

of I" so that we may use it as a comparison for Oy, .
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Lemma 5.3.3. Let L = Q(,) be a tame Fujisaki extension. Suppose that
a and b are squarefree, that (a,b) = 1 and that r is a squarefree odd integer

satisfying (r,ab) = 1. Let

I'=7Z(1, o, 8,08, %, 0(3), 7(w),07(7)) C L.
The discriminant of I in the extension L/Q is denoted and given by
() = 2'%a5p%¢%,
Proof. Taking the trace map Tr : L — Q we have
Tr(l) =8, Tr(a)=0, Tr(f)=0, Tr(ap)=0, Tr(ap)=0,

Tr(ba) =0, Tr(a)=8a, Tr(b)=38b, Tr(ab)=8ab, Tr(y,) =0,

Tr(o(y)) =0, Tr(r(y.)) =0, and Tr(o7(y,)) =0.

Moreover,
r(a+ af)(b+m
Trra(yy) = 2T1"K/@< ( ﬁi( 5))
b
= 2TI'K/Q (ﬂ) +0
4
= 2abr,
and

0=
Tru o) = 2T © 202 )

ba — b
- ()

=0.

Similarly, we can find, Tr(y,0(7,)) = Tr(y.07(7y-)) = 0 which is enough to

give
Tr(a(fyT)Q) = 2abr, Tr(T(fyr)Q) = 2abr, Tr(aT(%)Q) = 2abr, Tr(y.07()) =0,
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Tr(o(y)7(7) = 0, Tr(o(y)o7(1r)) = 0, and Tr(7(y,)o7(7:)) = 0.

Consequently, we have

o(I") = det = 21045p%4,

]

Proposition 5.3.4. Letr =1 orr = —1 and let L = Q(,) be a quaternionic
field. Suppose that L/Q is a tame Fujisaki extension such that a and b are
squarefree in Z and (a,b) = 1. Define I as in Lemma 5.3.53. Then

1. 9(L/Q) = a®,

2. for all odd prime numbers p we have Oy, =T.
Proof. Since (a,b) =1 we have
A(K/Q) = d(Q()/Q)(Q(B)/Q) = a*t?,

and so Proposition 5.3.2 implies that a®°|0(L/Q). Now, clearly we have
[' C O, and by Lemma 5.3.3 we know that 9(T") = 2'%a%0S.

88



5.3. DISCRIMINANTS AND INTEGRAL BASES

Now, 9(O1)[o(I") and we know 2 1 0(9 ) since L/Q is tame, thus 9(Op) =

a®b® as required for part 1.

So, for part 2, note that if p is an odd prime number then we have

D(DL) X
[, : T2 =[O, : T2 = o) 216 € 7,

and so O, =T,. O

We must now consider the same problem when r # +1 and when the

quaternionic field L is a tame Fujisaki extension over Q.

Proposition 5.3.5. Let L = Q(~,) be a tame Fujisaki extension. Suppose
that a and b are squarefree, (a,b) = 1, and that r is a squarefree odd integer

satisfying (r,ab) = 1. Let T' be defined as in Lemma 5.5.3. Then

1. o(L/Q) = a®br4,

2. for all odd prime numbers p we have Or, =1T,.

Proof. Suppose that » = 1 (mod 4). Here, if r = —1 (mod 4) then we
replace v; with 7_; in the following. As in Proposition 5.3.4, we have
a®b®[o(L/Q). Now let p be a prime number dividing r and p a prime ideal
of D lying above p. Using Proposition 5.3.2, we see that to prove part 1 it
is sufficient to show that p is unramified in K/Q and p is ramified in L/K.
The first is easy since (r,ab) = 1 so any prime dividing r does not divide
the discriminant of K/Q, which is a*b?, and so is unramified. For the second
part we note by [HGKS81, Theorem 118| that p is ramified in L/K if and
only if v,(72) is odd. We have r =1 (mod 4) and L/Q is tamely ramified, so
(K (71)/Q) = a®b® by Proposition 5.3.4, and so p is unramified in K (y;)/Q.

Therefore v,(v7) is even. Now we have

ve(77) = vp(r) = () + 14 (1),
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s0 vp(2) is odd if and only if v,(r) is odd. Finally, since (r,ab) = 1, we
know that p is not ramified in K/Q, so v,(r) = 1,(r), which is odd since
r is squarefree. Therefore p is ramified in L/K, and so d(L/Q) = a%b5r?.
The proof of part 2 is analogous to part 2 of Proposition 5.3.4 since ?(I") =
216450%r1 by Lemma 5.3.3. O]

We have ascertained a basis for Oy, and can use this to find the local

generators we seek.

5.4 Galois module structure

Before we find these local generators we first look at what we know of the
module structure of O as a Z[G]-module. Letting L/Q be a Fujisaki exten-
sion defined in Remark 5.2.5 we will also suppose that a and b are squarefree,
(a,b) =1 and that r is an odd, squarefree integer such that (r,ab) = 1. We
first recall Theorem 2.1.26, a result due to Martinet (1971) that gives a cri-
terion for when Oy is free over Z[G]. Recall that this is freeness in the
classical case, and we wish to further investigate freeness when our extension
is adorned with Hopf-Galois structures that are not the classical one. This
result allows us to ascertain the answer to this with the classical structure
with a much simpler method.

We now find the possible values of 1) and ¢ from Theorem 2.1.26 for tame

Fujisaki extensions.

Proposition 5.4.1. Let L = Q(~,) be a tame Fujisaki extension of Q. Sup-

pose that a and b are squarefree and (a,b) = 1. Then
1 (mod4) ifk=0 (mod4)
—1 (mod4) ifk=2 (mod4).
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Proof. Since (a,b) = 1 the discriminants of the three quadratic subfields of
L/Q are a,b,ab. Recalling that a = k*> +m? + n? and b = m? + n? with m

odd and k,n even we have
l+a+b+ab=(1+b)(1+b+k*) = (1+0b)*+Kk*(1+b).

We know that b =1 (mod 4) so b+1 =2 (mod 4) and (b+1)?> =4 (mod 16).
If ¥ =0 (mod 4) then k% = 0 (mod 16) and we have 1 +a + b+ ab = 4
(mod 16), so ¢ = 1 (mod 4). If k = 2 (mod 4) then k? = 4 (mod 16) and
we have 1 +a+b+ab=4+8(20' + 1) (mod 16) for some integer ¢'. Hence
l+a+b+ab=12 (mod 16) and ¢ = —1 (mod 4). O

Proposition 5.4.2. Let L = Q(~,) be a tame Fujisaki extension of Q. Sup-
pose that a and b are squarefree and (a,b) = 1 and that (r,ab) = 1. Then

Y =c€lr| (mod 4)
where € =1 if L 1s real and ¢ = —1 otherwise.

Proof. Proposition 5.3.4 gives A = a%0%r* so p|A if and only if p|abr so

[T =TI »=labr| = abl

p|lA plabr

since a,b and r are squarefree, pairwise coprime and a,b > 0. Since a,b are

both congruent to 1 modulo 4 we have that

ablr| = |r| (mod 4).

With these results we have the following useful corollary.

Corollary 5.4.3. Let L = Q(~,) be a tame quaternionic extension of Q.
Suppose a and b are squarefree and (a,b) =1 and that (r,ab) = 1. Then Oy,
is a free Z|G]-module if and only if n =0 (mod 4).
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Proof. Let k=n =0 (mod 4), then r =1 (mod 4) by Theorem 5.2.4. Thus
¢ =1 (mod 4) by Proposition 5.4.1 and ¢ = 1 (mod 4) by Proposition 5.4.2
since either r > 0 so that |r| =1 (mod 4) and e = 1 (L is real) or r < 0 so
that |r| = —1 (mod 4) and e = —1 (L is not real).

Let k=n =2 (mod 4), then r = 1 (mod 4) by Theorem 5.2.4. Thus ¢ =
—1 (mod 4) by Proposition 5.4.1 but ¢» = 1 (mod 4) by Proposition 5.4.2 as
above.

Let k = 2 (mod 4), n = 0 (mod 4), then r = —1 (mod 4) by Theo-
rem 5.2.4. Thus ¢ = —1 (mod 4) by Proposition 5.4.1 and ¢ = —1 (mod 4)
by Proposition 5.4.2 since either » > 0 so that |[r| = —1 (mod 4) and € = 1
or r < 0 so that |[r| =1 (mod 4) and € = —1.

