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1 | INTRODUCTION

Characterizing highly conducting objects from low-frequency magnetic field perturbations is important in metal detec-
tion, where the goal is to locate and identify concealed inclusions in an otherwise uniform background material.
Applications of metal detection include airport, transport hub and event security, the search for artifacts of archeolog-
ical significance, the investigation of crime scenes using forensic science, the recycling of metals, and in the search for
landmines and unexploded ordnance (UXOs). Being able to better characterize objects offers considerable advantages in
reducing the number of false positives in metal detection and, in particular, to accelerate and improve object location and
discrimination.

Ammari et al'? have established the leading order term in an asymptotic expansion of the perturbed magnetic field
(H, — Hy)(x) due to the presence of a highly conducting permeable object as its size, a, tends to zero, which describes
the metal detection problem. In Ledger and Lionheart,® we have shown that the leading order term in the expansion
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includes a complex symmetric rank 2 magnetic polarizability tensor (MPT), which provides an object description. We
have obtained explicit formulae for the MPT coefficients that depend on the object geometry, its size, material properties,
and frequency of excitation. In a series of works, we have explored the properties of MPTs including providing several
different splittings and formulations for obtained MPT coefficients*> and also investigated the spectral properties of their
coefficients.” Together with Wilson, we have also developed efficient computational algorithms for the computation of
the MPT coefficients and their spectral signature® that have allowed us to generate a large dictionary of object characteri-
zations’ and apply machine learning algorithms to identify hidden objects using classification,® which exploit the MPT's
spectral signature.

While using an MPT's spectral signature offers considerable benefits to using an object characterization based on an
MPT at a fixed frequency, the object description, in this case, is only through at most six independent complex coefficients
as a function of frequency, limiting the amount of information that can be said about hidden object and preventing its
material description to be separated from its shape. To improve this, a complete asymptotic expansion of (H, — H)(x)
due to the presence of a highly conducting permeable object as @ — 0 has been established in Ledger and Lionheart,’
extending the expansion obtained by Ammari et al.1? This expansion provides improved object characterization through
the introduction of generalized MPTs (GMPTs), which, in their simplest form, agree with the MPT object characterization.
The higher order terms in the expansion play an important role when the background field at the position of the object
is non-uniform. This is indeed the case in many practical metal detection scenarios where the fields generated by coils at
the position of concealed objects is far from uniform and the GMPTs allow this information to be used in a smart way.
Recent work has also shown that GMPT coefficients can also be measured in practice and the measurement coefficients
agree with numerical simulations.!? For a related scalar electrical impedance tomography (EIT) problem, it is known that
the complete set of generalized polarization/polarizability tensors (GPTs) uniquely determine an object's shape and its
admittivity.!!

While explicit formulae for GMPT coefficients have been established in Ledger and Lionheart,’ the properties of GMPTs
and the choice of suitable invariants for object classification remains open. This work addresses the properties of GMPTs
and introduces the concept of harmonic GMPTs (HGMPTs) building on the harmonic GPTs, which we have introduced
for a simpler scalar EIT problem and the concept of (contracted) GPTs ((C)GPTs).!? These object descriptions have fewer
independent coefficients than other GPTs of the same order. We also describe an approach for determining the indepen-
dent coefficients of HGMPTs that are invariant under the action of a symmetry group, which offers possibilities for object
classification using (H)GMPTs. Specifically, the novelties of this work are:

1. We derive complete asymptotic expansions of (H, — Hy)(x) as « — 0 using both tensorial index and multi-index
notation, which lead to improved object characterizations using higher order GMPTs that are a natural extension
of the rank 2 MPT description first obtained in Ledger and Lionheart.>

2. We provide a splitting of the GMPT obtained in 1., extending the result for MPTs in Ledger and Lionheart,* which
makes the magnetostatic contribution to the GMPT explicit.

3. We derive symmetry properties of GMPTs, extending the known complex symmetric property of MPTs previously
obtained in Ledger and Lionheart.

4. We derive explicit formulae for the real and imaginary parts of GMPTs, extending those known for MPTs previously
obtained in Ledger and Lionheart.

5. We derive a result giving insights in to the spectral behavior of the GMPT coefficients, extending what is known
for the spectral behavior of MPT coefficients in Ledger and Lionheart.

6. We derive a new form of GMPTs called HGMPTs, which have coefficients that are invariant under rotation for
objects that are a member of a particular symmetry group.

The work is organized as follows: We first fix some notation in Section 2. Then, in Section 3, we briefly recall the
mathematical model. In Section 4, we present a series of alternative complete asymptotic expansions for (H, — Hj)(x) and
introduce alternative forms of GMPTs using both tensorial and multi-indices. In Section 5, we explore some properties
of GMPTs. This is followed by the introduction of the concept of HGMPTs in Section 6. We finish with some concluding
remarks.

2 | NOTATION

We denote by e, the unit basis vector associated with the kth coordinate direction in a standard orthonormal coordinate
system x = (x1,X,,X3), and hence, the kth component of a vector field v in this system is e, - v = V), = vr. We will
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often use Einstein index summation notation so that a vector can be described as v = vxex and a rank 2 tensor using a
calligraphic font as M = Mjy;ex @ e;. We will use a Gothic font for higher order tensors so that a rank 3 tensor using
tensorial indices can be described as © = D;;re; ®e; ®ex. We will also use Gothic font for higher rank tensors that use both

tensorial and multi-indices. For example, when considering expressions of the form Y x* Qf e, @ e ;, involving
B.r.|1B1=lr|=0

the coefficients @55 ofarank 2+|p8|+|6| rank tensor, with the subscripts i and j being tensorial indices and the superscripts
p and 6 being multi-indices, and summation is implied over i and j and is explicit over f and 6. Here, the multi-indices
B = (B1. b2 p3) and & = (61,62, 8;) have properties ! = fi152!s!, 18| = B + fo + s, XP = XX, ol () = ool ol ().
Finally, we also use Gothic font for higher rank tensors that use both tensorial indices and additional indices associated
with instances m and n of polynomials Py'(x), Py(x) of degree p and g. Hence, when considering expressions of the form
p§0 qgo mip niq P;"(x)ﬁ)zmq"P;”(y)ei ® e;, involving the coefficients 5)‘1.’] ™" of a rank 2 + p + q rank tensor, summation is
implied over the tensorial indices while that over the indices associated with instances of the polynomials is explicit.

3 | MATHEMATICAL MODEL

We briefly recall from Ammari et al' and Ledger and Lionheart,? the mathematical model of interest in this work: Our
interest lies in the characterization of a single homogeneous conducting permeable object. Following previous work, we
describe a single inclusion by B, := aB + z, which means it can be thought of as unit sized object B, scaled by a and
translated by z. We assume the background is non-conducting and non-permeable and introduce the position-dependent
conductivity and permeability as

o = o, in By, . ) p. in By,
“~ ) 0 in B =R3B,, Ha =1 up in B,

where pg = 47 x 1077 H/m is the permeability of free space, 0 < p. < o0 and 0 < o, < oo. In principal, u, and o, do
not need to be homogeneous in B,, and we have previously considered this situation for MPT object characterizations in
Ledger and Lionheart.!® In this work, we assume u, and ¢, are homogeneous in B, for simplicity of presentation. We will
also use the position-dependent relative permeability /i, := uq /1o with fi, = u, := u./po inside B, and i, = 1 in B,. For
metal detection, the eddy current approximation of Maxwell's equations is appropriate, since o, is large and the angular
frequency w = 2z f is small (a rigorous justification involves the object topology'#). In this case, the electric and magnetic
interaction fields, E, and H,, respectively, satisfy

VXH, =04Es+Jo, VXE, =iwuH,, (1)

in R3 and decay as O(1/|x|) as |x| — 0. In the above, Jj, is a solenoidal external current source with support in BS. In the
absence of an object, the background fields E, and H, satisfy (1) with a« = 0.

The task is to find an economical description of (H, — Hy)(x) at a position x away from B,, which characterizes the
object's shape and material parameters by a small number of parameters separately from its position z for the regime
where

V i= wo, o,

is order one and p, is also order one as a — 0.

