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Abstract v

Abstract

This thesis deals with surface wave propagation in elastic solids. It develops fur-
ther the methodology of asymptotic hyperbolic-elliptic models for the surface elastic
waves, aiming at two main areas, namely, accounting for the effects of a thin coating

layer, as well as incorporating the influence of gravity.

The derived model for surface waves on a coated elastic half-space subject to pre-
scribed surface stresses reflects the physical nature of elastic surface waves, for which
the decay over the interior is described by a “pseudo-static” elliptic equation, whereas
wave propagation along the boundary is governed by a singularly perturbed hyper-
bolic equation, with the perturbation in the form of a pseudo-differential operator.
This perturbative term originates from the effect of a thin coating layer, which is
modelled in terms of effective boundary conditions, derived within the long-wave

limit approximation of the corresponding problem in linear elasticity.

Various types of coatings are studied in this thesis, including anisotropic and ver-
tically inhomogeneous thin layers. The analysis reveals a qualitatively similar hy-
perbolic equation, singularly perturbed by a pseudo-differential operator, with the
appropriate coefficient incorporating the overall effect of the material properties of

the coating and the substrate.

The established methodology is then illustrated for approximate treatment of several
rather technical problems in elastodynamics, in particular, analysis of moving loads

on a coated half-plane. The implementation of the hyperbolic-elliptic model allows a



natural classification of scenarios and elegant approximations of the exact solution,
with clear physical interpretation of the associated numerical illustrations of near-

surface dynamics for several types of vertical inhomogeneity.

Finally, the effect of gravity is embedded into the developed methodology of hyperbolic-
elliptic asymptotic models for surface waves. As a result, the wave equation on the
surface is regularly perturbed by a pseudo-differential operator, accounting for the

effect of the gravitational field.
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Introduction

Coated and layered structures have numerous applications in advanced engineering
and technology. In particular, coatings are predominantly utilised to protect the
material surface from corrosion caused by chemical and physical exterior agents,
improve fatigue and fire resistance, wettability, adhesion, etc., see e.g. Bose [2017],
Chattopadhyay and Raju [2007], Datta [1993], Padture et al. [2002], Pawlowski [2008]
and Veprek and Veprek-Heijman [2008]. We also mention important biological ap-
plications, for example, implantation of biomaterials in human body to rehabilitate
biological and mechanical functions for raising the quality of life. In this case, coat-
ings are widely used to reduce the mechanical loads on the implant surface, see e.g.
Hauert [2003], Li et al. [2014] and Tiainen [2001]. Also, we refer to applications
in nanoindentation tests, used to determine the mechanical properties of materials,
depth-sensing, etc. see e.g. Argatov and Mishuris [2018], Argatov and Sabina [2016]

and Borodich [2014].

Coated solids are particular types of layered structures, widely used in civil, aerospace
and marine engineering, see. e.g. Brigatti and Mottana [2011]. Manufacturing of
layered structures is generally performed through combining/blending two or more

materials. In particular, the materials with high-contrasting properties (for instance,

1
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density, geometrical parameters and stiffness) are often connected to create unique
materials, see e.g. Afmus et al. [2016], Kaplunov et al. [2021]. Therefore, by se-
lectively picking the convenient combination of materials, the desirable properties of
layered structures can be accomplished, providing a strong motivation for studying

the mechanics of layered elastic solids.

One type of important dynamic problems for layered elastic solids is related to wave
propagation in such structures. This area has received considerable attention in the
last few decades. We refer in particular, to studies of harmonic wave propagation
in an elastic sandwich plate, see e.g. Berdichevsky [2010], Kaplunov et al. [2017],
Lee and Chang [1979], Prikazchikova et al. [2020], Rogerson and Sandiford [2000],
Ryazantseva and Antonov [2012], Morozov et al. [2020], as well as related studies
of composite materials in engineering structures, see e.g. Mikhasev and Altenbach

[2019], Reddy [2003] and references therein.

Among elastic waves, considerable attention has been drawn to surface waves. They
have a rich history, being studied since the late 19'" century, starting from the classical
contribution by Lord Rayleigh [1885], giving the name to a wave propagating along
the surface of an elastic half-space and decaying over the interior, presently known
as the Rayleigh wave. In addition to conventional applications of surface waves in
seismology, e.g. Takeuchi and Saito [1972], there are also more recent applications,
within the context of telecommunications, acoustics and material science, see e.g.
Adams et al. [2007], Campbell [1998] and Royer and Dieulesaint [1999]. Surface
waves are also used in non-destructive evaluation, in order to detect the mechanical

and structural properties of the material under test, such as the presence of cracking,
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see e.g. Cho [2003] and Hevin et al. [1998]. In addition, prominent applications
in engineering and technology are noted, embracing on particular areas of seismic
protection, increasing the quality of highways and railway transport, etc., see e.g.
Krylov [2001], Palermo et al. [2016]. Analysis of surface wave propagation in an
elastic half-space is among the most exciting research areas in linear elastodynamics.
Recently, a lot of interest has been on the so-called "seismic meta-surfaces”, see
e.g. Colombi et al. [2017], Colquitt et al. [2017], De Ponti et al. [2020], Wootton
et al. [2019], as well as attempts of cloaking for elastic waves Quadrelli et al. [2021],

Wootton [2020].

The issues of the existence and uniqueness of surface elastic waves were addressed
in Barnett and Lothe [1974], Chadwick [1976a], Kamotskii and Kiselev [2009], Lothe
and Barnett [1976]. There has been a lot of contributions, studying surface wave
propagation in anisotropic solids, see e.g. Chadwick and Smith [1977], Destrade
[2001a,b] and Fu and Mielke [2002] to name a few. We also mention contributions
focused on surface waves in pre-stressed media, see e.g. Chadwick and Jarvis [1979],
Dowaikh and Ogden [1990], Prikazchikov and Rogerson [2004], as well as incorporat-
ing the effect of gravity, starting from the original work Bromwich [1898], followed by
influential results of Biot [1940, 1965], and a number of more recent contributions,
see Nath and Sengupta [1999], Sethi et al. [2012], Sharma [2020], Vinh [2009], Vinh
and Seriani [2009]. Surface waves in vertically inhomogeneous solids were studied in

Alenitsyn [1967], Argatov and lantchenko [2019] and Balogun and Achenbach [2012].

The problem of surface wave propagation in coated elastic solids has received sub-

stantial attention of researchers, see e.g. Achenbach and Keshava [1967], Glushkov
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et al. [2012], Zhou et al. [2017], to name a few. Often, the asymptotic modelling is
used to simplify the problem, see e.g. Cai and Fu [1999], Dai et al. [2010], Shuvalov
and Every [2008]. Related results for the Rayleigh-type dispersive bending edge wave
on a stiffened plate have been recently reported in Alzaidi et al. [2019b,a]. Indeed, the
existence of a thin coating layer naturally motivates an asymptotic approach, relying
on a small geometric parameter, namely the ratio of the thickness of the coating layer

to a typical wavelength.

The asymptotic methods in elasticity, were rapidly developing for static problems
for thin plates and shells see Goldenveizer [1976] and references therein. Asymptotic
methods have proved to be a powerful tool for justification of adhoc engineering theo-
ries Goldenveizer [1966], Goldenveizer et al. [1993]. The method of direct asymptotic
integration, developed by A.L. Goldenveizer, see also Goldenveizer [1980], has been
extensively applied in dynamic problems, associated with high-frequency approxima-
tions, in both short and long-wave ranges, see Kaplunov et al. [1998, 2016a]. The
approach has been extended to anisotropic and pre-stressed solids Kaplunov et al.
[2000, 2002a,b], Nolde et al. [2004], Pichugin and Rogerson [2002], Rogerson and
Prikazchikova [2009]. Various boundary conditions have been treated Erbag et al.
[2011], Kaplunov [1995], Kaplunov and Nolde [2002], Lashhab et al. [2015]. We also
mention delicate treatments of initial value problems, see Kaplunov et al. [2006a],
Nolde [2007]. Recent results also include treatment of high contrast Kaplunov et al.
[2018, 2019a], nonlocally elastic plates Chebakov et al. [2017], as well high-order the-
ory for rectangular beams Nolde et al. [2018] and refined dynamic equations for a

thin elastic annulus Ege et al. [2021].
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A popular approach to modelling surface waves propagating on an elastic half-space,
covered with a thin coating layer, is related to the so-called effective boundary con-
ditions on the interface between the layer and the half-space, essentially replacing
the mechanical effect of the coating. These conditions have appeared first in Tiersten
[1969], as a result of adhoc approach. The results were later criticised in Bovik [1996],
suggesting a refined formulation with the approach extended in Niklasson et al. [2000]
for anisotropic coating. However, the results of Bévik [1996] were demonstrated to be
erroneous in Dai et al. [2010], and the consistency of original conditions formulated
by Tiersten [1969] was confirmed, also matching the result of the two-term expansion
of the exact dispersion relation within the long-wave limit which was obtained by
Shuvalov and Every [2008]. Additionally, the validity of Tiersten [1969] results has
been discussed by many other publications e.g. see Godoy et al. [2012], Kaplunov
et al. [2019b], Malischewsky and Scherbaum [2004]. We also mention high-order

approximations for coating layers developed by Zakharov [2006, 2010].

The method of “effective boundary conditions” has been applied account for anisotropy
Pham and Vu [2016], Vinh and Linh [2012], various types of contact scenarios Vinh
and Anh [2014], Vinh et al. [2014], as well as for weak inhomogeneity Vinh and
Anh [2015]. We also cite a recent contribution of Vinh et al. [2019] focused on the

horizontal-to-vertical displacement ratio of surface waves in a layered half-space.

One of the notable achievements in theoretical analysis of surface wave propagation in
an isotropic half-space is related to consideration of surface waves of arbitrary profile,
relying on the theory of harmonic functions. It has seemingly first appeared as an ad-

ditional chapter by Sobolev et al. [1937] in translation, however, this contribution was
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seemingly unnoticed by the “western” academic community until recently. The same
idea appears again in Friedlander [1948], and then has been developed in Chadwick
[1976b] for both Rayleigh and Stoneley waves. The approach has been generalised
further to 3D formulation in Kiselev and Parker [2010], as well as to anisotropy and
pre-stress Achenbach [1998], Parker [2013], Prikazchikov [2013], see also results for
surface waves with transverse structure Kiselev [2004, 2015] and Parker and Kiselev

2008].

Most of the above-cited contributions on surface waves are dealing with a homoge-
neous wave, that is assuming traction-free boundary conditions on the surface, with
a few exceptions as seen in Dai et al. [2010] and Sahin [2020], treating the 3D prob-
lem for a coated half-space, subject to prescribed vertical and tangential loading,
respectively. Indeed, the eigensolutions for the Rayleigh wave can be perturbed and
expressed in terms of a single harmonic function Chadwick [1976b], which leads to
a hyperbolic-elliptic asymptotic model for Rayleigh waves excited due to specified
surface stresses, involving a wave equation for one of the Lamé potentials that gov-
ern the propagation of surface disturbances, serving as a boundary condition for the

elliptic equation describing the behaviour over the inner of the elastic half-space.

The hyperbolic-elliptic asymptotic model of surface waves on elastic half-space was
first derived in Kaplunov and Kossovich [2004] using the symbolic operator approach,
followed by further development in Kaplunov et al. [2006b], based on a slow-time per-
turbation procedure. The approach was developed to incorporate the effects of 3D in
Dai et al. [2010], Ege et al. [2015], mixed boundary conditions in Erbag et al. [2013],

anisotropy in Fu et al. [2020] and Nobili and Prikazchikov [2018], and pre-stress in
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Khajiyeva et al. [2018] and Prikazchikov [2020]. The methodology has been sum-
marised in Kaplunov and Prikazchikov [2013, 2017]. A parabolic-elliptic formulation
for the dispersive Rayleigh-type bending edge wave has been developed in Kaplunov
et al. [2016b]. We also mention the explicit second-order model of a wave propa-
gating on the surface of elastic half-space, presented by Wootton et al. [2020]. The
asymptotic formulation for transient Love waves was derived by Ahmad et al. [2011].
Recent results also include consideration of surface wave on a coated half-space with
a clamped surface Kaplunov et al. [2019¢|, inspired by a rigorous mathematical anal-
ysis in Cherednichenko and Cooper [2015]. We also note the composite wave models
for elastic plates and shells, combining both the appropriate long-wave behaviour
and short-wave approximation associated with Rayleigh front, see Erbag et al. [2018,

2019], as well as application of the model for energy harvesting Chaplain et al. [2020].

The elliptic-hyperbolic model provides a simplified framework for evaluating the
Rayleigh wave contribution to the overall dynamic response for a general class of
surface loading. Since the model extracts the contribution of the Rayleigh wave
to the overall dynamic response, it is highly relevant for situations when surface
wave dominates, in particular, for the near-resonant regimes of the moving load, see
Kaplunov and Prikazchikov [2017]. Analysis of elastodynamics of a half-space subject
to action of moving loads have been a subject of numerous investigations, including
the classical works of Cole [1958], Gakenheimer and Miklowitz [1969], Freund [1972,
1973], Payton [1967], as well as revisits of Bakker et al. [1999], Georgiadis and Bar-
ber [1993], de Hoop [2002]. This is a rather active area, with recent contributions

focussed on ground vibrations induced by high-speed trains Cao et al. [2012], Feng
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et al. [2017], Sun et al. [2016], response of layered half-space Sun et al. [2019], You
et al. [2019, 2020], Zhenning et al. [2016], beams on foundations Froio et al. [2018],
Dimitrovové [2019], Zhen et al. [2020], as well as studying effect of porosity Ba and

Liang [2017], Wang et al. [2020], Zhang and Liu [2020].