Let £ = 0 (mod 4), n = 2 (mod 4), then r = —1 (mod 4) by Theo-
rem 5.2.4. Thus ¢ = 1 (mod 4) by Proposition 5.4.1 but ¢y = —1 (mod 4)
by Proposition 5.4.2 as above. O

Remark 5.4.4. It is worth noting that it is obvious the choice of r cannot

affect whether or not O, is a free Z|G]-module.

Example 5.4.5. Recall Example 2.1.28. We have L = Q(v) with * =

#A‘HT V54l - This is a tame Fujisaki extension for which Oy is not free

over Z[G].

Example 5.4.6. Construct a Fujisaki extension with m = 5, n = 6 and
k=2 Let L = Q(vs) so that L/Q is tame by Theorem 5.2.4. Then we
find = —1 (mod 4) and v» =1 (mod 4) so that Oy, is not free over Z|G|.
However, letting m = 5, n = 4 and k = 6 gives a quaternionic extension
Q(v-1)/Q that is tame. Moreover ¢ = —1 (mod 4) and ¢ = —1 (mod 4)
(son =0 (mod 4)) so that Oy, is free over Z|G].
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Chapter 6

Local freeness and generators

In this chapter we assume that L/Q is a tame Fujisaki extension with Galois
group G, and that H = L[N]% is a Hopf algebra giving a Hopf-Galois struc-
ture on the extension. Note that from now on we denote by = the element

7 such that Q(~,) = L. We will prove the following theorem.

Theorem 6.0.1. If L/Q is a tame Fujisaki extension then Oy, is locally free
over Ay for all H.

Due to Proposition 2.3.12 we know that this is true for H commutative
and so we start by proving the result for the structures of dihedral type, and

find the result for the classical and nonclassical structures is straightforward.

In addition, for each Hopf algebra H giving a Hopf-Galois structure on
L/Q and each prime number p, we obtain an explicit local generator, denoted
by x,, of O, as an Ay ,-module, for all but the cyclic structures. In fact,
we largely omit the cyclic structures from now on as we have found that O,
is not globally free over 2y for any H of cyclic type by Proposition 4.3.1 and
so we cannot hope to do better than local freeness, a result we already have,

thus explicit generators will not serve any purpose for our investigations.
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6.1 Local generators for p =2

First, we may find a local generator for the prime p = 2. Note here that we
make no assumptions of the type of the Hopf-Galois structure as the following
argument holds for all H. We start by proving that the associated orders
at the prime 2 have certain necessary properties, that leads to the second

proposition that the associated orders at 2 are local rings.

Proposition 6.1.1. We have gy = O[N], that g is a Hopf order in

Hy, and Oy 5 is a free Ap 2-module.

Proof. Since L/Q is tamely ramified and has 2-power degree, the prime num-
ber 2 must be unramified in L/Q. Thus the result follows from [Trull,
Theorem 5.4]. O

Proposition 6.1.2. The Hopf order Ay 2 is a local ring.

Proof. By Proposition 6.1.1 we have 2l o = O75[N]¢. By Theorem 2.3.8, it
is sufficient to show that if z € O 5[N] then either z or 1 — 2 is a unit of
O12[N]¥. Suppose that z & (Or2[N]9)*, then z ¢ (O 2[N])* as otherwise
there would exist w € Oy 5[N] such that wz = zw = 1, and the fact that
z and 1 lie in O 5[N]¢ would force w € O 5[N]¥ as well. Now recall the

isomorphism

Opa = H Ory
pyp

from [FT93, Chapter III, §1, equation 1.8]. This induces an isomorphism
O[N] = HDL,m[N],
P2
and since each O ¢ has residue characteristic 2, and N is a 2-group, each
factor on the right hand side is a local ring by [CR81, §5.25]. Write (zp)q
for the image of z on the right hand side, and write my for the maximal

ideal of Oy g[N]. Since z ¢ (O 2[N])* we have zy € my for some B. But
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G acts transitively on the prime ideals of Oy, lying above 2 due to [Neul3,
Proposition 9.1], and z is fixed by G, so in fact we have 2z € my for all .
Therefore 1 — zp ¢ my for each B, so 1 — 2z € (O gu[N])* for each P and
so 1 —z is a unit of Oy, »[/N]. Since 1 — z is fixed by G, this implies that 1 — 2z
is a unit of O 5[N], Therefore O 5[N] is a local ring. O

The above result is necessary to use a result of Childs and Hurley that
gives us a sufficient condition for an element to be a free generator as required.

We finally give an explicit generator of O 5 as an Ay o-module.

Proposition 6.1.3. An explicit generator of Opa as an Ay 2-module is

_v+>\
2

o .

where

A= }1(1 + (=1)2a8) (14 (~1)"2m§).

This value of X\ is a general form of the values of A found in the proof of

Theorem 5.2.4.

Proof. By Proposition 6.1.2 and Proposition 6.1.1, %o = Or,5[N]“ is a local

Hopf order in Hy. The element § = _ _\ n is a generator of the module

neN
of left integrals of Ay, and so following the proof of Theorem 2.3.7 (see
[Chi00, Proposition 14.7]) a sufficient condition for an element x € Oy 5 to
be a free generator of O, as an Ay o-module is that § - x = 1. We have
0-x = Trpg(z) for all z € Oy 5, so we verify that the trace of the element

%(7 +A) € Op5is 1. We have

TrL/Q(a) =0, TrL/@(,B) =0, TrL/Q(ozﬂ) = (0 and TrL/@(v) = 0.

Hence
+ A 1 1
TrL/(@ </YT> = §TI"L/Q(’Y) + §TI‘L/Q(/\) = TI"K/Q()\) = 1.
Therefore x5 is a free generator of Oy, 5 as an Ay o-module. O
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6.2 Properties of 2y, for odd p

Now, for all odd primes p recall from Proposition 5.3.5 that

Orp =T, =7Z,(1, o, 8,a8,7,0(7),7(7),07(7)). (6.1)

Let x, denote a candidate generator of Oy, as an 2y ,-module. To find
local generators at odd primes we need to study the change of basis matrices
between bases of Ay, -z, and O ,. To simplify this work we first consider

a helpful trait of the Artin-Wedderburn decomposition.

Lemma 6.2.1. For all Hopf algebras, H, of any type that is not cyclic, the

generators of Oy, over Ay, can be written
T, =14+a+ B+ ab+ for,

where fo = (1 — A(0?))/2.

Proof. Recall from chapter 3 that for Hopf algebras H of any type that
is not cyclic, the Artin-Wedderburn decomposition has 4 one-dimensional
components. Recall every underlying subgroup N contains p(c?) so, in each
case, let the elements of the underlying subgroup be 1, n1, 12, 13, p(c?),
p(a®)m1, p(6*)ne, p(c?)nz. Then the four one-dimensional components are

generated by the four idempotents

;1+>\ N (1 +m+m2+m3),
11+>\ N(L+m —mn2—n3),
é1+>\ N(L—=m =2+ ns),
;1+)\ )1 = +n2—n3).

Since p # 2 we have that e, eq, e3,e4 € Ay, by Lemma 2.2.32, part 2. In

fact, ey, e, e3,e4 € O[N] since, as can be easily verified, they are all
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fixed under the action of G. Note here that these idempotents all have a
factor of (1 + A(0?))/2 and that this annihilates v. Whereas, the other four
idempotents in each case will have a factor of (1 — A(0?))/2 which fixes 7.

For any C' € K we have
(L+A(0%) - Cy=[1+X0?)-Cl(y =) =0

and so the basis elements of the one-dimensional components have trivial
action on the other components. In fact, up to ordering, it is easily verifiable

that

e1xr, = 1,

e, = Q,

esr, = [3 and

esy = af.
As previously noted, the idempotents corresponding to the components of
the Artin-Wedderburn decomposition that are not of dimension one all have
the factor (1 —A(¢?))/2 which clearly acts on any element of K by sending it

to 0. As such, when one finds the change of basis matrices, for any labelling

order of ey, ey, e3, e4, we will always find the form
I, O

0 M

where [, is the 4x4 identity matrix, O is the 4x4 zero matrix, and M is an
indetermined 4x4 matrix.