4 | COMPLETE ASYMPTOTIC EXPANSION

In the following, we present several different equivalent complete asymptotic expansions for (H, — Hy)(x) as @ — 0,
which allow us to introduce different object characterizations.
4.1 | Original form using tensor indices

For comparison with subsequent sections, we first recall the complete asymptotic expansions for (H, — Hy)(x) asa — 0
previously derived in Ledger and Lionheart.’
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Theorem 4.1 (Ledger and Lionheart’). For any M > 0, the magnetic field perturbation in the presence of a small
conducting object B, = aB + z for the eddy current model when v and u, are order one and x is away from the location

of the inclusion is completely described by the asymptotic formula

M-1M-1-m
(Hy, - Ho)x)i = ) ). (DY G(%,2)ikomsy Miims1pe 1 (D5 Ho@))rps1) + (R,
m=0 p=0
J(p + 1) = [J’J(p)] = [.j5.j15.j25 5.jp]’
K(m+1) :=[k,Km)] = [k, k1, ks, ... ,km],

()

with |[R(x)| < Ca*M||H, w0y, G(X,2) :=1/(4x|x—Z|). In the above, J(p) and K(m) are p- and m-tuples of integers,
respectively, with each element taking values 1, 2, 3, and Einstein index summation is implied over K(m + 1) and J(p + 1).

Also,

(D)2C+mG(X, 2)iKk(m+1) = <H axkf > (axk (axi(G(x’ 2)),
/=1
P
(DL (Ho@))isp+1) = <H 0z,/,> (Ho(z) - €)),
/=1

and the coefficients of a rank 2 + p + m GMPT are defined by

Mrm1ip+1) = —Crmevrps+1) + Remrvrp+),

where
B iva,3+m+p(_1)m .
2m+Diplp+2)

Cxmivrpsy 1=

/ & X ((T(E)kmy(Bsp+1) + TLE))spye; X &) dE,
B

) o a3+m+p(_1)m 1
R+ = (1—p") Wek' B(H(f))K(m) mvg X O5p+1) + UE)spye; | d&.

Furthermore, 0;p11) satisfies the transmission problem

Ve X 7 ' Ve X O5pi1) — iV0ype) = ivII(E))spe; X & in B,
Vg . 9](p+1) =0, V§ X V§ X 9](p+1) =0 in B := R3\B,
[n X O;p4]lr =0 on I' := 0B,
[n X i, Ve X Oyp40)Ir = —(0 + 2L Ir(n X e;(T1(&)) ) on I,
/" - Orp+1d& = 0,
r
Op+1) = O(EI™) as |&] — oo,

(3a)

(3b)

(4a)
(4b)
(40)
(4d)
(4e)

(4f)

P
M)y :=[1¢, =¢&,&, - 9 and in the case J(p) = @, then (I1(§));p) = 1. Furthermore, ji(§) = u(§)/uo so that
¢=1

iy = puy for & € Band fi, = 1 otherwise, and [-]r = |+ — -|- denotes the jump with |, denoting evaluation just outside of

I" and | just inside.

Note that, compared to Ledger and Lionheart,” we have chosen simplified the notation so that € is now written as €

and 9t as .
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Remark 4.2. In the case where M = 1, (2) reduces to
(H, — Hy)(x); = (DFG(x, 2))uc My, (Ho(2)),; + (R(X));,

where |R(x)| < Ca4||H0||Wz,m(Ba) and M = M;;ex ® e; is the complex symmetric rank 2 MPT previously obtained in
Ledger and Lionheart?® with alternative explicit expressions for My; derived in Ledger and Lionheart*> agreeing with
those of Mk (m+1)7p+1) in this case.

4.2 | Multi-index form

The asymptotic expansion presented in Theorem 4.1 can be alternatively obtained using a combination of tensor and
multi-indices. This is achieved by using tensor indices, to reflect the vectorial nature of the problem, and multi-indices, to
reflect summation over higher order derivatives of D2G(x, z) and H(z). The alternative form is presented as the following
result:

Theorem 4.3. For any M > 0, the magnetic field perturbation in the presence of a small conducting object B, = aB+ 2z
for the eddy current model when v and u, are order one and x is away from the location z of the inclusion is completely
described by the asymptotic formula

M-1 M-1-|g]

(H,—Hox)i= ), Y (DG 2)w) My, 05 (Ho();) + (RO, (5)
B.1p1=0 6,]6|=0

with |R(x)| < Ca*M||H, w108, In the above, B = (By, B2, f3) and 6 = (61, 62, 83) are multi-indices, and the coefficients
of arank 2 + |f| + |6| GMPT are defined by
ps . _ po pé
zmkj 1= —ij + ERkj,
where

fya+e1+8l (—1)lAl
2618111 + V(6] +2)

3+B1+I81 (—1)161
B . _ (1 _ .1\ & (-1 e 1 5, g5,
no=(1-u )—/3!5! ex Bé H 5 Vex0)+ &% | dE.

ps . _
(G

e / Ex (E/0 + e, x &) de.
B

Furthermore, 9? satisfies the transmission problem

Vex py' Ve x 07 —ivel = ivEe; x & in B, (62)
Ve-02=0,  V:xVex6,=0 in B, (6b)
[ X 9?]1" =0 on I, (6¢)

[nx 7' Ve x 071 = —(16] + )[4 'Ir(n x ))& onT, (6d)

/rn - 0%dE =0, (6e)

6; = 0(1¢|™") as |&] — oo. (6f)

Proof. This result can be obtained by following similar steps to the proof of Theorem 4.1 in Ledger and Lionheart,’
except instead of the form of the Taylor's series used in (23) and (24) in Ledger and Lionheart,” the alternative forms

_ _at N
Ao(ag +2) = po ,%LO a7 Ho@)Ee; x . (72)
181
V X Ao(a€ +2) = poHo(@E +2) = po Y, ";}—,af((Ho(z»,)éﬁe,, (7b)
Bilpl=0 °
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where g = (f, fa, f3) are multi-indices. Similarly, (47) and (48) in Ledger and Lionheart® are replaced by

> (=1)8l
vioey = Y, Sl v.Ge ) - 2. (8a)
B.1p1=0 p
. S D s
DiGx.y)= ) 3} (DXG(x, ) - 2V, (8b)

!
B.181=0 p!
then, by following the steps in Ledger and Lionheart,” we arrive at the alternative form of the asymptotic formula
provided in (43) as

M-1 M-1-|p|
(H, — H)(x) = —iva® )
piAI=0 5j51=0

/ (OLDIG(x,2)0)E" X (87 + &%, x )AL (Ho(2)))
B

M-1 M-1-|8]

+ a3 (1—;4,_1) Z

15!
B.1B1=0 6,5|=0 plo!

/‘fﬂ < |5|1+ SVX60)+ 559}') d£aZ((Ho(2));) + R(X).
B

(—1)lF1 A1+
811(BI+ )18 +2)

©)
—_1IBl 5 1B1+15]
D (D26 2)we: @ e

Then, by introducing,

M-1 M-1-|g|
(H, -Ho®)i= Y, ), 0l(DGX ), 0(Ho(z))
B.181=0 4,|6]=0
M-1 M-1-|f]|
+ ) D DG, 2Ny, 0 (Ho(2))) + (R,
B.181=0 4,|6]=0

where
55 (—1)Plg3+1BI+16]

e = TSR T Do D)
_1)IB1 4 3+B1+161
(1 - /’lr_l) %ek . Aéﬂ <|5|%V X 9;3 + §§ej> dé,

and following similar steps to Lemma 6.3 and Lemma 6.4 in Ledger and Lionheart,” we obtain

: / €& x (07 + Ee; X £)dE,
B

ps .
ne

g5 _ pé
2[ifkj = ewrCy s

ps _ oo
¢, = €frk(5kj,

where ¢;;x denotes the standard Levi-Cevita permutation symbol. Combining this with properties of D;G(x;, z) leads
to the final result. O

4.2.1 | Split field formulation

In order to separately identify the contributions to the GMPTs associated with conducting and magnetic effects, we derive
the following.