Implementation of the explicit model for the Rayleigh wave in Dai et al. [2010] allowed
a number of approximate solutions in terms of elementary functions to problems
considered previously, e.g. see Cole [1958], Goldshtein [1965], and also led to a number
of novel approximate solutions. The hyperbolic-elliptic model was first utilized for a
transient 2D moving load problem in Kaplunov et al. [2010]. Then, the 3D explicit
solution of the steady-state problem for a moving force on an elastic half-space, was
presented by Kaplunov et al. [2013], and then extended to 3D analysis of the near-
resonant regimes of a moving point load on a coated elastic half-space in Erbas et al.
[2017]. A distributed moving load on the surface of a coated half-space was analysed

by Sahin and Ege [2017].

This thesis aims at further developments of the methodology of hyperbolic-elliptic
models for Rayleigh waves and derivation of asymptotic formulations for surface waves
on a coated half-space excited by prescribed surface loadings, as well as for surface

waves on a homogeneous half-space with effect of gravity.

The outline of this thesis is as follows.

Chapter 1 introduces the governing relations of a linear elastodynamics, formulated in

terms of the Lamé potentials. Next, we present a brief derivation of the Rayleigh wave
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equation, as well as the eigensolution of arbitrary profile, followed by the hyperbolic-
elliptic model for the Rayleigh wave excited by surface stresses. Then, the propaga-
tion of a surface wave on a coated isotropic elastic half-space is considered. First,
an exact dispersion relation is derived. Then, an explicit model for a surface wave
is constructed, including the previously known formulation for vertical loading Dai
et al. [2010], and novel results for tangential loading, involving a pseudo-differential
equation on the interface for Lamé potential, having not only the vertical loading in

the right hand side, but also a Hilbert transform of the horizontal component.

Chapter 2 extends upon the explicit model for surface wave propagation on a coated
elastic half-space presented in Chapter 1 to the case of an orthotropic coated half-
space, generalising further result in Nobili and Prikazchikov [2018]. The effect of a
thin orthotropic layer can be replaced by the effective boundary conditions, allowing
the derivation of the hyperbolic-elliptic formulation for surface wave. The model is
formulated in terms of the auxiliary harmonic function, containing an elliptic equation
governing the behaviour over the half-space, along with the singularly perturbed wave
equation on the interface between the coating and the substrate, involving surface
stresses in the right hand side. In the case of reduction to isotropy this harmonic
function becomes a derivative of the Lamé elastic potential. Various particular cases

of the obtained model are discussed.

In Chapter 3, the propagation of surface waves on an elastic isotropic half-space
covered by a thin, vertically inhomogeneous layer is considered. The derived effective
boundary conditions for modelling the inhomogeneous coating layer are also specified

for a particular case of multi-layered coatings. Explicit analytical results are then
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obtained. Next, we analyse the pseudo-differential equation at the interface between
the coating and the substrate. A special case related to a possible zero group velocity
within the long-wave limit, having an interesting physical interpretation of energy not
propagating in the coating layer, is studied. Finally, an illustrative example of impact
loading on a coated elastic half-space is considered, demonstrating the smoothing

effect of the coating.

In Chapter 4, the near-resonant regimes of moving steadily along the surface of a
coated half-space are analysed, for the case of the vertically inhomogeneous coating,
see Althobaiti et al. [2020]. Both cases of a point and distributed loads are considered.
The analysis begins by adapting the hyperbolic-elliptic formulation for the Rayleigh
wave for the prescribed a vertical surface loading, which contain an elliptic equation
for the elastic potential over the interior, and a singularly perturbed wave equation on
the boundary between the substrate and the layer. In order to incorporate the effect of
poles, the method of fictitious absorption is implemented see e.g. Schulenberger and
Wilcox [1971], revealing the ranges of problem parameters, for which the radiation
of energy from the moving source occurs. Lastly, numerical illustrations of the near-

surface dynamics are presented.

Chapter 5 is aimed at generalising an explicit asymptotic model for the Rayleigh
wave in order to incorporate the influence of gravity. First, the exact dispersion
relation is derived. The problem demonstrates the weak coupling between the Lamé
potentials in the equations of motion, hence suggesting a natural small parameter.
The approximate secular equation is then obtained, being valid within the short-wave

region. Therefore, the Rayleigh-type behaviour is found at leading order, allowing
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the derivation of the explicit formulation for surface waves on a coated half-space.
The model contains an elliptic equation governing the behaviour within the elastic
half-space, with boundary value given on the surface by a perturbed wave equation.
Similarly, to the case of a coated half-space the perturbation is in the form of a pseudo-
differential operator, however, this is now a regular perturbation, not a singular one,

accounting for the effect of the coating.

Finally, the conclusion and bibliography are presented at the end of this thesis.



Chapter 1

Basic equations of linear

elastodynamics

This chapter necessitates the narration of some required basic equations for the thesis,
in conjunction with original details of their derivations, found in Achenbach [2012],
Graff [2012] and Kaplunov and Prikazchikov [2017] collectively with some references
which are mentioned below.

First, constitutive relations are introduced in Section 1.1, and then equations of
motion for wave propagation in linear elasticity are given in Section 1.2. FElastic
Lamé potentials are presented in Section 1.3. Rayleigh waves on an elastic half-space
are discussed in Section 1.4, along with the asymptotic hyperbolic-elliptic formulation
for the Rayleigh wave induced by prescribed surface loading. Finally, the dispersion

relation for a coated elastic half-space is derived in Section 1.5.

12
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1.1 Constitutive relations in elastic solids

In this section, we discuss briefly the relationship between stress (o) and strain (&)
components for a homogeneous linearly elastic solid. Let us start from the stress-
strain curve, taking the form as o = g(¢) of elastic materials subjected to prescribed

uniaxial stress forcing conditions, see Fig. 1.1.

g

Figure 1.1: Stress-strain diagram in linear elasticity (uniaxial tension).

The first part of the stress-strain diagram for most materials utilized in engineering

is a straight line. For a model subjected to a uniaxial load, we get

o= Fe, (1.1)

which is known as the Hooke’s Law.

In 3D linear elasticity, Hooke’s Law can be generalised for homogeneous elastic ma-

terials as

0kl = Chimn Emn, (1'2)
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where Ciimn, (k,I[,m,n = 1,2,3) are components of the fourth-order stiffness tensor
or the elastic moduli, oy; are stress tensor components and ¢,,, are the components

of infinitesimal strain tensor, determined through the displacements u; as

Emn = 5 (um,n + un,m) > (13)

where a comma in the subscript denotes differentiation with respect to the corre-
sponding spatial variable. Note that the Einstein summation convention is assumed
in (1.2).

The fourth-order stiffness tensor includes eighty one components for the 3D problems.
However, due to symmetries of the stiffness tensor, for most general anisotropy the
number of independent stiffness components is twenty one.

Let us now discuss the orthotropic material briefly, having mechanical properties
that differ in three perpendicular directions, and each direction has double rotational
symmetry (see, Slaughter [2012], pp. 206). Due to the symmetry properties, the
number of independent stiffness components reduces to nine. Thus, the stress-strain

relations can be summarised as

011 C11 C12 ci3 0 0 0 €11
092 Co2 co3 0 0 0 €22
033 C33 0 0 0 £33
= , (1.4)
012 Ca4 0 0 €12
o13 symm css 0| |ews
023 Ce6 €23
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where c¢q1, Coo, ..., Cgg are stiffness constants in the Voigt notation, within which the
pairs of indices for the elastic moduli Cy;,,, are combined, recasting as 11 = 1,
22 =2 33 = 3,23 =4, 13 =5 and 12 = 6 with a small letter ¢, for more details
see Slaughter [2012].

In the case of elastic isotropic materials, the number of material constants reduces

to two, namely

Ci1 = Co2 = €33 = A+ 2y, Clg = C13 = C23 = A, C44 = C55 = Cep = [, (1.5)

where A and p denote the Lamé elastic moduli. These may be expressed through the

Young’s elastic modulus £ and the Poisson’s ratio v as

E vE
YT S (RN Y (v (1.6)

The constitutive relations for isotropic elastic solids follow from (1.4) - (1.5) as

Ok = ANk (U1 + ug2 + uss) + o (upy + ) (1.7)

where dy; is Kronecker’s delta, defined by

O = (1.8)

Finally, for the plane strain problem of a linearly elastic half-space in (1, x3) plane,

the strain tensor components satisfy

Em2 =0, m=1,2,3. (1.9)
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1.2 Dynamic equations of motion

In this section, the 3D equations of motion of a linearly elastic medium are sum-
marised.

Let us consider the traction components (stresses) acting on the faces of an infinites-
imal cuboid located along the three coordinates axis, see Fig. 1.2. Assume that the
stress specified at the center of the face represents the average stress on each face of
the cube. The stress o017 is located at the center of the back infinitesimal face, whereas
at the center front face in Oz, direction it may be approximated as 011 + 0111 dz1.
The same procedure may be carried out for other stresses, see Fig. 1.2, (see e.g. Graff
[2012], Kramer [1996]).

X3

033 + 0333 dx;
O3 + 0233dx3

013 + 0133 dxz

‘011
J
o o 033 + 0322|dx,
12 021 @==="?
« H
O 031 + 0311d v
5 31+ 031,1dx;
PR Vo3, 022 + 022.2dx,
022 1
g12 + 0 dx
0:2 021t 0211 dx; 12 7T P22 dxp
dX3 011+ 0111 dxg
y X2
7 0 013
,,’ 023 trnnsn *
4
)l : dx1
/
e Vo33
de

Figure 1.2: Stresses on infinitesimal cube.

Therefore, it is now possible to evaluate the stresses along the Oz, Ozs and Oxs

directions. Based on the Newton’s Second Law, in absence of body forces, along the



Chapter 1. Basic equations of linear elastodynamics 17
Oz direction we get
(O’ll + 011,1 d.%’l) d$2 d.Ig — 011 d.TQ d.Tg
+(0'21 +0'21,2 d&?g) dxl d$3 — 021 d.Tl d.Tg (110)
+ ((731 + 031,3 dilfg) dl’l dl’g — 031 d.ﬁEl dfﬂg = pdl’l d.ﬁEQ dfﬂg Uit
which simplifies as
0111 + 0212 + 0313 = P UL, (1.11)
where p is volume mass density.
Operating in the same manner for the Ozs and Oz3 directions, we deduce
O12,1 + 0222 + 0323 = P U2 4, (1.12)
and
0131 + 0232 + 0333 = P U3 1t (1.13)

Equations (1.11)-(1.13) represent the equations of motion in 3D elastic solids, known

as the Cauchy equations of motion.

From (1.4), the latter equations of motion can be expressed in terms of the displace-

ment components u; (k= 1,2,3) for an orthotropic media as (see e.g, Chadwick

[1976a]),

11 U111 + Cop U122 + Cs5 U1 33 + (€12 + Cos) Un12 + (C13 + C55) Uz 13 = PUL 4,
Co6 Ua,11 + C22 Ug 22 + Caq U2 33 + (C12 + Co6) U112 + (Caz + Caa) Ug 23 = PU24,

C55 U311 + Ca4 Ug 20 + C33 U3 33 + (C13 + C55) U113 + (Co3 + Caa) U2 23 = PU3 4.

(1.14)
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In the case of isotropic elastic material, equations in (1.14) reduce to the conventional
Navier equations of motion, see e.g. Goncharov and Brekhovskikh [1985], Graff [2012]
and Lanckau [1984]

(A + p) graddivu + £ Viu = puy, (1.15)

in which u = (uy, us, u3) is the displacement vector, and V? is the 3D Laplace operator

in spatial coordinates.