Hence, a basis of 2, is of the form

{e1, e, €3, €4, foE1, foEs, fols, foEs}

and due to the action of e; described above this means a generator of A,

can be written in the form claimed in the lemma. ]
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Remark 6.2.2. The cyclic structures can be handled in a similar way since
the basis has the same form whereby fy appears as a factor in exactly 4 of
the elements that together define the 4-dimensional component of the Artin-
Wedderburn decomposition, so this component can be considered in isolation
as with all of the other types. The difference is that the other four elements
with a factor of (14 X(0?))/2 do not act in the uniform manner that they do
for the other types so cannot be dealt with as quickly.

From now on, then, we consider only the matrix M by studying foO7,, as
a module over fo2(y, and so we shall work only with foz, = coy + c10(y) +
co7(y) + c3o7(y) where fy is the identity element corresponding to the com-
ponent of dimension 4, that is:

1

fo = 5(1 - A(?)).

Lemma 6.2.3. Foru € {a, 8,af} and p € {id, o, 7,07} the value of uu(~y)

can be written in terms of the basis of I'y as follows.

o B af

id | m+kt+not m -+ not b+ nko + mkr

o | mo—nr+kor —mo+nt nk — bo — mkot

T k—no—mr no +mrt mk — br + nkoTt

oT | n+ ko —mot n—motr —mko+nkr+bor

Proof. We give an example of finding such values and then an example of
verifying the claimed value, and leave the remaining cases to the reader. Let

u = a, it = id, then

ay = c17 + 20 () + es7(y) + cu07(7)

(a—éﬁﬁﬂm7+%a;57+qﬁgm

=cC1y +C gl
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where ¢y, 9, c3, ¢4 € Q. Equating coefficients gives the system:
b m
Yicp——co— —cy =0
nk n

m 1
oy —ECQ—FECg: 1

m 1 1
D —Cy — — —c4 =0
By nkc2 kC3+nC4

1
i —cy =10
apy nkCQ

Hence, ¢ = 0 so ¢3 = k and so ¢4 = n, and finally ¢; = m. That is
ay =my+ kr(y) + not(7).

We now verify the calculation for u = o, 4 = o. In this case the lemma
claims
ac(y) =mo(y) — nt(y) + kor(7).
This can be verified by comparing the two sides of the equation. The left

hand side gives

LHS = ao(7v)
SNCELCEON
—ma — ba + aff + maf
B nk 7

and the right hand side gives

RHS = mo(y) — n7(y) + kor(7)

_ %(m(a — B)(B—m) —n*(a—B) + k(B — m))v

_ %(mg(a —B) —m?*(a — B) —n*(a — B) + k*B — k2m)7
_ n_lk(_b(a—ﬁ) +k25+m0zﬁ—mb—mk2>7

_ n_lk( —ba+ B(b+ k) +maB — m(b+k2))7

— n_lk(_ma — ba + a8 + maf)y,
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as required. The remaining values can be similarly calculated and verified.

[]

6.3 Noncommutative structures

We can find local generators by constructing a generic generator of fy2ly,,
for each odd prime p, of the form dy fo + di f1 +da fo + d3 f3 where d; € Z, and
fi are the basis elements of fy ,, the 4-dimensional component of g,
where H is the Hopf algebra in each case. One then finds the change of basis
matrix between I') = Oy, and 2y, and its determinant in terms of the d;.
By first setting the values of the d; to choices of 0 or 1, one may find the
primes that divide the resulting determinant. For any prime that does not
divide the determinant, this would be a local generator, for the rest we use
a different choice of generator, until we have generators for each odd prime.

We first discuss the local generators for structures of type D,. In these
cases we don’t even know if local generators exist as Proposition 2.3.12 only
applies to structures of abelian type. Nevertheless we have Oy, ,[N]¢ C Ay,

so we study foOr, as a module over foO ,[N]°.

Lemma 6.3.1. If H is of dihedral type then Oy is locally free over Ay and
we have the following local generators, where ¢ € {\, p}.

1. If H = L[D, 4]¢ then

;

s(v+2) if p=2,

=93 l+a+pB+af+y if pf2m,

| l+at+B+aB+y+or(y) if pim.
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2. If H = L[D, )¢ then

(

1(v+A) if p=2,

Ip= 1+a+p+aB+y if pt2m,

\ l+a+B8+af+y+or(y) if pm.

8. If H= L|D,,4|¢ then

;

T(v+ 1) if p=2,

=93 1+a+pB+af+y if pt2b,

| L+a+B+aB+y+o(y) if plb

Proof. First, the value of x5 in every case is given from Proposition 6.1.3.
Now, we recall the basis elements corresponding to the dimension 4 compo-
nent of the Artin-Wedderburn decomposition of L[D; ,|¢ from Lemma 3.3.7

are

Jo= (1 - )\(02))7
fl = fOp(S)7

N | —

f2 = wfol(s)p(t),
f3 = wfoA(s)p(st).

Note that the basis elements from Lemma 3.3.7 all lie in O[N], Recall
equation 2.2 that states the action of L[N]¥ on L is defined by

(Z cnn> cr= Z can”H(1g)[z).

neN neN
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From this we deduce the actions of each of these basis elements on some

element of O of the form p(y) where u € {id, o, 7,07} are as follows:

Jo- () =p(v),
Jr-p(y) =sp(v),
Jorp(y) = —wstp(y),
fs - () =wtp(y).

One may use these equations, with different choices of s for each of the three

structures with underlying subgroup of the form D, ,, to form the change

EN)
of basis matrices between foOr , and fo2(y, for any candidate generator as

discussed above, using Lemma 6.2.3 to ease the calculations.

First consider D, , where s is chosen to be 0. We first consider the

candidate generator 7. The change of basis matrix is then

k —-n —m 0

with determinant m?. Thus v generates foO; , for all primes p that do not
divide m. We may note that the determinants that correspond to the candi-
date generators o(7), 7(7) and o7(7) are also m? so we consider candidate

generators of the form v + p(7y).
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Consider v + o7(7) which gives rise to the change of basis matrix

1 0 0 1
0 1 -1 0
Mytor(y) =
m-—n —k k m-+n
k m-n —m-—n k

with determinant 4n2. Clearly no odd prime that divides m? may divide
4n? as the square of such a prime would divide b, contradicting that b is
squarefree. Thus we have that O , is generated as a O ,[N]“-module by the
claimed z;,, when H has underlying subgroup D, ,. Hence, 2y, = Or, ,[N].

Similarly, choosing 7 for s we get the same candidate generators giving
rise to the same determinants of the change of basis matrices.

Choosing o7 for s, we consider the candidate generators v and v + o(7y)

giving rise to change of basis matrices

and

YHo(v) —
—mk mk nk+b —nk-+b

nk—b —nk—->b —mk —mk
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respectively, with determinants b? and 4k?n? respectively. Suppose p is an
odd prime dividing b*. If p|4k*n?® then p|k or p|n. If p|k then p|a since
p|b, contradicting that @ and b are coprime. If p|n then p/m and so p?|b,
contradicting that b is squarefree. This proves the claims for the structures
with underlying subgroup D ,.

Finally, we recall from Proposition 3.4.1 that D; , is the underlying sub-
group of the opposite structure to that of D; , for each choice of s. From the
proof of Theorem 2.3.9 (see [Trul8, Theorem 1.2]) we have that if O, =
01D )¢ - x, then Op, = A, - ¥, where H = L[D,,]% That is the local
generators found for the structures with underlying subgroup D; , are also

local generators for the structures with underlying subgroup Dj . O]

Remark 6.3.2. Above, we may perform the same process for the structures
with underlying subgroup D\ as we did with Dy ,, however, this appears not
to work. We find that any candidate generator of the form coy + (),
where ¢y, ¢y = 0,1, gives rise to a determinant that is divisible by b. This
implies that the associated order of the Hopf algebra with underlying subgroup

D\ may not be equal to O1[D ]9 in general.

We now find explicit local generators corresponding to the structures of

type Qs.

Lemma 6.3.3. If H is of quaternion type then we have the local generators

s(v+A) if p=2,
l+a+B+aB+vy if p#2.

Proof. From [Trul8, Theorem 1.1 & Theorem 1.2] we have that x, generates
Or, as an Rgjg-module if and only if x, generates O, as an 2, gye-module.

Thus we need only prove the proposition for the structure with Hopf algebra

H = Qla].

104



6.4. COMMUTATIVE STRUCTURES

Recall from Proposition 5.3.4 the definition of I'y. It is clear from this
that for H = Q[G] we clearly have that Oy, is generated as an Ay-module
by the claimed z, for all odd p. ]

We have proven Theorem 6.0.1.