Theorem 4.4. Forany M > 0, the magnetic field perturbation in the presence of a small conducting object B, = aB+2
for the eddy current model when v and u, are order one and x is away from the location z of the inclusion is completely
described by the asymptotic formula

M-1 M-1—|g|
(H,—Hp)x)i= ), Y (DG )My 03 (Ho(@);) + (RO, (10)
B:1pI=0 6.]6|=0
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with |[R(x)| < Ca®*™M | H, [lwr1.08,). In the above, f = (1, fa, f3) and & = (61, 62, 63) are multi-indices, and the coefficients
of arank 2 + |B| + |6]| GMPT are defined by

pé . _ c,\Bo c.\Bo N
M = —(C*) + M) + RO,

where parenthesis have been used to make the presentation clearer and

oo iva3+|ﬂ|+|5|(_1)lﬂ| / 8005 1.5
™ = s T D06 5 ng(g 0% + 6, ))dg, (11a)
3+161+151 (1)l
vy = () e [ (g vexe ) de (o)
3+1pI+151(_1)1Al
@O = (1- ) %ek-/f” <|5|1+2V§x9§°>’5> de. (11¢)

In the above, 95.1)’5 and 950)’5 satisfy the transmission problems

Ve X u; Ve x 95”*5 - iv(eﬁ”“S + 0;0),5) =0 in B, (12a)
Ve 07 =0,  VexVex6=0 in B, (12b)
[n % 9(1)5] =0 on T, (12¢)
[nx i7" Ve x 609 = 0 on T, (12d)
/ n-6P°de = o, (12¢)
r J
0" = o(lel™) as |€| - oo, (12f)
and
Vex u ' Vex 600 =0 in B, (13a)
(0),6 __ (0),6 __ : c
Vf . 9}. =0, V,f X V,f X 9}. =0 in B, (13b)
nx6P°Ir =0 on T, (13c)
[n X ji; Ve x 671 = 0 onT, (13d)
/n . 0;0)’5d§ =0, (13e)
r
00 — % x & = O(|&|™) as [€] - oo, (13f)
respectively.

Proof. We cannot set 95 9(1) 2y 6(0) ? _ g%, x £ in Theorem 4.3 since V - (£%¢; x £) # 0 in general. Instead, we need
to replace (39) in Ledger and Llonheart9 with

wo(8) = wi (&) +wy () - Z iwopo - a 2((Ho(2))))€%€; X &,

5,161=0

where we can show that

< Y, ioneo ((Ho(z>),)§5e,x¢>
o,

[6]=0
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in B,
in B¢,
in B¢,
on I,

as |§] = oo,

s LwiLEy
which, instead of the transmission problem for wy, allows the introduction of the transmission problems for w(l) and
w(o) as
Ve X pit Ve x W) +wi) — vl + w() = 0
Vex Vexw)) =0
V. -w(l) =0
mxw’lr=0, [mxa'Vxw) =0
wy) = 0(l&I™)
and
Vex Ve xwl) =0

5

V§ X V§ X W(O) 0
Vew® =0

[nxw@k=0 [nx iV x wylr = 0

0
WE))—< Z la),u()

5.16|=0

0 2 (Ho(2))))Ee; X §> =0(1¢I™)

respectively. By introducing

96((H0(Z)), )6,

0
WE)) = Z 1(0/4()

5|5| 0

w) = Z lwuoé—a 2(Ho(z)))0'"°
8,16]1=0

and following similar steps to the proof of Theorem 4.3, the result then follows.

in B,
in B,
in BU B,

on T,

as |&| — oo,

O

Remark 4.3. Theorem 4.4 provides a natural extension of the splitting of an MPT, described in Lemma 1 of Ledger

and Lionheart,* to the case of GMPTs in terms of multi-indices.

GMPT PROPERTIES

In this section, we consider some properties of GMPTs including their symmetries, explicit formulae for their real and
imaginary parts and also consideration of their spectral behavior.

5.1 | GMPT symmetries

Introducing

(=D"™2(m + 1)!p!(p + 2)Ckins1p+1)

Dk m+1)I(p+1) -

then we have the following result on the symmetry of the tensor coefficients:

Lemma 5.1. For objects with u, = uo, the following symmetry holds

D m+17p+1) = DIp+DK(m+1)-

—jvatmtPe /5 X ((TXE))km Brp+1) + TLE))spre; X £)) dE,
B

(14)
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Proof. By using the transmission problem (4), we get

Dim+1)ip+1) = — a3+m+p/i\/ (91(p+1) + (I1(€))spye; X 5) - e X EIT1(E))kmyd&
B

_ 1 _ .
= - 053+m+p/V X 'V X Oyp41) - o (VX 7'V X Ok ma1) — iVOkms1) ) dE.
B

Next, by applying integration by parts

/V X 'V X O5p41y - OxmenydE = /H?IV X O5p+1) * V X OxmanydE + /V (17 'V X O5pr1) X Ogma1)) dE,
B B B

and then using the transmission conditions in (4) gives

/V (17 X O5ps1) X Og(ma)) dE = /GK(m+1) (0 X 'V X Oppen)) |-dE
B r

= /GK(m+l) (n7 XV X Oyp4)) |+dE + /(P + 2L IrOknsy) - (1™ X €;) (T1(E))y(p)dE
r r

- / V- (V X 01(p+1) X 0K(m+1)) dé + /(p + 2)[/7;1]FV ' (ej(n(g))f(p) X 0K(m+1)) d§
B¢ B

/ V X Orp41) - V X Ok(naydé
BC

+ /(P + 2L e (Oxm+1) - V X (€,T1E))sp) — V X Ogma1) - €;(T1(E))sp) ) AE.
B

Considering the product (D,2C+mG(x, 2))ik(m+1) Drm+1)Jp+1) and the above expression, we have

(D™ G(x, Z))i,K(m+1)/V (17 'V X O5pr1) X Ogma)) dE
B

= (D" G(x, 2))i kom+1) < / V X 0jp+1) - V X Og(ms1ydE
Be

—/(P + 21 Ir (V X Okma) - €;(T1E))sp)) d§> .
B
So that

1 _ _
Dkmaypsn) = — @ "*P </;V Xty 'V X Oypa1) - V X i 'V X O (1) dE
B
—/ A7V X O5p41) - V X Ok min)dE + /(P + 2)[ I (V X Okonen) - €;T1E)y ) d‘f) ,
BUBE B
with the required symmetry following for u,. = po.

Corollary 5.2. If using multi-indices, we can introduce

Dy 1= (=D128151(8] + 18] + 26}

=_Nfﬂwm%./éx@%@+§%pﬁndé
B

(15)
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and following analogous steps to the proof of Lemma 5.1 obtain

@i‘? = — o¥tmp </,lV><M,‘1V><9f . VXy;IVxeid{f
J glv

_/BUBC;I,‘IV X Gf -V % 9£d§+ /B(|5| + ) e (V % Oi _ ej(§)§> d.f) ’

and, hence,
D, =D, (16)
for p.. = po.
Corollary 5.3. In the case of general u.,
M =G+ N,
34m+
S (saraares ([ o'y o7 st vxofas

_/ A7V X 8-V x 0dE + /(I6I +2)01(V < 0] €07 dg)
BUB* B

i e, - B 1 o 5,
+ i e /B@ <|5|+2V><9j+§ej>d§).

Thus, we see that we have the symmetry

pé 3p
mkj _ Emjk _ b
(=D)AL~ (=1)lsl — Tk

if 16| = 218l
The analogous form of (15) for the split fields is

D :=(=)"24161(1p| + 1)(|5] + 2C* /7

=~ iva* Pl / Ex (8677 +0)) de,
B

and a related symmetry result for this case can be established also.

Remark 5.4. The symmetry properties listed in this section extend the known complex symmetric property of rank 2
MPTs obtained in Ledger and Lionheart.>>

5.2 | Real and imaginary parts of GMPTs

In this section, we establish explicit formulae for the real and imaginary parts of the coefficients of GMPTs through the
following result:

Lemma 5.5. For objects with u, = uo, the coefficients of S)if satisfy

Q)if — _ g HIpI+al </lv X 171V % 95{“"’ VX VY x 9;1),5(15)
BV

a7
- / iV x 007 v x 95.“’5(11;) ,
BUB*
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and can be written in the form Si‘s =R + i3 where
J kj kj

mgf = Re(@if) = g3t1AI+Iel < / AV x 007 v x eﬁl)*éd‘g) , (18a)
BUB¢

§)7 = Im(D) =~ < / IV X iV x 007V X 1V x 95,1)’5d§> , (18b)
BV

and the overbar denotes the complex conjugate.