1.3 Elastic Lamé potentials

Let us employ the Helmholtz decomposition, see Achenbach [2012], expressing the

displacement vector u as

u = grad ¢ + curl U, (1.16)

with a conventional assumption

divy =0, (1.17)

where ¢ is a scalar longitudinal potential and ¥ = (11, ¥, 13) is a vector transverse

potential. It follows from (1.16) that

divu = V? ¢. (1.18)

Plugging equations (1.16) and (1.18) into equation (1.15) yields

grad(ci V2 ¢ — ¢ 4) + curl(c; V2 — U ) = 0, (1.19)
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where ¢ and ¢y are the longitudinal and transverse wave speeds, respectively, defined

A+2
= * ,u’ and Co = i (1.20)
p p

Equation (1.19) leads to uncoupled wave equations

by

1 1
2 — Q= = 2 _—— ==
2 K ’
\Y ¢ c ¢tt O, and VAR CQ v tt 0. (121)
1 2

In the case of the plane strain setup in (xy, z3) plane (1.9) the vector potential ¥ is

taken as ¥ = (0, —1, 0), hence the equations (1.9) and (1.16) give

ur=¢1—vs  and  uz=9¢3+ Y. (1.22)

The equations of motion in (1.21) are then reduced to

1 1
G+ P33 — =z O =0, and Y11+ P33 — =z Yy = 0. (1.23)
1 5

Furthermore, the constitutive relations for the plane strain problem can be expressed

in terms of the elastic Lamé potentials as

o =p [’f2 ¢a1+ (liQ - 2) ¢33 — 2¢,13] )
033 = [ [(’f2 - 2) P11+ K a3+ 2¢,13] ) (1.24)

o153 =p (2013 + 11 — P 33),

2 _ 2.2
where k* = ¢7 / c3.
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1.4 Rayleigh waves on an elastic half-space

In this section, the derivation of the classical Rayleigh wave equation is introduced.
Then, the Rayleigh waves of the sinusoidal profile are generalised to those of arbitrary
profile. Finally, an explicit hyperbolic-elliptic model for the Rayleigh wave induced

by prescribed surface loading is presented.

1.4.1 Elementary Derivation

We start from equations of motion (1.21), subject to free boundary conditions on the

surface x3 = 0

o =0, k=123, (1.25)

which may be expressed through the elastic Lamé potentials as

2013 — Y112 + V211 — Y33 + P393 =0,
2003 — Y112 + V133 + P12 — 313 = 0, (1.26)

K® } a3 + (HQ — 2) (P11 + G a2) + 21Pa13 — 24P 23 = 0,

with x? defined in (1.24).
The solutions of (1.21), decaying away from the surface as x3 — oo are sought for in

the form

Y

QZS — Cl eil;:(xl cos a+x9 sina—ct)—ffozs T3

and (1.27)

U — (027 03’ 04) eil;(rl cos a+xo sina—ct)—fcﬂs :Eg’
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where (1, ..., Cy are arbitrary constants, ¢ and k denote the the phase speed and wave

number, respectively, with the attenuation orders

as=4/1——= and Bs=1/]1——. (1.28)

On satisfying the boundary conditions (1.26) together with the constraint (1.18), we

obtain the following homogeneous algebraic system

2iagcosa —sinacosa  cos’a+ (2 ifssina & 0

—2iazsina sin?a+ 32 —sinacosa iff; cosa Cy 0
- . (1.29)

1+ 2 2iB,sinae —2i3, cos o 0 Cs 0

0 1C0S (v 18in « B Cy 0

This system possesses non-trivial solutions provided the associated determinant van-

ishes, leading to the well-known secular equation (Rayleigh equation)

(14 82)° —4a, 8, =0. (1.30)

The speed of the Rayleigh wave ¢ = cg is a root of equation (1.30). Often, this

equation is represented as

R(s)=(2-s)°—4VI—sV1—k2s5=0, (1.31)

where

s = c—, and K=—< 1. (1.32)
c
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The existence of a unique solution of (1.31) on the interval 0 < cg < ¢o was presented
by Sobolev et al. [1937], see also Babich and Kiselev [2018]. It is also known from

Rayleigh [1885] that the equation (1.31) may be transformed to a cubic equation
$=8(s—1) (s—2(1—r?%))=0. (1.33)

The approximate solution of (1.33) was first obtained by Bergmann and Henry [1938],
and then improved by many researchers, see e.g. Vinh and Malischewsky [2007], Vinh

and Ogden [2004], and also Pichugin [2008], suggesting

cn 256 60 4 5 4
cr 256 (60 4 (5 4 | 1.34
& 293+”(307 ”(125+V<84+237y)>) 31

The relation between the body and Rayleigh wave speeds are illustrated in Fig. 1.3

below,

C C = Cg
c2
C = CR
0.5/ i
0.0 i
0.0 0.1 0.2 0.3 0.4 0.5

v

Figure 1.3: Scaled Rayleigh and body waves speed vs. the Poisson’s ratio v.
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1.4.2 Surface waves of arbitrary profile

In the previous subsection, we sought for the solution in the form of a travelling har-
monic wave of sinusoidal shape. Now, let us generalise it to general time-dependence,
relying on the work of Chadwick [1976b], see also the earlier contributions of Fried-
lander [1948] and Sobolev et al. [1937]. Here we restrict our concern to the plane
strain problem (1.9). The solutions of the wave equations (1.23) may be then written

as

o=¢(0,z3), v =1(0,z3), and 0 =x, — ct. (1.35)

Thus, the equations of motion (1.23) reduce to

¢,33 + Oég gb,ll - O and ¢733 =+ /652 ¢711 = 07 (136)

with a, and f, defined in (1.28). Hence, the elastic potentials may be found as the

plane harmonic functions

¢ = ¢ (07 Qg l’g) and 1/} = 1/} (07 Bs .1‘3) . (137>

The boundary conditions (1.25) take the form

2013 + Y11 — Y33 =0, and (K = 2) 11 + K ¢33 + 2h,13 = 0. (1.38)
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Since the potentials (1.35) are plane harmonic functions, they must satisfy the Cauchy-

Riemann identities, which may be written for the function Z = Z (1,7 z3) as

Zy==Zsy, Zs=—Z, and Z=-Z, (1.39)

with the bar denoting a harmonic conjugate.
On substituting (1.37) into (1.38), we get

20, ¢ 11 + (1+ B2) ha1 = 0,
(1.40)

(1 + Bg) ¢,11 + 2/65 @5711 =0.

The solvability of this system leads to the well-known Rayleigh equation (1.30). Thus,

the elastic potentials are

p=209 (97 QR 1’3) and =1 (9, Br Is) ) (1-41)

where 2 2
ap=4/1—-2 and Br=4/1--Z, (1.42)

1 &)

with cgr as before denoting the Rayleigh wave speed.
The differential relations between the potentials on the boundary z3 = 0 follow from

(1.38) as

Yi=——03 and Y3 =PrU¢, (1.43)

where

QO[R 71+ﬁ}2%

=T = (1.44)




Chapter 1. Basic equations of linear elastodynamics 25

Moreover, utilising the properties of harmonic functions, the relation between each
harmonic potentials ¢ and v over the entire half-plane may be determined as (for

more details, see Chadwick [1976D]),

(0 (QR, Br ~T3) =J0H (¢) (QR, Br -’E3) )
(1.45)

gb(QR,aRxg) = —79_1 H (@ZJ) (QR,(IRZE;;) s

where 9 defined in (1.44), g = x1 — cgrt, and H denotes the Hilbert transform, see,

e.g Erdelyi et al. [1954], defined as

H(f) (@) = % D.V. / /) dy, (1.46)

thus the elastic potentials are harmonic conjugates.
The expressions (1.45) allow representing the displacements (1.22) in terms of a single

plane harmonic function, say ¢, yielding

uy (21, 23,t) = @1 (Or,apxs) —VBr o1 (Or, Brs),

)
ug (21, 23,t) = ¢ 3 (Op, apxs) — on ¢3(0r,Brxs).

(1.47)

This representation has recently been generalised to 3D (see Kiselev and Parker [2010]

for more details), giving

[ 1
u =a |BrPq (1,22, fr s, t) — 545,1 (w1, 22, R $3,t)} :
[ 1
Uz = a 6R ¢,2 (I’l,l‘Q,,BR Ig,t) - Egp,? (l‘l,l’Q,O&R x3at):| ) (148)

1
and ug=a |— D3 (r1,22, fras, t) — = D3 (v1, 22, 903,75)} ;
| Br v
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where a is an arbitrary constant and @ (x1, x9, 3, t) is an arbitrary harmonic function,

satisfying the 3D Laplace equation

VZ@ (l’l,l’g,xg,t) = @711 + @722 + @733 = 0, T3 > O, (149)

with @ — 0 as x3 — oo.

1.4.3 Explicit hyperbolic-elliptic model for surface wave field
induced by prescribed stresses

Consider now plane strain problem (1.23), for a homogeneous elastic half-space

x3 > 0, subject to boundary conditions on the surface x5 = 0

013 = _Q and 033 = —P, (150)

where P = P (x1,t) and @ = @ (z1,t) are a prescribed vertical and tangential load,
respectively.

Following Kaplunov and Prikazchikov [2017], a slow time perturbation of eigensolu-
tions presented in the previous subsection 1.4.2 may be constructed. The resulting

asymptotic formulation for the Rayleigh wave field is given by an elliptic equation

¢33 + a%{ $11 =0, (1.51)

with the boundary condition at x3 = 0 in the form of a hyperbolic equation

_ Br
2uB

Oro = WP +H(Q)], (1.52)

I
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where
Or =0 — 01_32 O (1-53)
is d’Alembert operator, H (@) denotes the Hilbert transform (see (1.46)), and

QR

Br

Br

B, =(1-p5%)—+(1-a3) a—R+53§— 1 (1.54)

with the quantities ag and fg defined in (1.42).
Once the longitudinal potential ¢ is obtained from the scalar formulation (1.51),

(1.52), the transverse potential ¢ may be determined from (1.43).

1.5 Surface waves on a coated elastic half-space

This section focuses on surface waves on an isotropic elastic half-space coated by a

thin isotropic coating, with the plane strain assumption (1.9) adopted.

1.5.1 Dispersion relation for a coated half-space

Consider a thin coating of constant thickness h occupying the region —h < z3 < 0,
perfectly joint with an elastic half-space, employing the domain —oco < 1,9 < 00

and 0 < x3 < oo, see Fig. 1.4.

X3

Figure 1.4: A coated elastic half-space.
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Throughout this section and the following Chapter 2, the appropriate material pa-

rameters of the coating and the substrate are summarised in Table 1.1.

Parameters Coating (c) Substrate (s)
Young’s moduli Ey E
Poisson’s ratio I v

Density P0 p

Lamé moduli Ao, Mo A,
Longitudinal speed C10 c1
Transverse speed C20 Co

Table 1.1: The parameters of coating and substrate.

The equations of motion are taken as (1.15). The traction-free boundary conditions

on the upper face of the coating (z3 = —h) are

o =0, r=1,3, (1.55)

ul =0, ol =0l (1.56)

where the indices (¢) and (s) indicate coating and substrate, respectively.

The displacements can be decomposed from (1.22) as

w =0 —¢f,  u =0 +ul,  g=cs, (1.57)

leading to the wave equations of motion (1.23).



Chapter 1. Basic equations of linear elastodynamics 29

Now, we seek for solution of the form

00 = fy(ws) €, W@ =g, (@) %, G=zi—ct. (158)

On substituting the latter into (1.23), we arrive at

fq (.1'3) = qu eaqu?’ + qu 670[‘1’;363,

(1.59)
9q (13) = B3, efab™s 4 By, e_ﬁqu3a
where By, By, Bs, and By, (¢ = ¢, s) are arbitrary constants with
c? c?
ap=4/1- 5 Bo=]1- 2 (1.60)
cfo 3o

and ay, (s are defined in (1.28).
Inserting the solutions (1.59) into (1.58) and taking into consideration the decay

conditions at x5 — 0o, we get

gb(c) _ (Blc e%e ks + Byp e fc:cg) ez’ﬁfc’

(1.61)

w(c) — (B3C eﬁc kzs + B4c e*ﬁc l%zg) ez’@fc’

and

¢(s) _ B2s s l;xgeié’l%’ and w(s) _ B4s e—ﬁs l;xgewl;. (162)
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On substituting (1.58) into (1.57), we can write down the displacements as

ugc) — ];: [Z (Blc el;mgozc + BQC eflgxgac) o 50 (BBC efcxgﬁc o B4c effczg,ﬁc>:| ei@fﬂ’

(1.63)
uf) =k o (Bie oo = By emhec) i ( By oo 4 By e bl )| ok,
and
U§S) =k (2 By ehmss | Bs Buys 67%355) ew’;,
(1.64)
ul) =k (Z By, e "3 _ o B, e*l%xgozs) pifk
For the relevant stresses, we get
o8 = Y [73 (Blce“?’ac - Bzce*f“s%) +if, (Bgce’%%ﬂc - B4ce’fm3ﬁ6)] ¢k
(1.65)
o5 = [iOéc <Blc€im3a° - Bzce_];%%) A (33061%“”355 + B4ce_’%x35°>] eitk.
and
o) = |12 Bag e o0 — i, By R | (i,
(1.66)
Ug? =~ Tu [’Y? By e kashs 4 10s Bog e’k“%} ew’%,
where

~

Yu=2uk, =5 (1+5), q=cs.