6.4 Commutative structures

Recall that, by Proposition 2.3.12, g, = 91 ,[N]¢ and Oy, is locally free
over A ,. In this section we find explicit local generators corresponding
to the commutative structures. We will present local generators as in the

previous section, and then verify the choice.

Lemma 6.4.1. If H has elementary abelian type then we have the following

local generators.

1. If H = L[E, .| then

.

1(v+ ) if p=2

=3 l+ta+B+aB+y if  plon,p #2

| I+ta+B+ab+y+o(y) if pt2on

2. If H = L[E, ] then

(

v+ ) if p=2

Tp=93 l+a+8+al+~ if p12bm

\ l+a+pB+af+v+7(y) if plom.
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Proof. Let H = L[E,.]° Then by Proposition 2.3.12 we have Ay =
Or|E,,]¢ and by Proposition 6.1.3 we have that xy = % We find a basis
for the associated order at odd primes using the same theorem of Boltje and
Bley as in Chapter 3; one may recall the orbit structure of the dual group

—_

E, . from Lemma 3.3.1 and apply Lemma 2.2.32 to find a basis of fyRg, is

1

Jo:= 5(1 — Ao?)),

Ji = afor(o)p(T),
f2 = BfoA(T)p(oT),
fs = aBfor(oT)p(o).

Note also that each of these lies in O, ,[N]¢. We now consider the element

for, =7 and find for which primes p this is a local generator for fyO; over

foly. We have

fory = %(1 = Ao%))y = %(v — (=) =",
fr-7 =5 (Mo)p(r) = A@*)p(7))
=5 (7 (0) = (o7 ()
=~ ao7(3)

fo 7 =2 o (M@lom) 4
=p70(7)
=—Bo(v)
=ma(y) = n7(7y),
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fs-7 =2 (AoT)p(o)) -1
—afioro™(3)

=—apr(y)
= —mky + br(vy) — nkot(7).

Hence the change of basis matrix between f,Oy , and Ay, is

-mk 0 b —nk

with determinant D, = bm? — k*n®. Therefore v is a generator of foOy,,
over fo2ly, for p1 D.. For prime numbers dividing D., we require a different
generator. First of all, the change of basis matrix obtained from generators
o(v), 7(v) and o7(v) all have the same determinant as above. We may
consider the generator fyz, = v + o(y). This gives a change of basis matrix
with determinant D.,,,(,) = —4bn?, found as above.

Let p be an odd prime dividing D, = bm? — k?n®. Now if p|4bn? then
p|b or p|n. If p|b and since p|(k*n* — bm?) then p|n or p|k. If p|n then since
p|b we also have p|m so p?|b which contradicts that b must be squarefree.
Alternatively, if p|k then, since p|b, we also have p|a which contradicts that
a and b are coprime. So p 1 b. Now if p|n then p|m or p|b. Since we know
p 1 b we must have p|m, but then p|m and p|n which would require p|b, a
contradiction. Thus if p|D, then p { Dyis(,). This proves part (1) of the
lemma.

We perform the same analysis for the other structure of elementary abelian

type, H = L|E,,]¢. Following the same working as above, with ¢ and 7 in-
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terchanged, we find a basis for fyOp , over fop, is

1

Jfo 325(1 — Ao?)),

fr =BfoA(T)p(0),
fa =afoM(o)p(oT),
fs =aB foA(oT)p(7).

Now, as above we find the action of these basis elements on the candidate
generator element v and construct the change of basis matrix between these
and I'p. This matrix has determinant D., = bm?. Since there exist odd primes
that divide D, we now consider alternative candidate generators. As before,
the determinants of the change of basis matrices corresponding to o (), 7(7)
and o7(7) are all also bm?. Unlike in the previous case v + () does not
work as an alternative since the corresponding determinant is 4k?m?, so any

prime dividing m would divide both determinants.

As such we consider the candidate generator element y+7(«y). The change
of basis matrix for this element has determinant D,y = 4k*m?* — 4bn>.
Now suppose p is an odd prime dividing D,. Then p|b or p|m. If p|b and
p|(k*m? —bn?) then p|k or p|m. If p|m then p|n since p|b so p?|b contradicting
that b is squarefree. If p|k then p|a since p|b but this contradicts that a and
b are coprime. So p{b. If, instead, p|m and p|(k*m? — bn?) then p|b or p|n,
in either case p|b which we know is not possible. Thus no odd prime that

divides D, may also divide D.,(,). This completes the proof of part (2). [

We do the same for the structures of type Cy x Cs.

Lemma 6.4.2. If H is of Cy x Cy type then we have the following local

generators.
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1. If H = L[A,,]€ then

T(v+ ) if p=2
l+a+B8+aB+7y if plb,pt2(k? +m?)
l+a+B8+aB+v+a(y) if pt2b

l+a+pB+aB+v+or(y) if plb,p|(k*+m?),p # 2.

\

2. If H= L[A,,,]% then

%(74—)\) if p=2
l+a+B8+aB+7y if pt2b
l+a+B+aB+y+a(y) if plb,pt2(k*+m?)

l+a+pB+af+y+7(v) if plbp|(k*+m?),p#2.

\

8. If H=L[A,,]¢ then

s(r ) if p=2

=93 1+a+pB+af+y if pt2m

\ l+a+p+aB+y+7(v) if plm.
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4. If H=L[A,,.]¢ then

(

v+ if p=2

Ip =Y 1+a+p+aB+7y if p12b

| ItatB+ab+y+7(y) if plop#2

5 If H=L[A,,,]¢ then
(

Ly + ) if p=2
l+a+fB+ab+y if pf2(k*n®+0b?)
l+a+pB+af+y+7(y) if pl(En®+b%),p1 20k

l+a+B+ab+~y+or(y) if p|(k*n®+b%),p|bk* p # 2.

\

6. If H=L[A,,,|¢ then
(

v+ N if p=2
l+a+B+af+y if p12(k*m?+ b?)

l+a+pB+ab+~y+o(y) if p|(k*m?+0b%),p12bk>

l+a+4+af+vy+o0r(y) if pl(k*m?+b?), p|bk?, p # 2.

\

Proof. We first recall a basis for fyRg, for all odd primes p where H =
L[A,;])¢ from Lemma 3.3.2. Our basis of foR2,, then, is

fo= 11— A0?),

2
fi=wfor(s)p(t),
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f2 = fOp(t)7
f3 = wfo)\<8).

The actions of each of these basis elements on some element of O, of the

form () where p € {id, o, 7,07} are as follows.

for () =n(v),
fr-n(y) = —wstu(y),
forn(y) = —tw(),
fs - p(y) =wsp(y)

One may use these general equations with different choices of s and ¢ depen-
dent on the structure in question to form the change of basis matrices for
any candidate generator of the form ~ + p(v) using Lemma 6.2.3.

We must consider each structure from here on separately due to the nature
of the action of the basis elements. First, for part (1) consider H = L[A, ,]°.
In the same way as above we first consider the candidate generator v. The
determinant of the corresponding change of basis matrix is D, = k* + m?.
Similarly to above we find the determinants for the change of basis matrix
arising from the generators v + o(vy) and v + o7(7) to be 4b and 4k?* + 4n?
respectively.

Now, suppose some odd prime, p, exists that divides all of these determi-
nants. Then p divides (k* +m?) + (k* +n?) —b = 2k*. This implies that p|k?
as p is odd and so p|a since p|b. This contradicts that a and b are coprime
so no such prime exists.

Similarly, for part (2) and the structure corresponding to the Hopf algebra
H = L[A,,,]¢ we find the change of basis matrix determinants arising from
the candidate generators 7, v+ o(v) and v + 7(7). These are, respectively,
b, 4k? + 4m? and 4k* + 4n®. Following the exact same argument as above,

an odd prime, p, dividing all of these determinants must also divide k? and
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so would divide a since p|b. This contradicts that a and b are coprime and
so no such prime exists.

For part (3) and the Hopf algebra L[A,,]% we find the determinants of
the change of basis matrices arising from the candidate generators v and
v+ 7(7) to be m? and 4b respectively. Any odd prime dividing m? and 4b
must also divide n so that p?|b, contradicting that b is squarefree.