Proof. The first part of the proof follows similar steps to Lemma 5.1, but we note that since u, = po then &#e;x& = 9]({0)’/’

and since 9;{0)’11 € R3, we have

iv
Thus, we obtain

i‘)if Sk </1V X p 'V x 95,1)"3 T Y /V X p 'V x 95.1)'5 . 9;{1)’ﬂd§> ,
BY B

and a further application of integration parts gives (17). Next, we proceed in an analogous way to the proof of Theorem

5.1 in Ledger and Lionheart> and introduce the real and imaginary parts of i)ﬁf as

ERif = Re(‘bﬁf) = 3FIBIH8I </1V X ur 1V x 951),5 VX uV X 9](<1),ﬂd§>
BV
+ ot VI+lRe ( / 7V x 609V x ejj>”’d§> ,
BUBE

and
Sﬁf = Im(@ﬁj) = — 38R </1V X U1V x 0;1),5 -V Xyl x Ol(clmdg)
BV

~— 1),6 1),
+ o>+, </Bu3cﬂrlv x 6.V x 95(”’d§> :

respectively. Continuing to follow the proof of Theorem 5.1 from Ledger and Lionheart,”> and by using properties of
the complex conjugate and our earlier symmetry result (16) for the tensor in multi-index form, we achieve the desired
result. O

Remark 5.6. Lemma 5.5 shows that for u. = po, explicit formulae for the real and imaginary parts of a GMPT can be
obtained that are similar to those known for a rank 2 MPTs obtained in Theorem 5.1 of Ledger and Lionheart.’

5.3 | Spectral behavior of GMPT coefficients

The spectral behavior of 65(1)”3 as a function of v presented in the lemma below can be obtained in an analogous way to
that of 0;{1) derived in Lemma 8.2 of Ledger and Lionheart.’

Lemma 5.7. The weak solution to (12) for v € [0, co) can be expressed as the convergent series

oV — _ V_p g8y — P00, S 2
( ;iv_ln w07 Z{ﬁ G I
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where Pn(GLO)’ﬂ) = ¢n(01(€0)’ﬂ, é)2m), (W V)2p) = fBu -vdéE, (Ay, @,,) satisfy (39) in Ledger and Lionheart® and

v? Vi,
—_—, Im(B,) = .
V2 4 A2 P V2 + 22

n

Re(fy) = —

Furthermore, by applying similar arguments to the proof of Lemma 8.5 in Ledger and Lionheart,”> we can also obtain
the following result on the spectral behavior of ERﬁ “and § "ﬂ % with v:

Lemma 5.8. The coefficients of iRﬂ °and § C"ﬂ % can be expressed as the convergent series

a3+IpI+16|

Ry = Z Re(Bn) Anlbr, 0 )12 (b O ) 128,
a3HIpl+1el
Sif =- Z Im(Bn) An( Py, 9(0)ﬂ>L2(B)(¢n, 9( )12(B)-

Remark 5.9. Lemma 5.8 shows that the spectral behavior of the GMPT coefficients is very similar to that of the MPT
coefficients previously obtained in Lemma 8.5 of Ledger and Lionheart.’> This has also been borne out in both the
measurement and computation of GMPT coefficients that has been presented in Ozdeger et al.!°

6 | HGMPTS

For the purpose of this section, we assume that

« The object is located at the origin so thatz = 0.
« The background H is generated by a small exciting coil at position s sufficiently far from the object so that it can be
described as dipole source with moment d in the form

(Ho(0)); = (DG(z, 5));;(d);

19
= (DG(x,9))ij|x=0(d);,
at the position of the object with derivatives
02((Ho(2)))|z=0 = 03 (DIG(X, $))ij)lx=0(d);
= (-9} (D;G(s. 0)i))(d);.
Application of these assumptions to (10) gives
M-1 M-1-|8|
(H,-Hox)i= ), Y (~D0lDIGEx, 00wy 0} (DIG(s, 00);0)(@)s + (RE)):. (20)

B.1p1=0 6.]6|=0

6.1 | Green's function expansions

Recall that the Laplace free space Green's function G(x,x’), where x and x’ are the points with spherical coordinates
(r,0,w) and (', ¢, y"), respectively, can also be expressed in terms of the (complex) spherical harmonics Y;*(0, y) and
Y™ (0',y’) of homogeneous degree n and order m, with —n < m < n and then in terms of the functions K}'(x) =
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1/r+Y™(@,w) and HM(x') = r'"Y™(0',y') as (e.g., Ledger and Lionheart!®)

n

G %) Z 1 PRACATEY

|x|m+1 2n+1

1)

1 —_—
= K oH (),
Z:‘) 2n+1 m;n

provided that |x’| < |x|. Noting that H]'(x") are homogenous harmonic functions and that K/'(x) are also harmonic, we
observe that (21) is harmonic with respect to x’ and x, respectively. Furthermore, G(x,x’) can be expressed in terms of
real valued harmonic polynomials I (x) and 12’ (x/) as

(s

Gx,x') = Z 2n+ - |x|2”+1 2 2 Z alfl 1 (o )a 17 x)

—n{'=—nf=-n
(s o]

1 £ £
= I, (xHI, (x
r;) 2n+1 |x|2n+l 2 ( ) ( )

since the coefficients a’ satisfy Y __ aft all = 5,,, provided that I, (x) are normalized appropriately.’* Furthermore,

=N "'mfm
from Ledger and Lionheart,'®> we have

o 18]
N p
G(x’x)_ﬂ%:oZIﬂIH ; lKlﬂl(x)a H(x')P. (22)

For |x'| in a compact set and as |x| — oo, a Taylor expansion!! P77 gives

- 1l
B.181=0 :
so that
18]
_1 o (=D
218l +1 m;ﬂl Ky (0ag,, = 5 ’G(x,0). )

Building on the above, we can also relate higher derivatives of DZG(x, 0) to higher order derivatives of KI ﬂl(x) by
differentiating (22) term by term, since it is absolutely and uniformly convergent, giving

0 18]
DiG(x,x’)=ﬂ%‘,02|ﬁ| — _Z‘,mID,%(Kl,,,(x»a HEP (25)

and constructing a Taylor series expansion of DZG(x, x’) for |x’| in a compact set as |x| — oo in the form

2~
DGx.x)= ) (;? oL (D2G(x, 0)(x')’. (26)
p.151=0 ’
Thus, by comparing (25) and (26),
D, o 8 L
5 axwxG(x,O»—Wm;ﬂle(K N = 5 m“m;mDX(K oam, @7)

since D2G(x, x') is real.
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6.2 | HGMPT expansion

Using the alternative forms of Green function expansions allow us to introduce what we call a HGMPT expansion for
the assumptions listed in Section 6. The advantage of HGMPTs is that they require fewer coefficients than GMPTs to
characterize an object for a given rank.

Theorem 6.1. For any M > 0, the magnetic field perturbation in the presence of a small conducting object B, = aB+ 2
for the eddy current model when v and u, are order one and x is away from the location z of the inclusion under the
assumptions in Section 6 is completely described by the asymptotic formula

M-1M-1-¢ ¢ t
(H, — Ho)(X); = Z > 2( <| P ))) Hf“(DZ(I i ,(s))) d, + (R()), (28)
ik jo

=0 =0 p=—¢q=—t

H.,¢ptq

with |R(x)| < Ca®tM [[Ho || wm+r.00B,. In the above, Em are the coefficients of rank 2 + ¢ + t HGMPTs given by

3 346+t 4
Heptg iva (=1 p Ontg | o (Dtg
7 NG VN LTI L (If(g)("’f Y )> d&
) a3+f+t( 1)f Wt
+ (1w )(2f+1)(2t+1) /P(§)<t+zv XV, q>d‘f 29
3+f+t( l)f o
+(1-pt) ————— P ( ?)"’q>d,
(=) Q7 + D2+ D)k / © XV ¢
where y/(o) 9 and y/(l) 9 satisfy the transmission problems
v 1V ©O)tg _ .
e Xty Xy, =0 in B, (30a)
Ve M9=0,  VexVexy =0 in B, (30b)
[nx P =0 onT, (30c)
[nx i, Ve x y' " = onT, (30d)
w9~ Ti(E)e; x £ = O(|E|™) as |&| - o, (30e)
and
Ve X Ve x W(th 1v(1[/(1)” ;0)’[’(1) =0 in B, (31a)
VeyP=0,  VexVexyPM=0 in B, (31b)
[n % I[I(mq] =0 onT, (31¢c)
[nx ji; 'V, X q/(l) M = onT, (31d)
/ n-y Mg =0, (31e)
I

w9 = 0(1g1™) as|é| — co. (31f)