N —
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Inserting the expressions (1.63) — (1.66) into the boundary and continuity conditions

(1.55) and (1.56), we obtain a homogeneous system of order six with the non-zero

components of 6 x 6 matrix A, given in (A.1). The dispersion relation follows from

the sovability of this 6 x 6 system, when det(A) = 0, i.e.

sinh <5c /%h) [sinh(ac kh) (B2 (0 = 1) (Y2 48) + (Y2 +44) (1. — 1Y)

where

=271 (Y2 +48) (Y2 = 42)) +cosh (ackh) ac (12— 1) (42 = 1)
(Bt = 0 B2)] = B cosh (BB [((42 = 1) (12 = 1)

sinh (ac l%h) (a2 B, — as ﬁ)) + a, cosh (ac /%h) (292 /2 (T, — 1)
(1) (Yo = 78) =2 (42 4 1) 927 (T, — 72))]

20 2 (2 +1) i (Te—2) +72 2 (1 =T+ (4= T,)) =0,

(1.67)

(1.68)

It can be demonstrated that at h = 0 the equation (1.67) coincides with the equation

(1.30). Numerical illustrations of the dispersion relation (1.67), showing the relation

of the scaled phase velocity v = ¢ /cp against the dimensionless wavenumber kh

with po / p = 1, are presented in Fig. 1.5.
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ph

1.000 4

1.030 |

0.995 |
1.025 |
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(a) Eo=1,1=0.3, E=0.9 and v = 0.2. (b) Ex=0.9,1=02, E=1and v =0.3.

Figure 1.5: The exact dispersion relation (1.67): dependence of scaled phase

velocity vP" on the dimensionless wavenumber kh.

Two types of typical behaviour may be observed, associated with the sign of the group
velocity in the long-wave limit, with positive and negative values corresponding to
the local minimum and maximum of the phase velocity at the Rayleigh wave speed,

respectively, see Fig. 1.5 (a) and (b) above.

1.5.2 Explicit model for surface elastic waves in a coated
isotropic half-space

Consider the imposed boundary conditions at the surface x3 = —h of the coating are
taken in the form of prescribed surface loading (1.50), with continuity of displacement

at the interface z3 = 0 assumed as

ul® = o), (1.69)

where v\ = v.(x1,t),7 = 1,3 are displacements on the surface of the substrate.
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1.5.2.1 Effective boundary conditions

First, we derive the effective boundary conditions at the interface x3 = 0, modelling
the effect of the thin coating, using the method of direct asymptotic integration
of the equations in elasticity, see e.g. Goldenveizer et al. [1993]. Here we present
a slightly modified procedure compared to Dai et al. [2010], operating in terms of

displacements. Let us now specify a small parameter € as

e=— <1, (1.70)

associated with the long-wave limit, where L is a typical wave length, and also intro-
duce the scaling

£ =— n=—, T, = ft’ (1.71)

(€) (5) (5) P
u: = r s 7): - o ) 0*3 - ULS) t = ) q* = ia r= ]-73 (172)
L L € Lo € lo € o

Throughout this thesis, we will assume that all quantities with the asterisk have the
same asymptotic order. The asymptotic series for the dimensionless displacements

may now be written in terms of the small parameter € as

— e + € +..., r=1,3. (1.73)
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The equations of motion (1.15) can be represented in terms of the new variables as

2 2 2
uinﬁ + € (K/O o 1) u;;,foﬁ + € <l€0 uiéoéo - uivfoT()) O’
(1.74)

2, % 2 * 2 * * o
o Uy € (K0 — 1) Ui gy +e <“3,§050 - us,wo) =0,

together with the boundary conditions (1.50) and (1.69), given by

Uy, teuze =—€q
Koy, + € (kg —2) Uye = —e2p* at n=-1, (1.75)
Uy = v, at n =0,
where kg = ¢19/¢o0.
Using (1.7) and (1.70) — (1.73), the stresses 013 and o33 imply
x 0 1 0 2 1
ot (6,,m,7,) = ug% +e (ugfl + uég()) + € (ug,)) + uggo) +0 (€%,
(1.76)
. 0 1 0
& 03 (6, 7,) = K3l + e (w3l + (3 — 2) ul?))
+¢? (Fag ugz) + (kg — 2) u§1§0) +0 (€).
At leading order O(1), we have from (1.74) that
uf), =0, r=13 (1.77)
subject to
u,(f)g =0 at n=—1,
(1.78)
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Hence, we deduce

u” =vr, r=1,3. (1.79)

At next order O (¢) the problem is formulated as

(1) 2 0 _
ul’nn + (KLO - 1) us75077 — 07

(1.80)
1 0
g s + (56— ) i, =0,
subject to the boundary conditions
uﬂ + u:(fgo =0 at n=—1,
Ko uél,)I + (/{3 — 2) ug?go =0 at n=-1, (1.81)

Inserting (1.79) into (1.80);, and making use of the boundary conditions (1.81); and

(1.81)3, we get

1 *
ug —— Uge. - (1.82)

Another displacement ugl) is obtained from the equations (1.80); and (1.81); as

ugl) =—n (1-2xry7) Ve, - (1.83)

At next order O(€?), we have

(2) 2 1) 2 (0) O
Ui, + (”O - 1) u3,50n + Ko u1,§0§0 - ul,TOTO =0, (1 84)

2 (2) 2 €] (0) 0  _
Ko U3 mn + (KO - 1) ul,fon + u3750§0 o u377'07'0 o O’
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with the boundary conditions

(2)_'_ éf) —q* at 7’]:—17
Ko u§27)7 + (kg — 2) uglg)o =—p" at n=-1, (1.85)

The solutions of (1.84) satisfying (1.85) are found as

u? =0 [((3+2m9) D=1 0= w0 ) oigg, + (14 2) vi, — 0]

(1.86)
uéQ) =1 [(1 — 2k ) gv;go% + Ky <<1 + g) Vgrr p*)} :
The stresses (1.76) become
o) = 4+ 1) (v, — 4 (1= 5g%) vige, ) — " +O(E), .

0 * *
OZE)S) = (77 + 1) U?},TOTO -Pp + 0(62)'

The leading order stresses are then rewritten in terms of the original dimensional

variables as

‘7§3) = (z3 + h) |povy t)t 4110 (1 - “62) Uﬁl] -Q, (1.89)

o5 = (23 +h) povsy — P.

The continuity of stresses and displacements at the interface 3 = 0 facilely results
in the following effective boundary conditions on the interface

U§3 (21,0,¢) = hpo [ ¥ — 4ck (1 — Ko ) vgsl)l] - Q, (1.89)

az(,,g) (21,0,t) = hpo 038) P.
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These conditions were first obtained in Tiersten [1969] for a free surface, using adhoc
approach, see also (Dai et al. [2010], cf. (3.17)). We also note that refined conditions

were recently discussed in Kaplunov et al. [2019b].

1.5.2.2 Asymptotic model for surface wave field

Let us implement the derived effective boundary conditions (1.89) in order to obtain
an asymptotic formulation of the Rayleigh wave field.

The Helmholtz decomposition (1.22) leads to uncoupled wave equations (1.23) along
with boundary conditions (1.89) becoming at x3 = 0 (note that the index (s) associ-

ated with the substrate is dropped from now on for the sake of notational convenience)

2015 + V11 — Va3 = hj[cog (pan — Yau) —4 (1 — k52) (a1 — Y 13)] — %,

. P
(52 - 2) G+ K Gaz+ 2013 =hficyy (Pau+ Yaw) — E

(1.90)

Let us establish the slow-time perturbation scheme, introducing the following dimen-

sionless variables
— S = _'¢ 1.91
g ,7 Y T L ) ( )

where g = 1 — cgt and 7 is slow time. We note that here the parameter ¢ may
be interpreted physically as a small deviation of the phase velocity of studied waves

from the Rayleigh wave speed.
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Equations (1.23) can be re-cast in terms of the new variables as

¢KY'Y + a?% ¢7§§ + 2¢ (1 - O‘%%) ¢,£T —é (1 - O‘?{) ¢rr =0,
(1.92)

wv"/’Y + 6]2{ w,& + 26 (1 - ﬁIQ%) ¢,ET - 62 (1 - ﬁ]%) w,TT - 0,

with the quantities a% and (% defined in (1.42). The boundary conditions (1.90)

become

2
206y TV ee —Vyy = [ {6 (% —4(1- '452)) (Peee — Veer)

20

2 L2
*ﬁEPgW%W—%&HfW%W—¢mM}_ ;%

2
&)

(1.93)

2
. C
(K? = 2) e + K2y + 20 gy = MCTR {€(Deey + ece) — 26" (D eyr + Viger)
20

L*p
+€3 (¢,'y7'7' + w,gw)} - [ at

v = 0.

Let us now expand the potentials ¢ and ¥ as asymptotic series (cf. Kaplunov et al.

[2006b])

6= = (90 (€77 + €8 (67,7) + €9 (67,7 + ),
(1.94)

o

¢ = (1/)(0) (ffva) + 61/}(1) (5777 T) + 62 1/)(2) (f,’y,T) + ) .

Note from the above expansion (1.94) that (1.93) becomes homogeneous at leading

order.
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Leading order: O(1/¢)

Introducing (1.94) into (1.92) yields

o0 +a%oll=0, and Q4+ pEeY) =0, (1.95)

v

Hence, the solutions for the potentials are given by arbitrary plane harmonic functions
of the first two arguments ¢(*) = ¢© (¢, ap v, 7) and © = © (¢, Brv, 7).
On inserting expansions (1.94) into the boundary conditions (1.93), we get

(0) 0) _
200+ Vg — ¥ =0, (1.96)

(k* = 2) ¢l + w20 + 20¢) = 0.

Now, employing the Cauchy-Riemann identities (1.39), equations (1.96) are then

transformed as

20009 + (14 B3) D =0,
wo (1 FR) Ve (1.97)

(14 87) o't +28r gl = 0.

The classical Rayleigh wave equation (1.30) then follows as a solvability condition of

(1.97), along with the relation

5O = —9p® a4 =0 (1.98)

where ¥ is defined in (1.44).
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Next order: O(1)

The equations (1.92) become

1 0 1 0
D+akdg=-2(1-ap)dg, v+ v =-2(1-F)vg. (19
Corrector terms ¢! and (") may be represented by
(1.100)

where g0 = ¢(10) (¢ ary,7) and P10 = (10 (¢ Br~,7) are arbitrary plane

harmonic functions in the first two arguments. For the functions ¢ and (Y| we

obtain

2 2
s = L=0R) 50 o _ “g_ﬂz%) 50 (1.101)
QR ’ R ’

with the bar as before denoting a harmonic conjugate, for more detail see Kaplunov

et al. [2006b].

The boundary conditions (1.93) at v = 0 give

2 2
@ 1) 1 ~ [ CR 2 (0) o\ _ L"H (@)
206, T Ve — VG — i (0_30 —4 (1= )) (6 —v,) = L
(1.102)
2 W) 240 o op® _ o Ch (40 0 L P
(8 =2) e + 10 + 20, — fi 2 (%57 + w,esg) =T

where i defined in (1.68) and H denoting the Hilbert transform (1.46).
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Using (1.98)-(1.101) along with (1.39), from sovability of (1.102), we arrive at

1 —
s o Br = (L4 87 0 + 20 b, G
: (1.103)

2
_ _2,53 [(1+8%) P+28rH(Q)],

where B, is defined in (1.54) and

b, = ZZI (1-pB%) s—i (ar+ Br) — 48k (1 — K5 ?) (1.104)
In view of (1.30), the first term in (1.103) vanishes, therefore we get
26 + ab—; 0L, = —Iigf WP +H(Q) at ~v=0. (1.105)
Using the leading order approximation
b~ %gb(m, W %1/,(0), (1.106)
and operator identities
> s O (1.107)

2 =L1*0 2 B B
‘ r+ 0 Fag = aran

00T
equation (1.105) on the interface 3 = 0 can be rewritten in terms of the original

dimensional variables (z1,z3,t) as

b h
O’éR P 113 = —f 51 [P+ H (Q)]. (1.108)

UOr o+
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The elliptic equations for the potentials ¢ and v follow from (1.95)

b3 +0kd1 =0, and g+ SRy =0. (1.109)

Note that the potentials ¢ and 1 are related by (1.98), which in view of (1.107)

transforms to (1.43).

The derived model for the Rayleigh wave field contains the 2D elliptic equations
(1.109), governing the decay over the interior (x3 > 0) along with the boundary con-
ditions (1.108) and (1.43). Observe that in case of no coating (h = 0), the formulation
is identical to the hyperbolic-elliptic formulation presented in Subsection 1.4.3, see
(1.52).

Now, equation (1.108) on the interface z3 = 0 may be expressed in the form of a
pseudo-differential equation on the surface by presenting the derivative ¢ 3 in terms
of the potential at the surface ¢(x1,0,t). Indeed, the solution of equation (1.109);,

can be written in symbolic form as

¢(x1,z3,1) = exp (—aR vV —0n a:3> ¢(x1,0,1), (1.110)

where /=011 = /—0?/02? is understood as a pseudo-differential operator.

Then at x3 = 0, we have

¢73 = —OR\ —811 ¢ (1111)

Inserting (1.111) into (1.108), we get

Oro — b /0 611 — —ig WP +H(Q). (1.112)

I



Chapter 1. Basic equations of linear elastodynamics 43

Note that in the case of @ = 0, (1.112) coincides with the result obtained in Dai
et al. [2010] (cf. equation (5.4) in cited paper). As also noted in Dai et al. [2010], an

alternative representation involving the Hilbert transform can also be constructed.

Indeed,

. —aiR b= by = H(b1), (1.113)

at x3 = 0. Therefore, we arrive at the following equation on the interface x3 = 0

Br

T = b,hH (6an) = — 7

WP +H(Q)). (1.114)

I

The derived equation (1.112) leads to the approximation of the exact dispersion
relation (1.67) within the long-wave region, e.g., see Shuvalov and Every [2008],
giving

b
vph=£:1—§’ | kb | +..., (1.115)

which demonstrates that the Rayleigh wave speed cp is associated with a local min-

imum (b < 0) or maximum (b > 0) of the phase speed.