For part (4) and the Hopf algebra L[A, .| we again find the determi-
nants of the change of basis matrices arising from the candidate generators ~y
and v + 7(). In this case these are b and 4m? respectively. Any odd prime
dividing 4m? and b must also divide n so that p?|b, as before, contradicting
that b is squarefree.

For part (5) and the Hopf algebra L[A,,,]¢ we find the determinants
of the change of basis matrices arising from the candidate generators v and
v+ 7(y) and v + o7(7) to be k*n? + b?, 4k*m? + 4k*n? and 4k*m? + 4b°
respectively. Any odd prime dividing all of these determinants must also
divide (k*n?+b%) — (k*m?+b?) = k*n? — k*m? so must divide (k*n? — k*m?)+
(k*n? + k*m?) = 2k*n?. Since p is odd this gives that p|kn. Similarly such a
prime would have to divide b and km. No such prime can divide all of these
as any prime dividing b cannot divide k else a and b would not be coprime,
and cannot divide m or n else b would not be squarefree.

Finally, for part (6) and the Hopf algebra L[A,, ] we find the determi-
nants of the change of basis matrices arising from the candidate generators
and v+ o () and v+ o7(7) to be k*m?2 + b2, 4k*m? + 4k*n? and 4k*n? + 40°
respectively. Following the same argument as in the previous case we find

that no odd prime may divide all of these determinants either. O
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Chapter 7

Global freeness of Hopf-(Galois
structures of dihedral type

In this chapter we focus on the structures of dihedral type. It is suffi-
cient to study the structures with underlying subgroup D, , due to Corol-
lary 2.3.10 and Proposition 3.4.1. Let L/Q be a tame Fujisaki extension,
let H = L[D,,]¢ for some s € {o,7,07}, let w € {a,,aB} such that
s(w) = w and t(w) = —w for any ¢t € {0, 7,07} where s # t. Let Ay be
the associated order of Oy in H. Start by recalling from Lemma 3.3.7 that
the Artin-Wedderburn decomposition of H is Q* x (—1,w?)g, and so the
Artin-Wedderburn decomposition of the centre of H, C, is Q5.

7.1 Class group conditions

In this section we find that O having trivial class in the locally free class
group is sufficient for O, to be free over Ay. We also derive useful conditions
that help us determine the class of O;. First, we know that if O has trivial

class it is stably free as an 2 y-lattice by Remark 2.4.4.

Lemma 7.1.1. Stably free Ay-lattices are free.
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Proof. By Proposition 2.4.2 it is sufficient to show that H satisfies the Eichler
condition relative to Z. That is no Wedderburn component of H is a totally
definite quaternion algebra over Q. The first four components clearly satisfy
this so we only need to consider the component (—1,w?)g. Since w? > 0 we
clearly have that w? is a square in R and so by part 1 of Proposition 2.2.38
we have (—1,w?)g & My(R). That is (—1,w?)g does not remain a division
ring when we extend scalars to R and so H does satisfy the Eichler condition

relative to Z. O
An obvious and useful corollary is the following.

Corollary 7.1.2. Oy is a free Ay-module if and only if it has trivial class
in Cl(2g).

The reduced norm map nr : H* — C* can be better understood with the
known Artin-Wedderburn decomposition of H. We may note that any h € H
corresponds to a H-tuple in the decomposition, so let h € H correspond to
(co,c1,02,c3,2) € Q* X (—1,w?)g. Then the reduced norm of h corresponds
to a 5H-tuple that uses the norm of the quaternion algebra. In this case the

norm N on (—1,w?)q is defined by
N(z0 + z1u + 220 + 23uv) = 22 + 27 — w23 — w23

where u? = —1,v? = w?. Then, explicitly, the reduced norm of h corresponds

to (co, ¢1, o, c3, N(2)).

Lemma 7.1.3. In this case the reduced norm map nr : H* — C* is surjec-

tive.

Proof. We study the reduced norm component by component as on the first
four components the reduced norm is trivial. It therefore remains only to
show that NV : (—1,w2)6 — Q* is surjective, since Q* is clearly the centre

of (=1,w?)g. First we view N as a quadratic form. By the Hasse-Minkowski
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Theorem (see [Ser12, Part 1, Chapter 4, Theorem 8 and Corollary 1]), given
x € Q* the equation

2 2 2,2 2,2 _
Zogt+ 2 —wizy —wiz3 =T

has a solution in Q if and only if it has a solution in R and a solution in
Q, for each prime number p. For all x the equation clearly has a solution
in R as one can trivially choose 29 = /7,21 = 20 = 23 = 0if x > 0 or
29 = \/—xjw? 2 = 21 = z3 = 0 if < 0. By [CR81, Theorem 7.45], this

equation also has a solution in each Q,. O

Remark 7.1.4. This lemma also means that the group C is equal to C*

so we have

3(0)
O T, wr(205,,)

We now present results that shed light on what it is that makes an element

I

Cl(Ay) (7.1)

of App, a unit.

Lemma 7.1.5. If p is odd then
QLHJ, = Zé X %p

where By, is the following Z,-order in (—1,w?)q,:

1—p(s°)

%p - fOQlH,p - 9

D/

Proof. This follows immediately from the basis elements found in Lemma 3.3.7.

[
Corollary 7.1.6. If p is odd then Ay, = (Z5)* x Bx.

Lemma 7.1.7. If z € B, is an element whose reduced norm is a unit in Z,

then z € ‘B;.

Proof. Let z € %B,,. Then, by Definition 2.2.42, N(z) = 2z and thus 2(37;) =

1. Hence z is a unit with inverse z/N(z). O
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Corollary 7.1.8. An element h € Uy, is a unit of g, if it corresponds to
an element (co, ¢y, o, C3,2) € Zf? X %;‘; where ¢y, ¢1, ca,c3 and N(z) are units

of Z,.
We have a similar result for the remaining case where p = 2.
Lemma 7.1.9. An element z € Ay is a unit if and only if £(z) € Z5.

Proof. Recall from Proposition 6.1.2 that 2y, is a local ring. By definition
it therefore has a unique maximal left ideal 7 for which Q[IX_M =Apo—TJ.
Therefore z € Ay is a unit if and only if it does not lie in J. It is therefore
sufficient to prove that J = 22y, + ker(e) as an element z € Ay would
have counit in Z if and only if z ¢ 7.

First, 2 2 + ker(¢) is clearly a left ideal of 2y 5. Now there is a natural
surjective homomorphism Ago — Ap /222, and a further surjective ho-
momorphism € : Ap o /2Up 0 — Zo /275 defined by £(z 42y 2) = £(z) + 2Zs.
The composition of these homomorphisms has kernel 22 5 + ker(¢) and im-
age Zs/27s. Since the image is a field the kernel of the map must be maximal

and hence equal to J, the unique maximal left ideal of A ». n

In fact, we can find a set of congruences that determine when some z € H,

lies in Ay . Here we recall the basis of H = L[DW]G found in Lemma 3.3.7:

{607 e1, €2, €3, fo, f1, fo, fs}-

Lemma 7.1.10. Let z € Hy have the form z = cpeq + c1e1 + cae9 + c3€3 +
do fo + di fi where ¢;,d; € Q. Then z is an element of Ap o if and only if the

following congruences have a solution:

cot+cr+ceat+cs+4dy=0 (mod 8), (7.2)
co—c1+ca—c3+4dy =0 (mod 8), (7.3)
co+cp—ce—c3=0 (mod 8), (7.4)
co—c1—ca+c3=0 (mod 8), (7.5)
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Proof. Write z in terms of a Z-basis of 2y 5. Such a basis will not neces-
sarily respect the Artin-Wedderburn decomposition but is easier to test for

integrality. The basis we use is derived using Lemma 2.2.30 and is as follows:

1, plor), plo®), plro),
1—ap

Nom)o(o) + Ar0)olo). P Aom)plo) + + PN (r0)pl0),

L0 (oryplr) + 127

Aro)p(T).

By rewriting z in terms of this basis and requiring that each resultant coef-

AoT)p(T) + A(To)p(T), and

ficient is integral at 2 we find that z, € A, if and only if

co+ci+ceat+ces+4dy =0 (mod 8),

co—C+c—c3+4dy =0 (mod 8),
co+cp—ca—c3=0 (mod 8),
co—c1—ca+c3=0 (mod 8),

co+ci+ceatcg—4dy =0 (mod 8),

co—c1+ca—c3—4d; =0 (mod 8),

co € L5 .