Proof. Starting from (20) and using (27), we get
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M-1 M—-1-|f]| |81 8]

B p15!
(H, — Ho)(x); = Z 2 QI+ D25 + 1) Z Z

B.181=0 4,|6|=0 m=—|p| n=-5|
(DX ()i M (DAK (5))),pdpalT + (RGE)):, (32)

M-1M-1-m ¢ t

= > D X (DUKI) M (DI (9))jodo + (RO,

=0 t=0 m=—¢n=—t

where, unlike in Ledger and Lionheart,'> we do not choose to take the complex conjugate of D)Z((K" (s))a since the
contracted type GMPTs INC are themselves complex and have coefficients

chifmtn — 1 ﬂ'6'aMH§mﬁ5 MH
kj 2 +1)Q2t+1) ﬁ’%‘; . &%‘g k%
_ 1 Z Z —— vl (- 1)|ﬁ|
¢ + 12t + 1) m 201+ D6l +2)

B.1B1=¢ &.|6|=t

-1\ .3 s p 1.6
+ (1= ;) @ '(—1)'”'ek-/§ <|5| Vex o, >d€a§ﬁH

4@ (1= ;) @Ol (1) Pl /gﬂ <|5|+2 §X9§o>,5> d§@>
_ 1 iva* (-1 m— Ontn |, p(tn
T+ D2+ D) <2(f TD+2)% /Bé X (H7 ()@, + ¢, )) dé

+ (1= ) (1) e /@(Lvé % ¢§1),t,n> dé

+ (1= ") (1 e /Hm@ (=5 ve ><¢<°”")d§)

- [ex (e + o) aga

In the above, we have used Y, ﬂlzfag’gféﬂ = H7'(&). The vector fields quo)’t’" (&) and qb;l)"’" (&) satisfy the transmission
problems

Ve X ur Ve x ¢§°>"’” =0 in B, (33a)
0),t,n __ O),t,n __ . C
Vg . ¢j =0, Vg X V§ X ¢j =0 in B, (33b)
[n % (I)E.O)’[’"]r =0 on T, (33¢)
[ i Ve x ¢ = 0 on T, (33d)
¢ — HI'(E)e; x & = O(IE[™) as |€| - oo, (33¢)
and

Ve X g Ve X @0 —iv(g + ¢ = 0 in B, (34a)
Ve UM =0,  VexVex gt =0 in B, (34b)

.ty
[n X qu Ir=0 on I, (34¢)
[ i Ve x ¢V p =0 onT, (34d)
/ n- ¢ =0, (34e)

r

¢ = 0(1g1™) as|&| — oo, (34f)
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respectively. Recall from Ledger and Lionheart!> that

D, ae =HNO) = Z alLI4(), (35)

B.1BI=¢

are harmonic functions, and that I;f(é) are real valued, then we can also write

Z all;/[rz{og),ﬁ(é) :¢;€1),f,m(§) Z aumwl({l)fu ©),

B.|1Bl1=¢

0), 0).7, 0).7,
Y a0 (&) = ¢ ) = Z Al w07 e),
B.|BI=¢

where, after an appropriate replacement of indices, y (0) ‘. (&) and y/(l) i (&) are solutions to the transmission problems
(30) and (31), respectively. This means that

m%fmtn _ Z Z aIH mH JLutv TH IH (36)
—f v=—t
3+f+t 4 -
(=1 u OXAY @).tw H
Z 2 Y 1)(t +2)027 + D2+ )k /B‘f % ( (OW; )> déa,

— v=—t

+aﬁ(1 _ ”_1) aHiH(—1)¢ / ue) (—V Xw(l)rv) d§a
um Q¢+ 12t + 1)

+aﬁ(1_”_1) atir(=1)f /“(§)<—V xw(O)tv) d§a
um 27 + 1)(2t + 1) t+2 v

(37

and mkij““’ are coefficients of what we call HGMPTs. We then introduce (36) into (32) leading to

M-1M-1-¢ ¢ t ¢ t

(H, — Ho)(x); = Z YYD Y DRI ual M al (DK ($)) jodo + (REE) (38)

=0 t=0 m=—¢ n=—tu=—¢v=—t

Now, by using (35), we can write

Ky'(x) = H(®) = —— Z I (),

| |2f+1 |2f+1

and substituting into (38), we get

M-1M-1-¢ ¢ t

Ho-Hoo=Y 3 Y ZZZZZ

=0 t=0 m=—¢ n=—tu=—¢v=—tp=—¢q=—t

1 H,Zutv
D? < (x))> al gp't
< |-x|2f+1 ‘ ik u kj

<D§ (l B ,(s))) alllalfld, + (R)).
Jjo
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Finally, using
f —
D Gpmdin = 6
m=—¢
completes the proof. O

Corollary 6.2. It immediately follows from Theorem 6.1 that the voltage induced in a small receiving coil at position x*
with dipole moment f due to a small source coil at position x° with dipole moment d, after truncation, is
) a.
x=x*/ jo

aiora( p2 1 4
kj x 2t+1It (x)
/. x|

x=x'/ ik

where we note the use of Roman r and s to denote the receive and source, respectively.

M-1M-1-¢ ¢ t 1
Ve = (H, — Ho)®)i(f)i = ;} > D Zfi<Di<W—mI§<x>>

=| t=0 p=_f q:—t

For what follows, we define the HGMPT matrices C?j’f‘ and NkHj‘“ with coefficients

(== iven [ £x (B@W T+ w ) ag
(Nlljj;ft)pq = (1-p") e /BI§(5) <V§ % W;l),t,q> de
+(1-u) e /315(5) (Vg X wﬁo)’[’q) de,

which are of dimension (2 + 1) X (2t + 1), so that

Heplg _ a3t (—1)" o) (=17 1 HAt
= p

kj 20+ Dt +2)R+DRt+1) K PT T Qf+ DR+ 1) t+ 2(Nkf Jpa:

for—Z < p < ¢,—t < q < t. Additionally, we define the 1 x (2t+1) and 1 X (2 + 1) matrices DI;}. and DIfk with coefficients

> d03 -t S q S t,
x=x*/ jo

) fio —C<p<¢t,
x=x"/ ik

where again the Roman r and s denote receiver and source, respectively. It then follows from Corollary 6.2 that, after
truncation,

3

o=1

3
(DI}, i= ) <D§ <|x|§ — 15(x)>

i=1

M-1M-1-¢ 3
a3+£’+t(_1)f

Va=— DI, C;M"'(DI. )"
> Zg) g; 2 + 1)(t+2)2 + 12t + 1) k; SR

M-1M-1-¢ (39)

+ 2
£=0

where T denotes the transpose. An alternative description of V; follows from (32) by introducing the matrices ij’,ﬁ and

N]Sjifr with coefficients

3
a3t (=1)? 1 Z DI’ NH,ft(DIt‘)T
“ 20+1)Rt+1)t+2 & k™ ki i

(C]ijft)pq 1= —ivey - /g X (Hg(f)(¢§0)tq + ¢;1),t,¢1)> de, (40a)
B

(NG g 1= (1= 47" e /B HY@) (Vex ¢ ) dg + (1- 41" e /B H(©) (Vex 9"")dg. (4ob)
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which are of dimension (27 + 1) X (2t + 1), so that

a3+f+t(_1)f a3+f+t(_1)f 1 cot

Ceptq _

kj T2+ D(E+2)2F + D2t + 1)

CC’.f[ +
(€ Jpa +DRt+1)t+2

for—-/ <p<?,-t<q<tandthelx (2t+1)and1 x (2¢ + 1) matrices DK;J. and Dka with coefficients

3
(DK!), =Y (DK x=re) o —t <N,

o=1
3
(DK )y = O (DAKE®) e ) fir  —£ SM L.
i=1
Thus,
MM 3+£+t ¢ 3
a1 £ ~CLt et \T
Vo= DK’ C%"/(DK',
) ZS Z.‘ 2( + D(t+2)20 + (2t + 1) k; wCij (DK)
M-1M-1-¢ 3
+ Z LGV | Z DK’ NC/(DK! )T
S & QD@+ 2 L T

is an alternative form to (39).