Let us now illustrate the approximate relation (1.115) by comparison with the exact
dispersion relation (1.67). The blue solid and dashed lines correspond to (1.67) and

(1.115), respectively.
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Figure 1.6: (1.67) vs. (1.115) with po /p = 1: dependence of vP" on kh.

It is seen that (1.115) provides a linear approximation in the long-wave limit.
Finally, we note that (1.114) and (1.47) can be combined, implying equations for

interfacial displacements in the form

1— 2
Oruy — hb,\/ =011 U111 = —%Bﬁ]%) WPy +H(Q1)], (1.116)
and
1— 2
Orusz — hb, /=011 ug11 = —M [7‘[ (Py) — 91 Ql] ) (1.117)

2uB,



Chapter 2

Explicit model for surface wave on

a coated orthotropic half-space

This chapter is concerned with elastic surface wave propagating in an orthotropic
elastic half-space coated by a thin orthotropic layer subject to vertical and tangential
loads. The coating is modelled by means of ”effective boundary conditions”, derived
in Section 2.2. An explicit model for the Rayleigh wave is then obtained in Section
2.3, generalising results in Dai et al. [2010], Sahin [2020], Nobili and Prikazchikov
[2018], taking into account the anisotropy of the media. The model contains an
elliptic equation governing the behaviour within the half-space, expressed in terms
of an auxiliary plane harmonic function, along with a pseudo-differential equation on

the interface between the coating and the half-space.

45
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2.1 Problem statement

Consider a linearly elastic orthotropic half-space coated by a thin orthotropic layer,
subject to boundary conditions at the surface x3 = —h of the coating, taken as
(1.50), with continuity of the displacements at the interface assumed as (1.69). The
constitutive relations of an orthotropic solid are given by (1.4). We also denote the
material parameters of the coating (—h < x3 < 0) by ¥}, ¢35, 5 and 25, while for
the substrate (x3 > 0) these are supposed as c¢j1, ¢33, ¢13 and c¢s5. Throughout this

chapter we restrict the consideration to the plane strain formulation (1.9).

2.2 Effective boundary conditions

Following the same procedure as in Subsection 1.5.2, we derive the effective boundary
conditions, modelling the effect of the coating at the interface z3 = 0.

We operate in terms of a small parameter € as defined in (1.70) along with the scaled
variables (1.71) and (1.72) with

7 =2 (2.1)

where cg is the wave speed, defined by

s
Po

The appropriate dimensionless scaling is given as

w1 —
T recgh
55 55 (2.2)
o 1 - 1
011 = —5 011, and Op3= —9 0r3, T = L,3.

Cs5 € Cs5
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The equations of motion (1.11) — (1.13) and the constitutive relations linking the

orthotropic elastic solids (1.4) are rewritten in terms of new variables as

Ak A~k _ *
O11e, T 031 = Wiz 7,

(2.3)
33, 1 € 651,50 = “;,fof()?
and
. 1
€07 = 5 (C(l)S uy, +ech UI@) ;
Cs5
2 A% 1 0, * 0, * (2 4)
€ 033 = o %83 T EC3ULe | ’
55
2 Ak ok *
€ 031 = Uy py + ElUse -
The associated boundary conditions (1.50) and (1.69) become
(2.5)
and ur =, at n = 0.

We now expand the displacements and stresses as asymptotic series in terms of the

small parameter e

U, Uy Uy
an | = +telall |+ (2.6)
) o) \ow

At leading order, we have from (2.3) and (2.4)
NG (0
Ugl?ﬁo + Uél?ﬁ = U777

~(0 0
0§3?77 - ué,;ofov (2'7>
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and the boundary conditions (2.5) take the form

o =0 o =—p  at =1,
(2.8)
and ul® = o at n=0
The leading order displacements satisfying (2.7); and (2.8), are found as
ul? = vr, (2.9)
hence, from (2.7)3, (2.8); and (2.9)
o8 = (+1) v, . —p" (2.10)
At next order, equation (2.4); and the boundary condition (2.5) imply
(1) _ 3 (0
Uz’ = 5" Uy (2.11)
€33
and
ul” =0 at n=0. (2.12)
From (2.11), satisfying the boundary condition (2.12), we infer
W s .
uz’ = =15 Vig - (2.13)
€33
Next, substituting (2.9) and (2.13) into (2.4);, we deduce
J
~ (0 11 *
‘7%1) = 0 Yi1e, (2.14)



Chapter 2. A coated orthotropic half-space 49

where 012
S1i = O (c13)
=0y - 5
c
33

Finally, we obtain the shear stress from (2.7);, (2.8)1, (2.9) and (2.14)

~ (0 (1 + ?7) * * A~k
o3 = 0 <Cg5 Vi5, 01 U1,§0§0> —q. (2.15)
55

In the original variables, the effective boundary conditions relating substrate stresses

and displacements at the interface x3 = 0 follow from (2.10) and (2.15) as

o351 =h (Po Uyt — d11 U1,11) - Q,
(2.16)

o33 = pohuzsy — P.

Note that in absence of loading (P = () = 0) conditions (2.16) may be verified to

coincide with those obtained previously by Vinh and Linh [2012], (cf. Egs. (10) -
(12)). Previously derived conditions for an isotropic layer (1.89) follow from (2.16) if
(1.5) holds.

Also, the obtained effective boundary conditions of (2.16) can be generalised to 3D

setup, taking the form

o31=h (/?0 Ut — 026 Up,22 — o11 Uy,11 — (ng + 512) U2,12) — @1,

o33 = h (,00 Uzt — 026 U211 — 022 U222 — (086 + 512) Ul,lz) — Q)2, (2‘17)

033 = Pohu3,tt - P,

where (003) ’ C(1]3 0(2)3
0 7 0 .
i = Cjj — 0 and 012 = Cjy — s 1=1,2,
C33 C33

and )1 and () denote the components of prescribed in-plane surface load in the

x1, To directions, respectively.
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2.3 Asymptotic model for surface wave

Now, having the effective boundary conditions (2.16), we can derive a pseudo-differential
equation on the interface x3 = 0. The problem formulation for the substrate 3 > 0

involves equations of motion (1.14) with (1.9)

c11 U111 + (C13 + €55) Us a3 + Cs5 Ut 33 = P U,
(2.18)

33 Uz 33 + (C13 + C55) U113 + C55 Ug 11 = P Us e,

subject to
css (us +us1) =h(poury — o1 ur ) — @,

and (2.19)

ciz Ui + cs3uzz = pohusy — P.

Once again, we introduce the slow-time perturbation procedure, relying on the scaled

variables in (1.91) together with the ansatz in the form of travelling wave

u =U, (§,7v,7), r=1,3. (2.20)

Thus, the perturbed equations of (2.18) are rewritten

(011 - chR) Uiee +essUryy + DUz ¢, = ,ch2 (62 Ul qrr — 2¢€ Ul,gr) ,

(2.21)

¢33 Usyy + DUy gy + (55 — pcgy) Usge = pcgy (€Usrr — 2ecp Usgr)

where D = ¢35 + c55.
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Equation (2.21) may be transformed to a single fourth-order PDE for U; as

Ao Urgeee + A1 U gery + A2 U gy + € (B Ungeer + Ba Urgoyr)

(2.22)
_62 (Dl Ul,&ETT + D2 U].,W’yTT) - 63 El Ul,&TTT + 64 E2 Ul,TTTT = 07
where the coefficients specify as
Ay = (en1 — pck) (es5 — pcr)
Ay =ci1c33 + C§5 — D* — (c33 + ¢55) ﬂC%za
Ay = ¢33 Cs5,
By =2pck (c11 +cs5 — 2pc),
By =2pc% (c33 + cs5)
Dy = pck (e11 + cs5 — 6 pcg)
Dy = pci (css + ¢55)
Ey = 4p% ¢},
Ey = p* c},.
The conditions (2.19) at v = 0 are then reformulated as
ol % 9 c2 LQ
Uy + Use = =2 [6 (—if - %) Uee + 5 (€ Urrr — 26 Urer) | — —,
Cs5 CO 655 CO Cs5
(2.23)
Cg5 C?% 2 3
C13 Ul,g + ¢33 Ugy»y = 2 |:€ U3,§§ — 2¢ Us,gr + € U3,TT:| - L P>
0
where
0
Co = %

Po'
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Let us now expand the displacements U, as asymptotic series

1
U’r - E U'f(O) (57777—) + U'r(l) (57777—) + vy TE ]‘7 3. (224)

2.3.1 Leading order

At leading order, equation (2.21); becomes

(cn — pc?%) U1(?§)§ + x5 Ul(g)7 + 5 Ué% =0, (2.25)
while equation (2.22) gives

AoUeee + A1 Uley, + A2 UL0) o, = 0. (2.26)
It may be shown that the equation (2.26) is elliptic, expressed in operator form as

AL AU =0, (2.27)

wherein

2 2 02 -
Ai :a§-€+)\l a,y,y, 1 = 1,2,
and \; and A\, satisfy
Ay Ay
N4\ ==, N2 =2 2.28
1 2 A2 1 72 A2 ( )
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Here, we restrict ourselves to the case when A\ and Ay are positive real numbers.
Hence, the solution of (2.27) may be expressed in terms of a pair of plane harmonic

functions

U = 6O (6,0 7,7) + 0@ (€, A, 7) . (2.29)

Inserting the solution (2.29) into equation (2.25), calling upon the Cauchy-Riemann

identities (1.39), we arrive at

US(D) = /61 QE(O) (57 )\1 s T) + 52 ,‘I}(O) (57 )\2 s 7-) ) (230)

where

2

5 = pch —ci + A css

D\,

L i=1,2. (2.31)

Plugging the solutions (2.29) and (2.30) into the boundary conditions (2.23) at leading

order, we have at v =0

B¢ + 68 + B0 + 98 =0,

(2.32)
c13 ¢f§) + 33 51 0 + a3 ¢,(50) + ¢33 B2 1/37(5[)) = 0.
Applying again the Cauchy-Riemann identities (1.39), we deduce
(B1— M) QB,(? + (B2 — A2) l/_{(go) =0,
(2.33)

(c13 + c33 81 A1) <Z57(§) + (13 + ¢33 B2 Ag) wfgo) =0 at v=0.
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On taking harmonic conjugate of equation (2.33);, the classical surface wave equation

follows as a solvability condition, given

Bi—M B2 — A
Det =0, (2.34)

c13 + ¢33 1\ c13 + ¢33 B2 Ao

or, equivalently

fir—A  cztesfih

9 = = : 2.35
P2 — Ay c13+c3302 N0 ( )

Now, it is possible to relate the elastic potentials to each other as
PO = 9 ¢© at v =0. (2.36)

Accordingly, the displacements U; and Us can be expressed in terms of a single plane

harmonic function on the surface v = 0, say ¢*) as
Uy = ¢10(6 My, 7) = 9 60 (E Ao, 7). (2.37)

and

U = 8189 (&M 7,7) =9 B2 6 (€, 07, 7) - (2.38)

2.3.2 Next order correction

On proceeding to the next order, equations (2.21); and (2.22) become

(1 —pch) U1(,1§)§ + ¢55 Ul(’l% +D U?E,lé)v = —2pch Ul(?T, (2.39)

A2 Al AQ Ul(l) — —2p C%% |:(CH + C55 — 2p C%) Ul(,og)ﬁﬁT —+ (ng + C55> Ul(?ﬁ)'y'yr

] ~(2.40)
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The expression of Ufl) and the derivatives Ué},;, U?Elg are found similar to Nobili and

Prikazchikov [2018] as

UD (€,7,7) = 6D (&, M7, 7) + 0D (€, Mg 7, 7)

(2.41)
IS R PSR A C B (0
ey e Fuc e

Ush (€7.7) = Bi M 6 (6, M7, 7) + B da ) (€207, 7)

Ay (0) -1 2 Ay (0)
):| ¢,T D 2p Cr + C33 ()\% _ )\%) ¢,T <242)

—D7 1 92p¢2 =
pCR + C33 (/\% — /\%

v

200) _ 7,(0)
245 (N3 = ) 516G = e i)

_|_

and

(1) (1) —(1) 1 A (2e55 M = i D) | -
U3,§ (57777—) = 61 ¢,§ + /82 77Z)7§ - Al—D |:2p C%B + 2A2 Al ()\% — )\%) d),(’(r])

Ao (2¢55 \g — B2 D) | -
29 2 (0) 2.43
AQD[MRJr A (2= |V (243)

A A
+ Y [ 2P 0 Mb ¢(0)}7

2A2 ()\% — )\%) )\2 ¢’£T )\1 A7
where

A= —2p C?z [011 + ¢s55 — (33 + C55) )‘? —2p C?%} .