Finally, since —4d; = 4d; (mod 8) for either i = 0,1 we have derived the

claimed congruences. ]

7.2 Constructing ideles corresponding to O

Let x =1+ a+ 8+ af +, then x is a free generator of L as an H-module.
Recall from the previous chapter that a free generator of Oy, as an Ay ,-
module, for each p, is denoted x,. We define h, € H, by h, -2 = z,. Then
the class of Oy, in Cl(2(y) corresponds to the sequence (h,). Thus the class
of 9y is trivial if and only if there exists ¢ € C'* such that, for each prime p,

nr(h,) = cu, for some u, € nr(A ) by Equation (7.1).
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7.2.1 Global freeness over the associated order in L[D,,, ,|¢

Theorem 7.2.1. Let H = L[D,,,|°. Then O, is free over Ay if and only
if n = 0 (mod 4). This, in turn, is equivalent to O being free over the

classical associated order Z|G] of Q[G] by Corollary 5.4.3.

We will prove this theorem in stages. We start by finding the values of

nr(h,) before investigating whether these values have the form we want.

Lemma 7.2.2. Let H = L[D,,,]¢ and let h, be defined as above. Then we

have

%(604‘(—1)%777,614—(—1)%624-(—1)M—Tnmb€3+2f0> if p=2,
nr(hy,) = eo+er+es+esz+ 2"’T”fo if plb

1 if pt2b.

\

Proof. Recall Lemma 6.3.1 which gives local generators:

(

s(1+ (1) = mba + (=1)2mf + (=1)2af + 4v) if p=2,

Ip =9y 1+a+F+aBf+7y if p120,

| L+a+B+af+y+o(v) if plb.

Furthermore, the proof of Lemma 3.3.7 gives a Q-basis of L[D,,,]“. Letting
m = p(o7) and ny = A(o7)p(0) we recall the basis to be

eo = %(Hm+nf+?7i”+772+77mz+?7?772+77i”?72),
e = %(1—771+77f—77?+772—771772+77?772—7ﬁ’772),
ey = é(1+771+77%+77:13—772—771772—77%772—77?772%
ez = é(l—mJﬂﬁ—77?—772+771772—77%772+77?772)a
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1
f0: 5(1_,0(0-2)), lefOIO(O-T)a
f2= aBforoT)p(o), and f3 = aBfol(oT)p(T).
We can easily describe the action of some of these basis elements:

ecg: 1—1, a—0, [B—0, af—D0,

er: 1—=0, a—0, =8, af—0,
ea: 1—=0, a—0, [B—0, af— ap,
e3: 1—=0, a—a =0, ab—0,

and e; : v — 0 for all i = 0,1,2,3. We further note that fy : w — 0 for all
we{l,a,B,aB} and fy: v+ 7. So, it is clear that

1
hQI é €0+(—1)

N3
IMIE

mey + (=1)2eq + (—1) 2 mbes + 4o |. (7.6)

Now, for primes p such that p t 2b we clearly have h, = 1 so now consider
primes p for which p|b. In this case it is clear what the coefficients of the e;
must be for each i € {0, 1,2,3} by the above actions so we mostly consider
only foh, from now on. Write foh, = co fo+ci1fi+cafo+csf3 for some ¢; € Q.
Then we require foh, - = fox, which is equivalent to foh, - v = v+ o(v).
Equating coefficients of vy, o (), 7(v) and o7(7) gives the following system of
equations:

co — mkco + nkez =1,
—bcs =1,
bcy = 0,

¢y — nkeg — mkes = 0.

The solution to this system is easily found to be ¢y = (b + kn)/b,c; =
—km/b,co = 0 and ¢3 = —1/b. Therefore we find the reduced norm of h,, for
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all primes for which p|b by finding

1
nr(fohy) = 7 ((b+ kn)? + (km)? = ab) fo
_ 1o 2,2 2 2
—b2<b +2bkn + k2n? + K*m ab)fo
1 2
_ﬁ<2blm+b(b+k )—ab)fo
1
:§<2bkn)fo
2kn
=5 o
So we have
%(eo + (=1)3me;, + (=1) ey + (—1) 5" mbes + 2f0> if p=2,
IlI'(hp) = €y + €1+ e+ e3+ %Tnf() if p|b
1 it pit2b.

\

]

Lemma 7.2.3. Let H = L[D,,,)° Ifn =0 (mod 4) then Oy, is free (of

rank one) over Ay.

Proof. We need to show nr(h,) found in Lemma 7.2.2 has the form cu, where
c € C* and u, € nr(A ) for all primes p by Equation (7.1). We start with
an informed choice of ¢ that we hope will simplify the next step for both the

case p = 2 and the case p|b. Let

1 n n 1
C = g(@o + (—1)561 + (—1)262 + (—1)%€3> + @fo

1

First note that for p { 2b we have u, = ¢~ which is certainly of the form we

need. Consider the case p|b. We have

[STES

u, = 8<60 +(=1)%e; 4+ (=1)2ey + (—1)H7n63 + knf())
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and need to find some z, € 2y, such that nr(z,) = u,. Clearly we need

MES

k+n

Zp:8(€o+(—1)%€1+(—1) €2+(—1)T€3> +dofo+difi +dafs+dsfs

for some d; € Q for each i € {0,1,2,3}. Now, nr(foz,) = (d2 + d3 — ab(d3 +
d2)) fo. We have that since L/Q is tame, Q(3)/Q is also tame and so b = 1
(mod 4). Thus any prime dividing b that is —1 modulo 4 must occur in the
prime decomposition of b to an even exponent. However b is squarefree and
so any prime dividing b must be 1 modulo 4. As such, there exists i € Z,
such that 2 = —1 for all such p. Therefore we may choose dy = n + 2k,
dy =i(n — 2k) and dy = d3 = 0. Then

nr(foz,) = (n + 2k)* — (n — 2k)* = n® + 4kn + 4k* — n® + 4kn — 4k* = 8kn

as required. The resulting z is clearly an element of Ay, and since the
reduced norm nr(h,) is a unit, by Corollary 7.1.8, we have z, € 24 . That
is h, has the required form for all odd primes.

Now consider p = 2. Since we have chosen
1

c= g(eo +(—1)

we have us = ey + mey + e3 + mbes + bfy. We attempt to find 2z, such that

k k+n
2

1
€o + (—1)T€3> + @fo

|3

€1 + (—1)

nr(zy) = up and 29 € A, Let zp = coeg+crer +caea+czez+do fo+dy fi with
¢i,dj € Q for each i € {0,1,2,3} and j € {0,1}. Recall from Lemma 7.1.10
that 2y € Ap o if and only if the following conditions hold

co+cr+ceat+ce3+4dy =0 (mod 8), (7.7)
co—C1+ce—c3+4dy =0 (mod 8), (7.8)
co+c1—ca—c3=0 (mod 8), (7.9)
cg—c1—ca+c3=0 (mod 8), (7.10)

and if these congruences are satisfied we have z, € 2[;172 if and only if ¢q € ZJ'.
We first choose dy = m and d; = n so that nr(fyz2) = bfy as required.

Suppose n =0 (mod 4) then b =1 (mod 8). We have the following;
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e If m =1 (mod 8) then we clearly have the solution ¢y = co = 1,¢1 =m

and c3 = mb;

e If m = —1 (mod 8) then we can simply negate the choices of ¢; and c3

from the m =1 (mod 8) case;

e If m =3 (mod 8) then we have the solution ¢y = co =1, ¢; = —m and
c3 = —mb (as in the previous case);
o If m = —3 (mod 8) then we can again simply negate the choices of ¢

and c¢3 from the previous case.

The resulting zo in each case has reduced norm u,. Moreover, 25 in each

case has counit 1, so lies in 2, by Lemma 7.1.9. O

Lemma 7.2.4. Let H = L[D,, ,|% Ifn =2 (mod 4) then O, is not free

over Apg.

Proof. Following on from the previous proof we now suppose n = 2 (mod 4)
so that b =5 (mod 8). Recall the congruence conditions from Lemma 7.1.10.
Suppose that (u,) € C* [],nr(™Ay ). We will show that no solution to the
congruences exists in this case. To do this we first note that the role of the
central element c is now restricted.