6.3 | Transformation formulae for HGMPTs

We present results for the scaling, shifting and rotation of the HGMPT matrices. It is useful to introduce the (p+1)x(p+1)
matrices A! with entries

Ay Dmn =y,  —p<n<p,-p<m<p,
which is unitary if H and I'" are chosen appropriately,’> so that we can write

Ce 1582 C.t Hy¢ *
C./ =AYC A, N = AN A
where * denotes the complex conjugate transpose and

H/t _ TH\* ~C.0t A TH Her _ TH\#\gC.Zt A TH
C, =@ ClAN, N = (A NCTAN

6.3.1 | Scaling
Lemma 6.3. For any positive integers ¢, t in the following and a real scaling parameter s > 0, the following holds:

C."[saB, v, ur] =5°C""[aB, 5V, ],

Ngj{t[SaB, v, //lr] = SSN}S‘;ft[aB9 SzV? ﬂr],
where [saB, v, u,] indicates evaluation for an object saB with material parameters v and u,.

Proof. Let ¢fl)3’t’"(§’ ) be the solution to (33). Then, since Ht“(sg’ ) = sth”(f’ ), we find that

1 0),t, 0),t,
b 56 = ¢%"(E),

where ¢;,0S);’” is the solution to (33) with B replaced by sB. If ¢§.11)3’t’"[szv] is the solution to (34) with v replaced by s%v,
we find that 1
S VIGsE) = ¢ ISVIE,
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where ¢(1) "] is the solution to (34) with B replaced by sB. Then, by the application of these results, we find that

iva3+f+z(_1)f
20+ D) +2)"

M " 5B, v, pur] = : <

m (O)tn (1),t,n
SN | ex (@ + 4 ) de

+(1- i) @ H(=1Y e /H’"(‘S) _V§x¢ils)§"[v]>d§,

3+L+t ‘e m (0).t,n
# (1= @1 e | T (Ve x o) e

_ 1 3 iva3+t’+t(_1)f .
Terrnei+n \ 2@+ ne+2 %

/ s&' x (HZGE @68 + ¢ vI(s€) ) d&’

(1—M ) (1) e /W<——V X(S1+t¢(1)tn[s v]))d&',

(1_ ) 3+f+[( 1))’ /m(__v X(S1+t¢(0)ln)> dé’)

_ 1 3L+t <i(S Vet H(=1)”
T+ 1)(2t +1) 20 + 1)(t+2)

/ & x (HP@E@ ")+ 85151 ) g’
B

€

(1 _ ) 3+f+t( l)f /Hm(§ ) <—V§ X(¢(1)tn S V])) dg’,

(1_ —1) 3+f+t( 1)fek /Hm(g) —V5/X(¢(o)ln> l>

— S3+f+lwzfmtn[aB’s v, /’lr]7

which, by replacing m with p and n by g, and using the definitions of (ngtﬁ)pq and (ijtm)pq in (40), completes the
proof. O

6.4 | Translation

To deal with a translation (shift) of a HGMPT, we first recall the translation of H'(€§) = r"Y}*(6, ¢) where & has spherical
coordinates (r, 8, @). For z with spherical coordinates (r,, 8,, ;) and & with spherical coordinates & + z = (*,6', ¢'),
Ammari et al'? provide the following:

(n,m)
HNE) =r"Y0, @) = Y, Copmmty "Y1 (0 @ )P Y1 (0, )
(v.)
(n,m)
=Y CommHy) @H (&),

(V,p)

for the translation of a spherical harmonic, which we have chosen to write in terms of H}'(-). In the above, the real
coefficient C,,m and the special form of summation are as defined in Ammari et al.!?

Building on the translation invariance property of the rank 2 MPT established in Proposition 5.1 of Ammari et al,2 and
the translation properties of HGPTs in Lemma 4.2 of Ledger and Lionheart,'> we establish the following for the translation
of HGMPTs.
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(41a)
(41b)
(41c)
(41d)

(41e)

(42a)
(42b)
(42¢)
(42d)

(42¢)

2 LwiLEy
Lemma 6.4. For any positive integers ¢, t in the following and a translation of B to B, by a constant vector z, we have
(¢,m) I ()
(€S BDmn = Y, CourmH] /@) Y, CornHI/ @NCT B,
V.m) (z,4)
¢,m) (t,;n)
(NS B = Y CoprmH) /@) Y, CornHIH RNE [B]) e
(Vo) (z.4)
Proof. Let FO™'" satisfy
Ve X i Ve x FO" =0 in B,
Ve -FO' =0,  VexVexFOM =0 in R*\B,,
[nx FO'"r =0 on 0B,
[n X ;' Vo X FO e = 0 on 0B,
FOM — HXE ey x & = 0(1€'1™) as |€'] - oo,
and F)"" satisfy
Ve X ui Ve X FOM — iyFDH" 4 FOMY = 0 in B,
Ve - FOM =0,  VaxVaxFP" =0 in R*\B,,
[n X Fgl)’t’”]r =0 on 0B,
(nX i Ve x FOr =0 on 0B,
/ n- Fg)’t’ndfl =0
0B,
FOM = 0(1E1™) as [&'| — o,

and F"*", F{"""" be the corresponding solutions for z = 0. Then,

(D)
H!'(E)e; x &' = ) CounH," " @H)/ (©)e; X (& +2),

v,p1)
since C,,r, is real, we have
(t.n) (t.n)

Fg)),t,n _ Z C\/Mth (z)F(O) V. + Z Cvman ﬂ(z)G(O) v M
v.m) (v.p)

(t,n) (t,n)
1).t, 1 1
FOU = 3 CunH @F + Y, CounH,) R)GS

(V1) v,p)
In the above, Gf)o)’t’" satisfies

Vex u Ve x GO =0 in B,

Ve GO =0,  VixVexGY =0 in B,
[nx Gk =0 on 0B,
(mX g7 Ve x GO r =0 on 0B,

0),t, T, e~ _
GY" — HI&)e; x z = O(|&| ™) as || — oo,

(42f)

(43a)

(43b)

(44a)
(44b)
(44¢)
(44d)

(44e)
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and Ggl)’t’" satisfies

Ve X u Ve x GOV — (G + GP) = 0 in B,
Ve -G =0, VexVexGPM =0 in B,
[nx G =0 on 0B,
[nx i Ve X G(Ol)’t’”]p =0 on 0B,
/ n- G = o,
0B
Gy " =0(¢'1™) as |¢] — co.

Setting G(()O)’t’" = H}(§)e; X z = Vu in B, then we can define i to be the solution to

Vii=0 in B,
ii=u on I,
=0(1¢1™) as || — oo,
we have
Gé°)’“"={€ﬁef“1ﬁ BLoaee

This means that

iva3+f+t(_1)f

W+ D)+ + D+ D /B & x (Hp@ W™ + F) ) ag
3+f+t( 1)f

H™ 1 (1),t,n
27+ D2+ 1" / (§)< Ve X Fy )dg

(m ) Q3 (=1) / m(§)( Ve XF(O)Z")d{f
(2f+1)(2t+1)

a,3+f+t(_1)f
T2+ D(t+2)27 + D2t + 1)

3+f+t( 1)f (1),t,n
oy @D o
(1 Hr ) (2{+1)(2t+1) / (5)( Vo X F, >d§

mgt’mm [BZ] —

+(1-u)

3+f+t( 1)K’

- N7 H™ (0),t,n
+0-0) G f, O (% <) .

by using the transmission problem (42). Next, using (43) and (40), we get

(¢,m) (t,n)

(€5 BDmn == T, CournH}[@ 3, ComnHl}} @ | (€ +2)% (HI@Vex Ve x F ) ae

(v.p) (z,4)
(¢,m) (t,n)

(NS BDn = 3 CourmH @) Y, CosmHI/(2)

(v.p) (z,4)

((1—u;l)ek-/%(VngS’“)dé

B

+ (1 - //lr_l) ey - /I‘% (Vg XFE)O)’TJ) dg
B

+(1-p) e / HI(@) (Ve x 67) d.f:) ,
B

ey - / g’ X (Hgl(g’)v.f/ X VC’ XF;DJJI) dé’
B,

(45a)

(45b)
(45¢)
(45d)
(45€)

(45f)

(46a)
(46b)

(46¢)
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with our final result immediately following, since, by replacing j with k in Gf)o)’v’” , and recalling V x GE)O)’V’” =0, then

e - / zx (Hc‘(g)vg X Ve X Fng") de = / Ve x Ve x FOW . GOV dg = 0,
B B
by performing integration by parts. O

6.5 | Rotation

Consider a general rotation matrix R in terms of the Euler angles y, f, « where the rotations are expressed in the same
manner as Section 4.3 in Ammari et al'? as

cosy —siny 0 cosff 0 —sinp cosa —sina 0
R=|( siny cosy O 0 1 0 sina cosa O }.
0 0 1 sinf 0 cosp 0 0o 1

Following (4.8),12 we have

n
HYRE) = Y, o "(a. f.)HY (©), (47)
m'=—n
for where p)"™ is as defined in Ammari et al.!?
In the following, we extend the results for the transformation of CGPTs under the action of R obtained by Ammari et al.
in their Lemma 3.2'2 and the transformation of MPTs under R obtained in Theorem 3.1 of Ledger and Lionheart? to the

transformation of HGMPTS.