)
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The boundary conditions (2.23) lead to

W), 1) _ B
v Lyl = &5
1y 3,6 Cs5

(é _ @) go L@

2 0 NI
Co Cs5 Cs5

(2.44)

625 C2R U(O)

C13 Ul(,lﬁ) + C33 Ué},a = 02 3,66 LP at Y= 0.
0

On substituting the solutions (2.29), (2.30) and (2.41)-(2.43) into (2.44), making use

of the Cauchy-Riemann identities (1.39), we get at v =0

(B = M) @) + (B2 = A) D) — (B = A1) (M1 69 + M1 49)

(2.45)
0 2
Cs5 [ CR 511) ( (0) (0)> LH(Q)
_ oo (Tl 722 + — _ 7
Cs5 <c§ s Vet Ve Cs5
and
(c13 4 ¢33 B1 A1) ¢(1) + (€13 + €33 B2 A2) w(l) — (c13+ ¢33 1 A1)
"3 "3
(2.46)
Moy 6O 4 My, O _ B5CR 8, 9 O~ 1 p
( 210, + Mo b ) C—(Q) 1(%5,& +52¢,§5 = )
where
- /\ Mz - 2 2 A J
(51 1) 1 /\,LD[IOCR_'_ J 2142)\1()\22—)\?) )
and
1 9 A; o
(c13 + c33 B1 AL) My = D 2p c33CR — ()\T)Q) , 1 #£ =12
i j
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On differentiating (2.45) and (2.46) with respect to ¢ and using (2.36), after some

algebraic manipulations we get

cizt+eszBary (B2 — )\2)] 1/}(1)
cist+essBid (B —A\)

@ = (Mo = Miy) =0 (Maz = Miz)| 6]

(po ¢k — on1) <1 - 19) Po Ch (51 — 1952)

7(0)
+ (2.47)
cs5 (81— A1) c13 + ¢33 1 A\ qb&&
L P LH(Q)
= — ’ —|'— : at - O
ci3t+c3fi A cs5 (F— A1) 7
From the solvability condition (2.34), we have
o, b 0 _ L [ Pg H(Qe) ] _
260 4 20 —_ 2 - at y=0, (248
¢’£T A1 ¢,§§7 B, |cis+ e3P A 5 (B — A1) 7 ( )
where
1 )
By =3 [le ~ My — 0 (Mg — Mu)] , (2.49)
and
1 | (pock —o11) (1 - 19) Po Ch (51 - 1952)
b, = — + (2.50)
B, cs5 (61— M) ci3 + ¢33 81 M

On returning to the original variables by using the approximate operator relation
(1.107) along with the auxiliary harmonic function (1.106), we arrive at the elliptic

equation for the auxiliary function ¢

d11+ A ds3 =0, (2.51)
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along with the associated boundary conditions on the interface x5 = 0

hb 1 P, H(Q1)
] + 9 - ) o )
RO Al b1z B, las+cessBid css5 (81— M)

(2.52)

Equation (2.52) can also be written as pseudo-differential equations on the interface

r3 = 0, namely

1 P H
Ur ¢ —hb, V=011 o1 = 5 L (@1)

_ . 2.53
o Leiz+ ez B 5 (B — M) (2:53)

Note that in the case of a homogeneous half-space (h = 0), the equation (2.53)
reduces to the hyperbolic equations (38) in Nobili and Prikazchikov [2018].
It is also observed that (2.53) may be expressed in terms of the surface displacements

ur(21,0,t) (r=1,3), i.e

(I-1)1 p #(Q)
S _ ) B 1 } 7 (2.54)
R U1 oV 1 tin B, {013 +esz i css (61 - )‘1)

and

(19 g — a1> H(P,) Q
Orus — hb, /01 g1y = Tt : ] (2
R U3 o 11 U311 B, [013 +ess P A e (B — M)

following from (2.37) and (2.38).

2.3.3 Particular cases

Let us use the isotropic notation agr = A9, Sr = A1, where ar and (i defined in

(1.42) (observing that the two factors A\; and Ay can be swapped). Then, from the
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equation (2.31), we obtain 8; = —/6’1;1, b2 = —ag. Below the particular cases of the
obtained model are summarised. For the sake of brevity we only discuss the variation

of pseudo-differential equation on the interface, say (2.54).

2.3.3.1 Orthotropic coating on isotropic half-space

In this case, (2.54) reduces to

1 — 2
DR uy — hboz \/ —611 u1711 = —% [19P71 + H (le)] 5 (256)

where the constants B, defined in (1.54) and

1— 2
bor = (QN—B’iR) [C% po (ar + Br) — Br 511] . (2.57)

2.3.3.2 Isotropic coating on orthotropic half-space

In this case, equation (2.54) becomes

5 (=17 p #(Q.)
_ 1 3 1
Ogur — hb,, /=011 U111 = ng F B oo (B — /\1)} ,  (2.58)

where the constants B, defined in (2.49) and

. (poC%%—élM[) (1—/@52)) (1—19) po Ch (ﬂl—@@)

1
— + , 2.59
o B, cs5 (P — A1) c13 + ¢33 b1 A ( )

where kg defined in (1.75).
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2.3.3.3 Isotropic coated half-space

Now, equation (2.54) reduces to the formulation within the 2D isotropic medium as
(1.116).

Thus, the explicit asymptotic model for Rayleigh wave on the orthotropic elastic
half-space coated by a thin orthotropic layer has been obtained. The model contains
the elliptic equation (2.51), describing attenuation away from the surface over the
interior, whereas the behaviour on the interface between the coating and the half-
space is governed by a wave equation, singularly perturbed by a pseudo-differential
operator, see (2.54) and (2.55). It should be noted that the form of the operator in
(2.54) or (2.55) implies similar dispersion to that of the isotropic case considered in
subsection 1.5.2.2; see (1.115). Finally, the asymptotic formulations for the particular
cases have been presented.

The obtained hyperbolic-elliptic formulations may be implemented for a wide class of
loads applied at the surface of the coating, providing the contribution of the Rayleigh

wave to the overall dynamic response.



Chapter 3

Surface waves on a vertically
inhomogeneous elastic layer

coated half-space

This chapter is concerned with surface waves propagating on a 3D isotropic elastic
half-space coated by a thin vertically inhomogeneous layer, subject to the effect of
prescribed vertical surface loading. First, we derive the effective boundary conditions
within the long-wave limit, for modelling a thin inhomogeneous coating. Then we
specify the effective boundary conditions for homogeneous multi-layered coatings.
A singularly perturbed hyperbolic equation on the interface is presented in Section
3.2, extending the previous considerations in Subsection 1.5.2 and Chapter 2. An
interesting special case associated with a zero group velocity in the long-wave limit is
discussed in Section 3.3. The effect of the perturbative pseudo-differential operator

on the structure of the quasi-front emerging for a point impulse loading, is analysed

61
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in Section 3.4. Numerical illustrations of surface wave field are presented in Section

3.5. Some results in this chapter has been presented in Mubaraki et al. [2019].

3.1 Effective boundary conditions for a thin ver-

tically inhomogeneous elastic layer

Consider a linearly isotropic, elastic half-space over the domain —oco < x1,29 < o0
and x3 > 0, coated by a thin layer of thickness h described by —co < 21,29 < o0

and —h < x3 <0, see Fig. 3.1.

P(xll x2! t)
A i
s X2

Inhomogeneous el Mzc nyer
0 X1

I

y
X3

Figure 3.1: An elastic half-space coated by a vertically inhomogeneous layer.

We assume the material parameters of the coating layer a depth-dependent, i.e.,

Ae = A(13), pte = p(3), pe = p(13),c1c = ¢1 (23) and ¢ = 3 (3), (3.1)

where

Ac + 2t e
Cle =] ——— and Coe = 4| —.

Pe Pe
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The boundary conditions on the surface x3 = —h are formulated as

Ui(g) =0, and aég) = —P, i=1,2, (3.2)

where P = P (x1,x9,t) is a prescribed vertical surface load.

The continuity conditions at the interface x3 = 0 are taken in the form

ul? = o (k=1,2,3), (3.3)
where v,(f) = vg (21, 29, t) are displacements on substrate.

As before, prior to the modelling of surface waves propagation, the entire effect of
the thin inhomogeneous elastic coating is replaced by means of effective boundary
conditions. To begin, we choose a small parameter € associated with the long-wave

regime as in (1.70), along with the scaled variables

&= n=-_ =7 (3.4)

and also we introduce the dimensionless quantities

U, Vg, O O3 P
up = —, vi=— 2 ot L (3.5)

L’ L’ a”_/lo’ s € o’ P € tho
where cog = 3 (0), o = p(0), po=p(0) ,i #j=1,2, k=1,2,3.
Then, the equations of motion (1.11) — (1.13) and the constitutive relations (1.7) can

be written explicitly as

* *

* * _
Oiig, T Tije; T O3y = Px Wi 77y

*

* * * _
O33, € (031',& + U3j,§j> = Px U35 50
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and
* 2 * * 2 % 2 * *
Tij = ha <“i,§j + “j@-) > gy = s (U7, +cuze,)
x _ (.2 2\ , * 2, % 2 2\ % 3.7
€0, = (/@1 — 2/@2) U, +€ (/@1 Upe, + (/11 — 2/12) Uj,gj) , (3.7)

2 x 2 % 2 2 * *
€ 033 = Ky U, + € (K] — 2k3) (“zf + uj@') ’

where p, (2) = pe/ Po; ’Q% (z) = (A + ZIUC) /:u0> and ’%% (Z) = [be / Ho-

On substituting the expression of u3, from (3.7), into (3.7)2, we deduce
oF = 4r3 (1 — /ff) uje, + (1 — 2&52) (2/@3 u;-’gj + ea§3> . (3.8)

where 2 (2) = k% / k3. The boundary conditions (3.2) and (3.3) become

ol =0, 043 = —p" at n=-—1,
(3.9)
and up = vy, at n = 0.
Now, we expand the displacements and stresses as asymptotic series, i.e.,
a) () [
o o5 o5
= +e +..., (3.10)
AR
* 0) 1
O3 g 1(c3 g k3)
then, at leading order, we infer
(0) (0) ) _ (0)
Tiig; + Tije; + Tig = Pr Yizyzys
0 0 0 0 0
0:(33?7] = ps ug’lOTO, o'z.(j) = n% <u§§)j + ug§)1> )
(3.11)
afio) = 4K; (1 — /152) ufog)z + 2k5 (1 — 2/@52) ufgj,
ul” =0
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subject to the boundary conditions

o3 =0, 033 = —P at n=-1,

(3.12)
and ul? = o at =0
k. — Yk n=yu.
Equations (3.11)5 and (3.12), imply
W =i k=123 (3.13)
Then, equation (3.11)y with the boundary condition (3.12); give
U
o) =i, [ o)z 310
5
In addition, equations (3.11), (3.11)4, (3.12); and (3.13) yield
1 7
o) = /p* (2)dz | vi . —4 /m% (2) (1= k.2 (2)) dz | Vg,
—1 -1
, . (3.15)
_ //@g (2)dz | vige, — //@3 (z) (3—4kr.%(2)) dz Vgt
—1 -1

Finally, at the interface x3 = 0, the effective boundary conditions may now be ob-

tained, which then formulated in terms of the original variables as

o3 ="h (ﬁui,tt — Sum — [ 5 — (S — ﬁ) an’a’) 5
(3.16)

o33 = hpusy — P,

where § = 4p, (1 — k;?) and a tilde upper a quantity indicates its mean value over

the thickness of the coating layer

g (x5) dus. (3.17)

Ny
I
SN
|
:\O
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Observe that in the case of a homogeneous isotropic layer, the obtained result of effec-
tive boundary conditions (3.16) are reduced to the well-known ones first established

in Tiersten [1969], see also Dai et al. [2010].

3.1.1 Particular case: multi-layered coating

Let us consider a particular case of an inhomogeneous coating, namely a N-layered
laminate on an elastic half-space, with perfect bounding assumed on the interfaces,

see Fig. 3.2.

A DR TN

2

A\ | hw

X3
Figure 3.2: An elastic half-space coated by N-layered homogeneous coatings.

We denote the appropriate homogeneous material parameters of N-layered coatings
by pg, A, Hg, Cq1sCq2, ¢ = 1,2,...N. Then, the effective boundary conditions (3.16)

are reduced in the case of N-layered homogeneous coating to

N
Oi3 = Z [hq Pg Wit — (hq g Ui g + 4hg pg (1 - 552) Uj i

G=1
+ha pq (3 = 4k57) uji5)] (3.18)

N
033:Zhéﬂdu3,tt—P at r3 =0, (i77=12),

§=1
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where

A + 24 - .
Ci1 = M, 04221/@, H,;:@, and g=1,2,....,N.
Pq Pq Cq2

Note that for a single layer coating the derived boundary conditions (3.18) reduce to

the the previous result (1.89).

3.2 Asymptotic model for surface waves

The hyperbolic-elliptic model for the surface wave field may now be constructed by
using the effective boundary conditions (3.16), generalising the previous results of Dai
et al. [2010] to the case of a coating with vertically inhomogeneous material properties.
We start from the conventional Navier equations of motion (1.15), associated with the

following boundary value problem for a homogeneous isotropic substrate at z3 = 0

M (U1,3 + Us,l) =h (laul,tt - SU1,11 - ﬁU1,22 - (5 - ﬂ) U2,11) )
p(uzs +ug2) =h (ﬁ U4t — SU2,22 — fLug 11 — (5 — ﬁ) U1,12) , (3.19)

Aurg +uze) + (A +2u) usz = hpugy — P.