Consider the sequence (u,) € C* [[ nr(™Ay ), and so, (u,) € C*U(Z(Ap)).
One may write (u,) = (¢')(w,) where ¢ € C* and (w,) € U(Z(™An)).
Let Q = Z{eg, 1, €3, €3, fo, f1, fo, f3) which contains nr(O;[N]¥). Note that
Q, = Ay, for all odd p but that Qs D Ay o. Then (w,) € U(Z(S)). More-
over for odd p, the u, found in Lemma 7.2.3 are shown to be elements of

Ry, and we can see that uy is certainly a central element in (2. Thus

(up) € U(Z(2)) as well. Thus (¢) € U(Z(Q)) nC* = Z(2)*. Hence,
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we may write ¢’ = cjeg + ¢je1 + ches + ches + ) fo where ¢ are all elements of
Z) for all primes p. Thus v,(c;) = 0 for all i = 0,1,2,3,4 and for all primes
p. Thus ¢, = +1 for all i =0,1,2,3,4.

Hence, we must have that eg + me; £ eo + mbez = bfy € QlIX{’Q for some
choices of signs. That is, the congruences found in Lemma 7.1.10 must have
a solution with ¢ = 1,¢;1 = £m,cy = £1,¢c3 = £mb = £5m,dy = +b = +5
and d; = 0.

Now, with n =2 (mod 4) and b =5 (mod 8), we have the following.

e If m =1 (mod 8) then congruence 7.7 has three solutions:
(1,-1,-1,5),(1,1,—-1,-5) and (1,—1,1, =5).

The first and third solutions fail congruence 7.8 and the other solution

fails congruence 7.9, so no solution exists.

e If m=—1 (mod 8) gave a solution then negating the values for ¢, and

c3 would give a solution for m = 1 (mod 8) which has no solution.

e If m =3 (mod 8) then congruence 7.7 has three solutions:
(1,3,1,—-1),(1,3,—1,1) and (1,—3,—1,—1).

The first and second solutions fail congruence 7.9 and the third fails

congruence 7.10.

e If m = —3 (mod 8) gave a solution then so would m = 3 (mod 8).

So no solution exists if n =2 (mod 4). O

Combining Lemma 7.2.3 and Lemma 7.2.4: we have shown that hy €
C*nr(2A,) if and only if n = 0 (mod 4) and that h, € C*nr(™Ay ) for all
odd p. This completes the proof of Theorem 7.2.1.
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7.2.2 Global freeness over the associated order in L[D, ,]¢

We now follow an almost identical route to that of the previous section for an

analogous lemma referring to the structures with underlying subgroup D, ,.

Theorem 7.2.5. Let H = L[D, ,|%. Suppose that for all primes p dividing
m we have that p =1 (mod 4). Then Oy, is free over Ay if and only if n =0
(mod 4) if and only if Oy is free over the classical associated order Z|G| of

Q[G].

Lemma 7.2.6. Let H = L[D, ;% and let h, be defined as above. Then we

have
)
k k+n n R
%<60+ (—D)4er + (=) mbes + (—1)5m63+2f0> if p=2,
nr(hy) = 9 eq+ ey +es+ e+ 2, if plm,
1 if pt2m.

Proof. We first recall the local generators found in Lemma 6.3.1:

)
S(1+ (—1) =" mba + (=1)2mf + (—1)2af + 4v) if p=2,

Tp=93 l+a+pB+aB+y if pf2m,

\1+a+5+aﬁ+’y+07('y) it p|m.

Furthermore, the proof of Lemma 3.3.7 gives an F-basis of L[D, ,]“. Letting
n = p(o) and ne = A\(o)p(7) we recall the basis to be

_l 2 3 2 3
eo= g (Ltm+nf +n0f + 2 +mne + i + 1i2),
1
e = g(l—m+nf—77?+n2—77m2+nfn2—77§’n2),
1
e2 = < (LHm 4] 417 = mp = s — 17 = 0inmp),
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(L—m 407 =0} — o+ mne — nine + nin),

ool =

€3 =

1
fo= 5(1 —p(0?)),  f = fop(o),
fo = afoM(o)p(r), and f3 = afor(o)p(oT).
We can easily describe the action of some of these basis elements:

eg: 1—1, a—0, pB—0, af—0,

er: 1—=0, a—0, pB—0, af— ap,
ea: 120, a—a =0, af—0,
es: 1—=0, a—0, —p# aof—D0,

and e; : v — 0 for all © = 0,1,2,3. Moreover f,: v+ v and fy:w — 0 for
all w € {1,a, 8,aB}. So, it is clear that

NE

k+n

1 n
hg = —|€p + (—]_) €1 + (—1)Tmb€2 + (—1)§m63 + 4f0 . (711)

8

Now, for primes p such that p { 2m we clearly have h, = 1 so we are left
to consider primes for which p|m. Write foh, = cofo + c1fi + cafo + c3f3
for some ¢; € Q. Then we require foh, - v = fox, which is equivalent to
fohy - v =7+ o7(y). We equate the coefficients of v, o(7), 7(v) and o7(7)

to give the following system of equations.
co—ncg +keg =1,
c1 — keg —nez =0,
—mcg = 0,

mey = 1,
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with an easily found solution: ¢y = (m +n)/m, ¢ = k/m, co = 1/m and

c3 = 0. The reduced norm of fyh, for p|m is
1
nr(foh,) = o ((m +n)? k2 — a) fo
1
:—2(m2+n2+2mn+k2 —a)fo
m

1
:w(an—l—a—a)fo

2n
=—fo.
m
So we have
)
%(eo +(=1)%e; + (—=1)"F mbes + (—1)5mes + 2f0> if p=2,
nr(h,) = 2n :
P eo +e1+ex+e3+ 27 fo if plm,
1 if p12m.

\

]

Lemma 7.2.7. Let H = L[D, ;). Ifn =0 (mod 4) and for all primes p
that divide m we have p =1 (mod 4) then Oy, is free (of rank one) over Ay .

Proof. We need to show that nr(h,) found in Lemma 7.2.6 has the form cu,
where ¢ € C* and u, € nr(™Ay ) for all primes p. As before we make an
informed choice of ¢ as this value must be consistent regardless of the prime

we are working with. Let

1

c= §<60+ (—1)

n n 1
€1 + (-1)%62 + (—1)563> + Rfo

Ve

Then for primes p such that p|m we have

k k+n
2

Up = 8(60 + (—1) e; + (—1)762 + (—1)%63 + nfo)

We need to find some z, € Ay, with €(z,) = 1 and nr(z,) = u,. Clearly we
have

k k+n
2

Zp = 8(60 + (—1)%61 + (—1) €o + (-1)763) + d()f() + d1f1 + d2f2 + d3f3
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for some d; € Q for each i € {0,1,2,3}. Now, nr(fyz,) = (d§ + d3 — a(d3 +
d3)) fo.
Since we have that for primes p, if p|m then p =1 (mod 4) we have that

a square root of —1 exists in Z, for all p|m. So, let
fozp = (24 n)fo+i(2—n)fi
where i € Z, such that i* = —1 so that
nr(foz,) = (2+n) —(2—n)* =8n

as required. The resulting z, is clearly an element of 2, and since nr(h,,) = 1
we also have z, € 25 by Corollary 7.1.8. So we have found that h, has the
required form for all odd primes.

Now consider p = 2. Then us = ey + €1 +mbes + mez +mfy. We attempt
to find z; such that nr(zp) = ug and 25 € Ay ,. Let 2o = coep + creq + caen +
cses+do fo+difi with ¢;,d; € Q for each i € {0,1,2,3} and j € {0,1}. Since
for any primes p if p|m then p =1 (mod 4) we must have that m is the sum
of two squares, say m = ¢ +d? for ¢,d € Z. Since m is odd one of ¢ and d is
odd, so let ¢ be odd, so that d is even, that is d = 0 (mod 2), and note that
if c = —1 (mod 4) we may choose —c instead so that we may assume ¢ = 1
(mod 4). Next choose dy = ¢ and d; = d so that nr(fyzo) = mfo = fous as
required. Since either ¢ =1 (mod 8) or ¢ =5 (mod 8) we have that 4c = 4
(mod 8) and that clearly 4d = 0 (mod 8).