Lemma 6.5. For any positive integers ¢, r in the following and a transformation of B to R(B) by an orthogonal rotation
matrix R

CER(B)] = (R)u(R)u(Qr (RICS [BIQUR) ).

NE/[R(B)] = (R)u(R);(Q (RINS [BIQR) ).

where ‘,—t C+1,—¢ £~
~f,~ —{+1,— —t
p p P
—Lé,—f+1 —?+1,—f+l f],{f+1
QR) :=| ¢ Pe P : (48)
p;f,f p;f+1f L p?,f
Proof. Let Fg’l”’ satisfy
v
Ve X ur Ve x Fgf;j"" =0 in B, (492)
Ve .Fg{;;" =0, VexVex Fg’” =0 in B, (49b)
[nx FO =0 on 0B, (49¢)
[ X i Ve X Fggj’"]r =0 on 0B, (494d)
Fy," ~ H}(£)e; x & = (1€ ™) as |¢] — oo, (49¢)
and F)»"" satisfy
]
Ve X iy Ve X F(B{lj’" - iv(ng’f’” + Fﬁﬁf”) =0 in B, (50a)
(Dtn _ ,t,n _ :
Ve Fgo" =0, VexVexFp =0 in B, (50b)
[nx FO =0 on 0B, (50¢)
>
[n X fi; Ve x Fg};j””]r =0 on 0B, (50d)
n-F)M"de =0, (50€)
dB I
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F" = 0(g1™) as |&] - oo. (500)

then, by combining (47) and Proposition 5.3 of Ammari et al,> we have

(0).t, ’, (0),t,n (1).t, /, (1).t,
Fin RE= Y ol (@ .y )RFT . Fit RO = Y, " (@, f.7)RFy i

n=—t n'=—t
for all £ € R3. Hence,

iva3+f+t( 1)/

W+ D)+ 22+ D2+ 1)

B a3+f+t(_1)f . —_ (Dt
+(1-p') ——————e H'(RE) —V X Fyisre dé
R(B)

EIRC fmtn R( )

H™(RE)(FOLn (1),t,n
/R (B)é X (H?"(R@(Fme + Py, )) de

-1
) ¢ +1DC2t+1)
a3+f+t(_1)f

— _1 —_—
+(1-m) Q7+ D2t+ 1)

] o~ ( 1 (0).t,n
€y /R(B)Hf R(&) <t+ 2V§ XFR(B)e ) dé
t

3
=Ru®); ), A" Y o

m'=—¢ n'=—t
iva3ti+(—1)7 (WA )t
- HY (&)(FO 4 FO4ry) g
<2(f+1)(t+2)(2£+1)(2t+1)e /B‘fx< r ) Fye" +Fp,, )> ¢

3+f+t( l)f m’ Dt
+(1-pr )(2f+1)(2t+1) / (§)<t+2VXF )dé

3+f+t( l)f m’ 1 (O)In
+(1-pr )(2f+1)(2t+1) / (§)<t+—2v§>< >d§>

which follows by applying similar arguments to those in the proof of Proposition 5.3 in Ammari et al*> and Theorem
3.11in Ledger and Lionheart.> So that

(€ IRBDmn =R)au(R);» Z oy Z P CE B

m'=—¢ n'=—t

—(R)ku(R),vq*;(cC ”‘[B])(q_;l)T

(N [RB)n =R)rau(R);0 Z " Z P NG (B

m'=—¢ n'=—t

=(R)u(R);q7 (N, ' [BI(@))

where
-2, ¢,
=0, ™.

Introducing Q/(R) from (48) completes the proof. O

6.6 | HGMPT coefficients invariant under the action of a symmetry group

In this section, we consider how the voltage in a source-receiver pair changes if (1) the coils rotate and the object is fixed
and (2) if object rotates and the coils are fixed and then we also relate the two situations. Next, we consider a scalar EIT
problem where a procedure has already been established for determining HGPTs coefficients invariant under the action
of a symmetry group before presenting an approach to determine the HGMPTs coefficients that are invariant under the
action of a symmetry group in the vectorial eddy current case.
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6.6.1 | Changes in voltage due to object rotation

If a coil arrangement rotates, with the rotation described by R, so that a new transmit location is x* = Rx® and its dipole
moment is m’ = Rm, the background magnetic field at the origin due a transmitter at x” can be expressed in terms of the
field obtained from a transmitter at x* as

(H{(0)); = (D3G(X, 0)|,_y )ij(m);
= (R)ip(R)j¢(DFG(X. 0)|x=xs)pg(R):(m);
= (R)ip(D)ZcG(x’ 0))|x=x5)pq(m)q = (R)ip(HO(O))p,

which follow using (19) and the properties of R.

We can also predict how the the coefficients of HGMPTs that we have derived in Theorem 6.1 will transform if the
coils are fixed and the object rotates. The coefficients of HGMPT are defined by two sets of indices; a set of tensorial
indices, which we denote by subscripts k, j, and a further set of indices, denoted by the subscripts 7, p, t, q. The rank of
the HGMPT is 2 + 7 + t and the indices k, j, p, q are used to identify different tensors of this rank, specifically 1 < k, j <
330<¢/<M-10<t<M-1-¢,-¢ <p <?,and —t < q < t. In the simplest case, where M = 1, we have
m}jj P = Emc Smrn 27)22;’ = My; so that HGMPTs and GMPTs in this case agree with the rank 2 MPT coefficients (up to
ascaling dependent on the definition of I)(£)). Recall, that in Ledger and Lionheart,'> we chose the harmonic polynomials
to be defined so that (I]*(x), I’,ﬁ(x))Lz(as) = 6k Where (U, V)129s) 1= fasuf)dx denotes the L? inner product over the surface
of the unit sphere S. If an object is rotated as B’ = R(B), the rank 2 MPT coefficients of the transformed object in terms of

those for the original configuration are
= (M[R(B)])ij = (R)ip(R)jq(M[B])pq = (R)ip(R)qupqa

with Section 6.5 providing the extension for HGMPTs.

We now consider how the voltage changes if an object B s fixed in position and both transmit and receive coils simulta-
neously rotate by the same rotation matrix R. In this case, the voltage induced in a source-receiver pair (s, r) with dipole
moments f and d and the prime indicates the rotated quantities is

M-1M-1-¢ ¢ t

Vi = Z Y Y Y (DR (K) L)y (RIBDE ™ (DF (K(0)) e ) o

=0 =0 p=—¢q=—t
Then, noting that K?(xr') transforms in a similar way to HY ") = HY(Rx"), as described in (47), we get

M-1M-1-¢ ¢ t

Vi = Z Y Y Y ®u R Z 2@ B.7)(DF (KZ ) oo ) (ORIBD P

£=0 (=0 p=—~tq=—t p=—t

RR) R Y, 505 (D (KI0)) Lo )

q'=—t
M-1M-1-¢ ¢ t 14
Z Y Z > Ry Y, @ pr)(DF (KY ) oo ) (MIBDG ™
=0 t=0 =—¢ q=—t p'=—"C

N

Ry Y, o @ p) (D (KF ) Lo ) dh

gt mw
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by using properties of orthogonal matrices. Swapping the order of summation gives

M-1M-1-¢ ¢ t

Vi = Z 2 22 Z Z (D2 (K200) Ly ), S (Rin 7 (at B 1) (R[BYC P

£=0 =0 p=—¢q=—Lp'=—tq'=-t

(R)jmp?’q (a, B, Y)(Dyzc (Ktq(x)) |x=x5)mwdw
M-1M-1-¢ ¢ t
=2 Y DD (DE(KEX)) lemx )., uORIRT B)D) or P (DF (K (X)) Lz ) v

=0 t=0 p=—¢q=—t

so that V!, can also expressed in terms of fixed pair of source and receiver coils and a rotation of the object by RT.