Then, the Radon integral transform is applied (see Georgiadis and Lykotrafitis [2001]

for more details)

o0

g(ﬁ) ($,B,I3,t):/g($ COSB—ySil’lﬁ,l’Sinﬁ+yCOSﬁ,J)3,t)dy’ (320>

—00

with

x = x1 cos B+ o sin 3, Yy = Xy cos B — x1 sin 3,
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where [ is the angle varying on the interval [0, 27].
In what follows the Radon transform of a quantity is denoted by the superscript (/).
Let us now introduce transformed displacements within the Cartesian frame (z,y),

taking the following forms

ulf) = ugﬁ) cos 3 + uéﬁ) sin 3, uéﬂ) = uéﬁ) cos 3 — ugﬁ) sin f3. (3.21)
Next, we impose the assumption
ul? =0, (3.22)

corresponding to the fact that anti-plane motion would not contribute to the exci-
tation of surface waves. Henceforth, the Radon integral transform allows to reduce
the original 3D problem to the 2D problem in elasticity. The Navier equations of
motion (1.15) are then rewritten in terms of the transformed displacements (3.21),

which correspond to the plane problem, that is

A+ 20) ), + A+ ) ul)y + )y = pul,

(3.23)

(A +2p) ugf,?g + (A +p) uﬁfig ), = puly.

The associated transformed boundary conditions (3.19) at 3 = 0 may be written as

(0 42) = (5l — 5.

1 (/{2 uéﬁg) + (/12 — 2) uéi) = hﬁugﬁt)t — p®,

(3.24)

where £ is defined in (1.32).
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Then, the Helmholtz decomposition (1.16) is introduced for transformed displace-

ments

e I (3.25)

leading to uncoupled transformed wave equations
1 1
O+ — 5o =0, @+l - el =0, (3.26)
2

along with the boundary conditions at x3 = 0, given as

@ _ B _ N ®)
2003+ 02— vl = [ (0 —w) 5 (o2 - @:,zg)} o
(H2_2)¢,(§2+R2¢ +2¢x3_%p<¢3tt+¢xtt>_%'

Following Dai et al. [2010], Kaplunov and Prikazchikov [2017], a slow-time perturba-

tion scheme is established as

T —cpt T3 €CR
- = 2
L 7 i L’ g L b (3.28)

X:

then equations (3.26) are rewritten in terms of the new variables as

8 + o) + 26 (1 - 2) 18— € (1 - ) 62 =
(3.29)
U+ PRV +2e (1= BR) 00 — € (1= BR) w7 =0,
subject to the boundary conditions at v = 0, restated as
1 L
200 +9Q =00 = {e (= 0) (60~ v
(3.30)

—1—0%3,5 [2 € (dj Xy ¢XXT) (¢ XTT ¢77T)}}
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and

(2 = 2) 6@+ w200 + 200) = £ (e (60, + v 2)

(3.31)
2 13 (6B 1 8 @ P
+Cr [6 (¢7’YTT + ¢,er) ((b xor T XXT)} } B
with ag and Sg defined in (1.42).
Let us now expand the potentials ¢(® and ¥?) as asymptotic series
1
o0 == (0 (71 + e (7, m) + €207 (1, 7) + )
(3.32)
1
P == @O 067 + e (67 m) + P (67 7) + )
At leading order, the boundary conditions (3.30) and (3.31) with (3.32) give
0 0 0 _
2¢,(x)7 + w(x; B w(W’)Y =0,
(3.33)
(k* = 2) ¢ + k260 + 201 = 0.
In view of (1.39), we have
206 + (14 B7) U5 =0,
(3.34)

(1+5R)¢xx+26 ¢xx_0

which leads to the Rayleigh equation (1.30) along with the relation between the
elastic potentials ¢(® and ¢ on the surface v = 0 as in (1.98).
For analysis of correction terms, we get the solution in terms of two arbitrary plane

harmonic functions ¢(*) and ("), which take similar expressions as in (1.100). Putting
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these into the boundary conditions (3.30) and (3.31), we have

(1,0 (1,0 (1,1 1,1
2000 + (L0 — 00 4 260D — 291D 4

Loy o % 0 0
_; (CRP - 5) (qb(x;x - w(xzw) =0,
(3.35)
( ) ¢(1 ,0) + K §Z5 (1,0) + 2¢(1 ,0) + 2I€2¢7(’1/,1) + 2¢}(§,1)
2 5 2 p(B)
Chp L* P
— = (0 T ) = - at v =0.
7 7
Using (1.39), from sovability of latter, we arrive at
b L*(1+5%)
260 L 2 40 = \" TR p(B) g4t =0 3.36
Pr T R D xr 2uB, at 7y ’ (3.36)

where B, is a material constant known for the uncoated half-space, defined in (1.54),
and the constant b. inheriting properties for both of the coating and substrate is
given by

(1—5%)

b =
2uB,

& plag + Br) — 0 Br| . (3.37)

As before, on applying the leading order approximation (1.106), with operator iden-
tities (1.107), the equation (3.36) can now be rewritten in terms of the original

dimensional variables (x,z3,t) as

b h 6O (1453
QR ,Tx3 2/LB

o0 — ¢t PP at  x5=0. (3.38)

I
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The elliptic equations for the potentials ¢(®) and (® are obtained from equations

(3.29) as

oa +ako@ =0, and 9§+ YD =0. (3.39)

Finally, we note a relation between the potentials at the surface

2
w,x (l‘,,) 1+B}22¢’3 (mva)v
(3.40)
1 2
o) 0,0 = —EPR 60 (2,0,1),
following from (3.33).
Now, introducing a pair of functions W ) and wéﬂ ) such that
wiﬂ) = ¥ cos B and wéﬁ) = P gin g, (3.41)

and applying inverse Radon transform to (3.38) — (3.40), we obtain the pseudo-static

elliptic equations
G335+ apA¢=0, and Viss + B Aty =0, (3.42)

governing the decay over the interior (x3 > 0), where A denotes the 2D Laplacian in

the coordinates (x1,x2). The associated boundary conditions become

1 b h (1+5%)
Ap—— ANpg=——F7=
2 Pue + o b3 2uB,

P at z3=0, (3.43)
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along with

¢,i ($17x2a07t) = wi,i‘] <x1>x270at) ) (l = 172)7 (344)

1+ 6%

and 2
1+
¢3(x1,22,0,t) = — 253

(V11 + Ya2) (21, 22,0,1). (3.45)

Consequently, the solution of equation (3.42); can be represented by (see Dai et al.

2010])
(21, 29, 13,t) = exp (—aR vV—=A 9(:3) (1, x9,0,1), (3.46)

where v/ —A is understood as a pseudo-differential operator.

Then at x3 = 0, we have
¢73 = —ORV —A gb (347)

Inserting (3.47) into (3.43), we get

(1+ 67)

- P 3.48
s (3.48)

1
A¢—C—2¢,tt—bch\/—AA¢= -
R

3.3 Possibility of zero group velocity in the long-

wave limit

Let us study whether zero group velocity in the long-wave limit is possible, i.e. con-

sider b, = 0. In this case the pseudo-differential term in (3.48) vanishes, with the
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hyperbolic equation on the interface being identical to that if load P was applied on
the surface of a substrate in absence of the coating layer.

From (3.37) it follows that b, = 0 implies
.
0 =—= (ar+ Br). (3.49)

In the case of an N-layered homogeneous coating, the constant by is defined according

o (3.37), with

- h 1=k +...+h 1— kK
ﬁ:hlpl—ir + hy pN and F_4 1M1( Ky )+ + N,UN( K’N)
hi+ ..+ hy

therefore, we deduce

by=0 <+ Z h " = B (ap + BR) thpq, (3.50)

where Ej; , v5 and pg (¢ = 1,2,..., N) are Young’s moduli, Poisson’s ratio and density
of the ¢-layer.

In case of a single homogeneous coating layer (3.50) reduces to

e gy = MR gy (3.51)

It is worth noting that this relation involving material parameters of both coating and
substrate is independent of thickness. Let us now assume d = vy /v and po / p = 1,
then we can illustrate the dependence of Ey/ E on the Poisson’s ratio v when the

condition (3.51) is satisfied, see Fig. 3.3.
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120 ]
L1 d=0.5 ]
E I
=0 10
E d—1
0.9[ ]
I d=2
0.8[ ]
0.0 0.1 0.2 0.3 0.4 0.5
v

Figure 3.3: The relation of Ey/ E vs Poisson’s ratio v, for which (3.51) holds.

It is seen from the above figure that, for example at vy = 0.2 and v = 0.4, the ratio of
the Young moduli corresponding to the zero group velocity in the long wave limit is
approximately Ey/ E ~ 1.1428572. As a result, the constant b, is equal to zero. On
using these material properties of the layer and substrate, the numerical comparison
between the exact solution (1.67) shown by a solid blue line, against the two-term

approximation (1.115), depicted by the dashed black line, is shown in Fig. 3.4.

2.04 4

1.51 4

h

0.5 4

0.0 - 4

0.0 0.5 1.0 1.5 2.0 2.5 3.0

kh

Figure 3.4: The relation between vP" vs. kh when the layer is vanished.
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3.4 Illustrative example: impact loading

Let us illustrate the developed formulation by considering a plane-strain problem for

a concentrated impact vertical force

P = Pyd(a1) 6(t), (3.52)

acting on the surface of a vertically inhomogeneous coating. Introducing the scaling

1 CR h b |
50237 TR:fta he = I <<1,
with
B 4B, 5
14 (1+5R) lra=0’

from (3.48) we have

gpagogo - ()D,TRTR h Slgn( ) \/ _85050 905050 6(50) 6(TR)' (353)

The latter equation may be solved by applying the matched asymptotic procedure,

see Dai et al. [2010], resulting in

p = % [1 — sign (b..) (% +sign (X) (C(X) + S(X)) — C*(X) — S%X))} . (3.54)

where X = (§, — 7,,) sign (bc) / \/2h.7,, C(X) and S(X) are Fresnel integrals
_ T2 _ o (T 2
C(z)—/cos(2t>dt and S(z) /81n<2t)dt,
0 0

see Abramowitz and Stegun [1965].
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We observe that (1.22),(1.47) and (1.98) can be combined, obtaining equation for
interfacial displacement u; in terms of potentials, say ¢. Then, the scaled longitudinal

displacement profile U; at the interface may be computed as

SubB,

U =———u,.
T TR

(3.55)

3.5 Numerical results

The solutions (3.54) and (3.55) are displayed numerically in Figs 3.5 — 3.8, showing
the dependence of ¢ and U; on &, with 7, = 1. As can be seen from the below graphs,
there are possibilities of receding and advancing quasi-fronts, as noticed previously
in Dai et al. [2010], associated with the local minimum or maximum of the phase
velocity at the Rayleigh wave speed in the long-wave limit. In fact, the velocity of
oscillations also differ depending on the material parameters of the inhomogeneous
coating and the substrate. The properties of materials employed in calculations are

summarised below in Table 3.1.

N Materials | p,, kg/m? | E,, GPa | v,
1 Rubber 930 0.1 0.49
2 Teflon 2200 0.5 0.46
3 || Polyethylene 960 0.8 0.45
4 || Polycarbonate 1200 2.4 0.37
5 Nylon 1130 2.95 0.39
6 Polystyrene 1040 3.1 0.35

Table 3.1: The material parameters.
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3.5.1 Inhomogeneous layer

Let us first consider an inhomogeneous coating layer with continuous variation of
properties with depth, with Young’s modulus ¥, the Poisson’s ratio v, and the density
p depending on the vertical coordinate x3 by exponential law (see e.g. Kulchytsky-
Zhyhailo and Bajkowski [2015])
1 Y.
Y(z3) = Ype®™, 1=—Inl =), 3.56

(23) = Yo iin(5) (3.56)

where Y € {E, v, p}, and subscript ¢ or s are associated with coating or substrate

respectively, with & = 0.3. The solutions (3.54) and (3.55) are shown in the following

Figs 3.5 — 3.8.
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Z::: il

T O S S S S S S S SN S S BT S S 1 1 1 1 1 1

0.7 0.8 0.9 10 L1 1.2 13 £ 0.7 0.8 0.9 1.0 11 1.2
0

Figure 3.5: Rubber top hardening to teflon substrate.
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Figure 3.6: Rubber top hardening to polystyrene substrate.
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Figure 3.7: Polystyrene top softening to rubber substrate.
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Figure 3.8: Nylon layer hardening slightly to polystyrene substrate.

The above Figs 3.5 - 3.8 are showing that depending on various stiffness of the layers
we observe faster or slower oscillations and decay of the solution (3.54). We note in the
case of surface properties of stiff polystyrene softening towards the rubber substrate
gives the local maximum of the phase velocity at the Rayleigh wave speed (b. > 0),
with oscillations of the advancing front, being relatively slow, see Fig 3.7. On the
other hand, cases of the soft teflon or the stiff polystyrene substrate covered by the
layer with soft rubber or the stiff nylon properties on the upper surface correspond
to b, < 0, resulting in the oscillations of the receding front being relatively or rapidly
fast, see Figs 3.5, 3.6 and 3.8. We also note that when the constant b, = 0 (or in

absent of the coating), the plot of (3.54) becomes

L10

3
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Figure 3.9: Discontinuity when b, = 0.