Therefore, we have 2o € 20y 5 if and only if a solution exists to the congru-

ences found in Lemma 7.1.10 if and only if a solution exists to the following

congruences
co+cr+ct+c3=4 (mod8), (7.12)
co—c1+c—c3=0 (mod 8), (7.13)
co+cp—ca—c3=0 (mod 8), (7.14)
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co—¢c1—ca+c3=0 (mod 8). (7.15)

Suppose n = 0 (mod 4) so that b = 1 (mod 8). Whether m = 1 (mod 8)
or m =5 (mod 8), we have the solution ¢y = ¢; = 1,¢5 = mb,c3 = m, for
which the reduced norm of the resulting z, is us. Moreover, 25 has counit 1,

so lies in A, by Lemma 7.1.9. O

Lemma 7.2.8. Let H = L[D,,|°. If n =2 (mod 4) and for all primes p

that divide m we have p =1 (mod 4) then Oy, is not free over Ay.

Proof. Following on from the previous proof we now suppose n = 2 (mod 4)
so that b =5 (mod 8). Recall the congruence conditions from Lemma 7.1.10.
As in the proof of Lemma 7.2.4 we suppose that (u,) € C* [], nr(y ) and
show that no solution to these congruences exists. Following the proof of
Lemma 7.2.4 we require that ey £+ e; - mbes £ mes £ mfy € Qlf_m for some
choices of signs. That is the congruences found in Lemma 7.1.10 must have
a solution with cg = 1, ¢; = +1, ¢co = £mb = +bm, ¢3 = +m, dy = £m and
dy = 0.

Since dy = £m we have that 4dy = 4 (mod 8), thus we may assume that
dy = m and find that a solution exists to the congruences in Lemma 7.1.10
if and only if a solution exists to the congruences 7.12, 7.13, 7.14 and 7.15,
found in the proof of Lemma 7.2.7. Note further that if a solution exists for
m = —1 (mod 8) then a solution exists for m =1 (mod 8) by negating the
choices of ¢y and ¢3. Similarly if a solution exists when m = —5 (mod 8)
then a solution exists when m = 5 (mod 8). Finally, if a solution exists
for m = 5 (mod 8) then it has the form (1,£1,41,+5) modulo 8 and so
a solution exists for m = 1 (mod 8) of the form (1,41,£5,+1) modulo 8
since switching the roles of ¢y and c¢3 in the congruences only permutes the
congruences.

Suppose first that m = 1 (mod 8). Then congruence 7.12 has three
solutions: (1,—1,mb, —m), (1,1, —mb, —m) and (1, —1,—mb, m). The first
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fails congruence 7.14, the second fails congruence 7.13 and the third fails

congruence 7.15. Thus no solution exists for any value of m. ]

By combining the statements of Lemma 7.2.7 and Lemma 7.2.8 we have

proven Theorem 7.2.5.

7.2.3 Global freeness over the associated order of L[D, ,]¢

For this subsection we follow an identical argument to that of the previous

subsection for the structures with underlying subgroup D ,.

Theorem 7.2.9. Let H = L[D, ,|¢. Suppose that for all primes p dividing
m we have that p =1 (mod 4). Then Oy, is free over Ay if and only if n =0
(mod 4) if and only if Oy is free over the classical associated order Z[G] of

Q[G].

Lemma 7.2.10. Let H = L[D, ,|)°. Then the reduced norm of the h,, is:

(

%(eo + (—1)HTnmbel + (—1)2mey + (—1)§63 + 2f0> if p=2,

nr(hy) = 9 eq+ ey +es+ e+ 2, if plm,

1 if p12m.

\
Proof. We first recall the local generators found in Lemma 6.3.1, which are

the same as those in the previous lemma:
1+ (—1) = mbar + (—=1)2mpB + (—1)2 a8 + 4y) if p=2,

Ip =93 1l+a+pB+af+7y if p1t2m,

| l+ta+B+ab+y+o7() if p|m.
Furthermore, the proof of Lemma 3.3.7 gives a Q-basis of L[D, ,]¢. Letting

n = p(7) and 1y, = \(7)p(oT) we recall the basis to be

1
co = g(Lbm 477 407+ + iz + 0y + 0ins),
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1

e = g(l—m+nf—ni”+n2—n1nz+nfn2—77§’nz)a
1

ey = §(1+m+77f+77?—172—771772—77?772—77?772),
1

ey = g(l—771+7ﬁ—77?—772+771?72—77f772+77§’772),

fo= 30—, i = fopl)
f2= afidr)p(o7), and fy = afo\(7)p(o).

The action of these basis elements can be described as follows
e: 1—=1, a—0, pB—0, af—0,

er: 1—=0, a—a —0, af—D0,
ea: 1—0, a—0, B af—D0,
e3: 1—=0, a—0, [B—0, af— af,

and fo : v — 7. So, it is clear that

1 n n
hy = 3|0 + (—1)%mbel +(=1)2mey + (—1)

k
2

es + 4f0 . (716)

Now, for primes p such that p { 2m we clearly have h, = 1 so we are left
to consider primes for which p|m. Suppose foh, = cofo + c1fi + cafo + c3f3
for some ¢; € Q. Then we require foh, - v = fox, which is equivalent to
fohy-y=y+07(7). As previously we have the following system of equations
attained by equating the coefficients of v, o(v), 7(v) and o7 (7).

co+ncg =1,
mey = 0,

c1 —ncy =0,
—mes = 1.
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The system has the easily found solution ¢y = (m +n)/m, ¢; = ¢, = 0 and
¢3 = —1/m. Thus we may find

1 2n

m(fohy) = — ((m+m)?=b) = =

m

found in a similar way to the previous lemma. So we have
(

%(eo + (—1)HTnmbel + (=1)%mey + (—1)2es + 2f0> if p=2,

nr(hp) - €y +e1+ e+ e3+ %fo if p]m,

1 if p12m.

\

]

Lemma 7.2.11. Let H = L[D,,]. Ifn =0 (mod 4) and for all primes p
that divide m we have p =1 (mod 4) then Oy, is free (of rank one) over Ay.

Proof. As previously we now need to show that nr(h,) has the form cu, where
c € C* and u, € nr(™Ay ) for all primes p. We make an analogous choice of
¢ to the previous lemma:

1 n n
c= §<60 F (D) + (D) Ees + (—1)

k 1
) + o
We have the analogous u,, for p|m, to that of Lemma 7.2.7:

k k+n
2

Uy = 8(60 (= D)Ser 4+ (— D) ey 4 (—1)Fes + nfo).

Therefore, we may make the same conclusion as in the previous lemma by
following the analogous proof. That is, since we impose that for all primes
p dividing m we have p = 1 (mod 4), there exists 2, € 2, such that
nr(z,) = u,, specifically foz, = (24 n)fo + (2 —n)f; where i is a square
root of —1 in Z,. So we have found that h, has the required form for all odd
primes.

Now consider p = 2. Then us = ey + mbe; + mes + ez + m fy, analogous

to that of Lemma 7.2.7. Continuing to follow that proof, we may conclude
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that some 2z = cpep + cre1 + coea + czes + dofo + dif1 with ¢;,d; € Q for
each i € {0,1,2,3} and j € {0,1} lies in Ay o if and only if there exists a
solution to the same congruences: 7.12,7.13, 7.14 and 7.15. Thus, for n =0
(mod 4) we have the analogous solution ¢ = ¢3 = 1, ¢; = mb, co = m, dy = ¢
and d; = d for some ¢,d such that ¢ +d* =m, c =1 (mod 4) and d = 0
(mod 2). Again, the resulting z5 has reduced norm us, and counit 1, so lies

in Ay, by Lemma 7.1.9. O

Lemma 7.2.12. Let H = L[D,,]¢. If n =2 (mod 4) and for all primes p
that divide m we have p =1 (mod 4) then Oy, is not free over Ay.

Proof. Following on from the previous proof we now suppose n = 2 (mod 4)
so that b = 5 (mod 8). Following the proof of Lemma 7.2.8, we know that
we require that ey - mbe; £ mes £ e3 = mfy € Q[IXM for some choices of
signs. That is the congruences found in Lemma 7.2.7 have a solution with
co = 1l,c4 = £mb,co = +tm,c3 = £1,dy = £m and d; = 0. Since the
congruences permute when one permutes the order of ¢y, co c3 we know that
if a solution exists then a solution must exist with ¢g = 1,¢; = £1,¢0 =
+mb and c3 = +m. We have shown no such solution exists in the proof of

Lemma 7.2.8 and so we also have no solution in this case. OJ

By combining the statements of Lemma 7.2.11 and Lemma 7.2.12 we have

proven Theorem 7.2.9.
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