Analogously, we have
H,/pt
) (M[B)} ”<D§<| o )) > do’
x=x"/ ik x=x*/ jo

M-1M-1-¢ ¢ t
-3 3 % 30 (o)
) (mt[RT(B)DH”’”q<D2<| B t(x>> ) do,
x=x"'/ ik x=x5 jo

£=0 r=0 p=—¢q=—t

DI iﬁ(Dz(l )

t=0 p=-rq=-t

in terms of the HGMPT coefficients.

6.6.2 | Scalar problem analogy

For a related scalar EIT problem, where object size is not considered, the induced voltage from a source, receiver pair due
to the presence of an object B with contrast k can be described as
' D /
Ve = Z —(() (G(x, 0))|x—x')Maﬂ(a (G(x,0))|x=xs), (51)
aplamip= ¥

where M, s denote the coefficients of GPTs in terms of multi-indices, which we show in Ledger and Lionheart,? can be
expressed in the alternative form

o

iyl H 7/ (S
Z xr|2p+1 |xs|2q+1 Z 2 lf (x )qupllq(x )’

= i=-pj=—q

where MY ; are what we call the coefficients of harmonic GPTs or HGPTs. In Ledger and Lionheart,® we describe an
approach for reducing the number of independent coefficients of a rank 2 symmetric polarizability tensor using the rota-
tional and reflectional symmetries of an object. This means that in practice for many objects the number of independent
objects is much smaller than 6. Then, in Ledger and Lionheart,'* based on the induced voltage in a source, receiver pair
for a related expansion for a scalar EIT type problem involving HGPTs, we developed an approach for determining the
symmetric products of harmonic polynomials I(x) and J(x), of possibly different degrees, in the form

S566.y) = 5@, x) = Ix)J(y) + J(OI(y),

that have the property that
S(Rx,Ry) = S(x,y),

for all matrix representations R that make up the group ®. This was then applied to reduce the number of independent
coefficients of HGPTs associated with objects that are members of a given symmetry group.
In order to establish the connection with HGMPTs, it is useful to rewrite (51) in the alternative form
> (=1)lal+1Al

Vi = 0%V (G, 0)); ] xex )M (0P (V(G(X, 0))) | x=x+) 52
a,ﬂ,|%ﬂ|=o(|a|+1)(|ﬁ|+1)a!ﬁ!( (VG 00 lmer )My (9 (Vi (GX: 00)) ) (52)
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where summation over the tensorial indices i, j = 1,2, 3 is implied and

)

M7 = /0 Yedisdy, b0 1= (A —Kp (Ve V()lxgy), ¥ € 0B. (53)
B

In the above, we have used the notation y{ = y;y*. Still further, an alternative form le’jﬁ can be established in terms of
the solution y; 4 to the scalar transmission problem

Vi =0 in BUB, (54a)
[yplr =0 onT, (54b)
oy; oy;

Vie| _ 2| n-(x") onT, (54¢)

on |, on |_ J
w3 —0 as |x| = oo, (54d)

in the form
ij” =(k-1) / () - (x’e;)dx + (k — 1) / Vxle; - Vyldx. (55)
B B

In (54), we note that of the possible combinations of Vxxj.j , we need only consider those functions that are harmonic,
and since the gradient of a harmonic function is still harmonic, we can restrict ourselves to x’e; with f being such that
the multi-indices lead to polynomials x? that are harmonic. The result in (55) follows from Lemma 4.3 in Ammari and
Kang!! since again only those multi-indices « for which x/® is harmonic need be considered. Furthermore,

le’jﬂ = (k- 1)/(x;“') - (*e;)dx — (k — 1)2/ V! - Vyfdx — (k - 1)2/kvwf - Vydx,
B B¢ B

which is obtained by integration by parts.
By beginning from (52), and repeating similar steps to Ledger and Lionheart,> we arrive at

Hepta 1 4
kj Vi 2t+1 It )
o x|

x=x/ |

© 3 t 1
voe 3 5 3 (v (i)

£.4=0 p=—¢ q=—t

> ; (56)

where
M7 — (- 1) / (P@e - [xe,)dx
g (57)
— (k- 1)2/ Vrep - Vobjigdx — (k — 1)2/kv¢k,fp -V 1qdx,
B¢ B
and
Virep =0 in BU B, (58a)
[Greplr =0 on T, (58b)
0 d
Pecn| _ k Pt =n- - x)ey) onT, (58¢)
on |, on |_ ‘
Siep = 0 as |x| — oo, (58d)

We observe that (56) has a similar form to (39) with summation over a set of tensorial indices 1 < k, j < 3 and additional
summation over Z,t = 0,1, ... with = < p <7 aswell as —t < q < t. Still further, for y, = 1, then wf{o)’f’” = I;f(i,‘)ek x &,
and we can write the coefficients of the HGMPTs in the alternative symmetric form
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: 3+£+t 4
H.¢pig iva 7t (-1) / < p ©Outg | o (Dig >
) = . X (I 3 +y, d
ki 2Z T+ nar + Dair [ X Oy ) dE
a3trH(—1) 1 Mt 1.0
= —V XV xyPH v x o1y x 0P 59
20+ Dt +2)27 + D2+ 1) < /B o H VXY HrV Xy Tdg (9

o 1).t, e,
—/ iV x gDy pdé),
BUB*¢

by applying similar arguments to Lemma 5.1. Also, defining zﬁz?fp 9= 20 + Dt + 2)9)2?/?@ ‘I then we see we have the

> H.Zpt H.iq7,
P = g,

symmetry Kj i

6.6.3 | Procedure to determine invariant HGMPT coefficients

Given the similarity between (56) to (39) we can proceed as follows to determine the coefficients of HGMPTs and HGPTs
(when expressed in the alternative form (57)) that are invariant under the action of a symmetry group G:

1. For ¢ =t = 0, when the HGPTs and HGMPTs reduce to (complex) symmetric rank 2 tensors, we apply the previous
procedure from Ledger and Lionheart® to determine the independent coefficients associated with indices 1 <k, j < 3.

2. For other cases, and once independent H(G)MPTs coefficients for indices k and j have been identified as above, we
propose to use the previously described approach in'> to determine the symmetric products of harmonic polynomials
that are invariant under the action of a symmetry group. This, in turn, allows us to additionally identify the independent
coefficients for indices Z, p, t, g for HGMPTs.

3. Once the independent HGMPT coefficients have been identified, we propose to use these as features in classification
algorithms where objects of the same symmetry group are grouped together to form classes. We plan to investigate this
in a future publication.

Remark 6.6. We envisage that the above procedure could be used to identify UXOs, landmine components, and metal-
lic objects of archeological significance as well as for identifying objects for security screening and for other metal
detection applications. Just as with situation in EIT described in Ledger and Lionheart,' in practice, the measured
Vi will contain unavoidable errors and noise that are associated with measurements. Still further, buried objects (and
other objects that we wish to find) will often be dented and deformed, and so in practice, a hidden object's symmetries
may only hold approximately in practice.

7 | CONCLUSION

In this work, we have derived complete asymptotic expansions of (H, — Hy)(x) as ¢ — 0 using both tensorial index and
multi-index notation, which provide improved object characterizations using higher order GMPTs as a natural extension
of the rank 2 MPT description. We provide splittings of the GMPT object characterizations obtained, which make the
magnetostatic contribution to (H, — Hy)(x) explicit. We have derived symmetry properties of GMPTs, which extend those
already known for rank 2 MPTs, and have also obtained explicit formulae for the real and imaginary coefficients of GMPTs,
again, extending those already known for MPTs. We have derived results that explain the spectral behavior of GMPT
coefficients (i.e., their behavior as a function of frequency) and shown that their behavior is similar to that of the MPT
coefficients. We have also introduced the new concept of HGMPTs, which have fewer coefficients than GMPTs of the same
order. We have examined their scaling, translation, and rotational properties and provided an approach for determining
the coefficients of HGMPTSs that are invariant under the action of a symmetry group, which could form a basis of object
classification for (H)GMPTs.
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