3.5.2 Homogeneous multi-layers

Let us consider N = 2 as an illustrative example of homogeneous N-layered coating,
with the thicknesses taken as h; = 0.1 and hy = 0.2.

For analysis of the dynamic response induced by the loading (3.52) on the homoge-
neous two-layered laminate, coating the elastic half-space, the relative thickness h,
becomes h. = (hy + hg) | by | /L. Numerical results of scaled potential (3.54) and

dimensionless displacement (3.55) are illustrated in the following Figs 3.10 — 3.17.
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Figure 3.10: Rubber-teflon two layered laminate coating the polyethylene.
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Figure 3.11: Two-layered rubber-teflon coating and polystyrene substrate.
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Figure 3.12: Rubber-polystyrene coating and teflon substrate.
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Figure 3.13: Polystyrene-rubber coating and teflon substrate.
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The Figs. 3.10 and 3.11 describe the rapid oscillations of the receding front, cor-

responding to the soft layers of rubber and teflon in the coatings, with contrast in

softness and stiffness of the polyethylene and polystyrene in the substrate, respec-

tively. Swapping between the properties of the previous material of layers and the

substrate causes the oscillations to convert to advancing front and become relatively

slow, see Figs. 3.12 and 3.13.
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Figure 3.14: Polycarbonate-nylon coating and polystyrene substrate.
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Figure 3.16: Nylon-rubber coating and polystyrene substrate.
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Figure 3.17: Rubber-nylon coating and polystyrene substrate.

In the case of stiff polystyrene substrate, with coating involving stiff polycarbonate
and nylon layers, stiff nylon and soft rubber layers, and soft rubber with stiff nylon
layers, the corresponding results are related to the local maximum of the phase ve-
locity at the Rayleigh wave speed (b. > 0), and the obtained oscillations demonstrate
receding fronts, see Figs. 3.14, 3.16 and 3.17, respectively. On the other hand, if
the substrate is made of soft rubber, with the coating composed of stiff nylon and
polystyrene, that results in the minimum of the phase velocity (b. < 0). Thus, the

advancing front is gained, with oscillations being relatively slow, see Fig. 3.15.

In this chapter, propagation of surface waves on an isotropic elastic half- space coated
by a thin inhomogeneous layer has been studied. The derived effective boundary con-
ditions for modelling the thin inhomogeneous layer are derived. Then, the asymptotic

formulation for the surface wave has been obtained in terms of harmonic functions
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by using the perturbation technique. The resulting pseudo-differential equation is on
the substrate-coating interface a singular perturbed equation. The implementation
of the model allowed a straightforward analysis of the problem of a point vertical load
applied to a half-space coated by a thin, vertically inhomogeneous layer, otherwise

being quite challenging in the ”exact” formulation.



Chapter 4

Moving load on an elastic
half-space coated with a thin

vertically inhomogeneous layer

The chapter is focused on applications of the previous results to the near-critical
steady-state regimes of a moving point and disturbed load on a thin vertically in-
homogeneous layer coated an elastic half-plane. The material properties of the thin
coating, including the Lamé elastic moduli and the density, are supposed to be depth-
dependent. First, in Section 4.1 the formulation following from the hyperbolic-elliptic
model for the Rayleigh wave is rewritten in a moving coordinate system. The latter
formulation allows considerable simplifications; in particular, it allows a natural clas-
sification to sub-Rayleigh and super-Rayleigh resonant regimes. In Sections 4.2, 4.3
and a pseudo-differential equation on the interface is studied, and the effect of poles

on the real axis is analysed. Finally, some numerical examples are presented.

87
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4.1 Formulation of the problem

Consider a concentrated load, moving steadily at a constant speed ¢ along the surface
of a coated half-space. We assume the coating layer to be vertically inhomogeneous,

see Fig. 4.1.

X3

Figure 4.1: Moving point load on a coated elastic half-space.

The associated asymptotic formulation has been derived in Section 3.2, relying on
the hyperbolic-elliptic formulation for the Rayleigh wave. For the present problem,
the suggested model for a surface wave includes an elliptic equation for the interior
x3 > 0, given as in (3.42);, along with the pseudo-differential equation (3.48) on the

interface, which may be reduced in plane-strain case to

o . _ (1406 _
DRgb — bch —811 ¢711 = _Q,U—B P at T3 = O, (41)

where the constants B, and b, are defined in (1.54) and (3.37), respectively.
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The shear potential ¢ is then determined from (4.1) and (1.43) at the surface z3 = 0.
Now, let us rewrite the boundary value problem (1.109); and (4.1) in the moving

coordinate system (0, z3) = (z1 — ct, x3), hence the steady-state limit is governed by

¢33+ agdes =0, (4.2)
subject to
109 — be h \/799 (¢00) = _(12;—85%) P at x3 =0, (4.3)
where
=1 _R

and b, has been defined in (3.37).
Let us consider the steady-state problems centring on the near-resonant regimes in
which the speed of the moving load ¢ is close to the resonant Rayleigh wave cg in

the substrate, i.e.,

|1—éy<<1. (4.4)

It worth to observe that the contribution of the Rayleigh wave to the total, dynamic
response is dominant compared to that of body waves; accordingly, the explicit model

for the Rayleigh wave is applicable.
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4.2 Analysis on the interface with moving point

load

Let us concentrate on the analysis of equation (4.3) on the interface x3 = 0. Note
that on putting A = 0 the problem formulation (4.2), (4.3) will reduce to that for an
uncoated elastic half-space which is the leading order Taylor expansion of the exact
solution Cole [1958], for more details see Kaplunov and Prikazchikov [2017]. In this

case, the loading on the surface of the coating is assumed to take in the form

P=P5(0). (4.5)

Another observation which immediately follows from (4.3) is the presence of two
small parameters, a geometric one, associated with the long-wave approximation, as
well as 7) corresponding to the near-resonant vicinity.

Introducing the scaling

>

QCN|3>

along with

2uB, b, h y
Oc= =77 o~ 5 )
1+p2) P "

we rewrite the pseudo-differential equation (4.3) on the interface as

Sgi (bc ﬁ) Oc — v/ _aCC Oc = 5(§) (46)
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On applying the Fourier integral transform, the solution of the latter is obtained as

[e.e]

1 < dw
.= — - . 4.7
4 s / sgn (b 7)) — |w| (4.7)

—00

It is clear that the sgn (b.7) is important because this is related to possibility of

having poles on the real axis in the denominator.

4.2.1 Sub-case 1: No poles on the real axis

Let us consider the first-situation b.7 < 0, then the integral (4.7) leads to

L[ ede 1 e dw
Uc_%/ 1—|w| 7« / —=7(dl), (4.8)
e )
where
1. ) )
Fi(z) = —[si(z) sin z + Ci(z) cos 2] , (4.9)
T

where si and Ci denote the sine and cosine integral functions, respectively, namely

t t
/ sin and / cos

see e.g. Abramowitz and Stegun [1965]. Observe that this case occurs either in the
sub-Rayleigh regime (¢ < cg) with a local minimum of the phase velocity at the
Rayleigh wave speed (b, < 0), or in the super-critical regime (¢ > cg) along with a

local maximum of the phase velocity (b. > 0), for more details see Dai et al. [2010].
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4.2.2 Sub-case 2: Poles on the real axis

The second-situation b.7n > 0, (4.7) can be transformed as

1 I iw ¢ 1 i iw( 1 7 w6
ac:—/e— dw:—Re/ ‘ dw:——Re/ < . (4.10)
2 1 — |w| T 1—w T w— L
—oo 0 0 ¢

The poles on the real axis of the latter integral may be treated using the limiting
absorption principle, basically, introducing small viscosity in the system and tracing
the associated shift of the pole either in the upper or in the lower half-space, implying
the appropriate contour of integration, see e.g. Kalinchuk and Belyankova [2009],

Schulenberger and Wilcox [1971], i.e.,
€
te = e (I +€0y) = e (I—E(%) . (4.11)

Using the properties of the Fourier transform, we obtain

Lo = fe (1 - ﬂ) . (4.12)

c

For the quantity (3.37), we deduce

2 Ew

b = = (1= 83) Bré | >0, (4.13)

where & defined in (3.16).

Thus, the pole w = m will transit to the upper or lower quarter plane in cases

Cc

of 7 > 0 and 7 < 0, respectively. Therefore, the integral (4.7) can now be computed

by using the following contours, shown in Fig. 4.2.
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Figure 4.2: Integration contours with R — oo for (4.7).

Consider the case sub-Rayleigh (5 > 0) with ¢ > 0 (see Fig. 4.2 (a)), then the

associated contour gives

eiwC eiw( eiw{
dw = dw. 4.14
/ 1—w v /1—w+/1—w v ( )

OABO OA BO

Here, the pole is not contained in the upper contour, thus, the integral over the

contour OABO is equal to zero, resulting

1-— 1l—w

1 7 iw( 1 w

O = — Re/ € dw=- Re/ ‘ dw. (4.15)

s w m
0 OB

Taking w = 1w, we obtain

[e.e]

o0
1 ie <™ 1 we ¢
Oc = — Re/ — dw = —
T w
0

w

dw = Fi (C). (4.16)

1—14 T 14 w2
0
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The case ( < 0 may be treated in similar way, however, the pole should be included

into the contour. On using the residue theory, the integral (4.7) gives

l—w w=1 W — _; w—1

1 iw( iw( ]_ 1w(
Uc:—Re/ € dw:2ImReis ¢ ] Re/ ¢ dw
oc

0 (4.17)

= —2sin (+ F1 (—().

Next, we consider the case of the super-Rayleigh (17 < 0) (see Fig. 4.2 (b)) with ¢ > 0,

the pole may be incorporated, hence

— W ™ W —

1 00 iwc iwC 1 iw(
UC:—Re/ ¢ dw = 2Im Res ¢ ——Re/ ¢ dw
T 1—w w=1 1
0 OB (4.18)

=2 sin ( + F; (),

and also, we get at ( <0

1 % iw(
JC:—Re/ ¢
T l1—w
0

From above discussion, we can deduce in the case of the sub-Rayleigh regime (¢ < cg)

dw = Fy (—C). (4.19)

with (b, > 0), the formula (4.7) yields

0c = —2H (=() sin¢+ Fi ([¢]) (4.20)

whereas in the case of the super-Rayleigh regime (¢ > cg) with (b. < 0) the solution

becomes

oo = 2H (¢)sin¢ + F (IC]). (4.21)

with F; defined in (4.9) and H({) denoting the Heaviside function.
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4.2.3 Numerical results

In this subsection, an illustrative example of the obtained results is presented.

Let us consider the Young’s modulus E. of the thin coating layer is depth-dependent,
taking the form as in (3.56). Here, we assume mass densities p. = p = 1, Poisson’s
ratios v, = v = 0.25 and thickness of coating layer h = 1, as well as the sub-Rayleigh
and super-Rayleigh regimes calculated for ¢ = 0.9 cg, and ¢ = 1.1 cg, respectively.
We consider the first situation of the hardness of the thin coating decays with depth,
where the top surface is ten times stiffer than the substrate. The related graphs in
Fig. 4.3 illustrate the dependence of the quantity o, on the scaled moving coordinate
¢. Accordingly, the constant b. can be calculated utilising (3.37), as a result, the
constant b, ~ —1.32. In Fig. 4.3 (a) the sub-Rayleigh regime is depicted (/) > 0),
associating with the case of no poles in (4.7), while Fig. 4.3 (b) shows the super-
Rayleigh regime (1 < 0), illustrating the effect of poles in (4.7) for positive (, i.e.

radiation of energy in front of the moving source.

0.25["
0.20 90
0.15 i
0.10 ol

0.05 10

0.00 -9l

-100 -3 0 5 100 -100 -50 0 50 100

(a) n > 0. (b) n < 0.

Figure 4.3: Dependence of the quantity o, on the moving coordinate ¢ for the

case of softening within the layer (Ey/FE = 10).
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On the next two graphs, we present that case when the coating layer is hardening
throughout the thickness, with the surface being ten times softer than the substrate.
According to (3.37), the computation of the constant b. gives b. ~ 0.276. The plots
in Figs. 4.4 (a) and 4.4 (b) present the variation of the quantity o, on the moving
coordinate (. Now the radiation from the moving source occurs in the sub-Rayleigh

regime in Fig. 4.4 (a).

Oc

Figure 4.4: Dependence of the quantity o, on the moving coordinate ( for the

case of hardening within the layer (Ey/E = 0.1).

Note that the above obtained results have been presented in Althobaiti et al. [2020].
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4.3 Analysis on the interface with the distributed

load

Let us consider the effect of load distribution on the surface of coating, which is

moving at a constant speed c¢. Thus the load takes in the form

Rl
BEICEYDE

(4.22)

where § = x1 — ct, and [ is the parameter, determining the distributed load, see Fig.

4.5.

Figure 4.5: Distributed load on a coated elastic half-space.

Now, let us introduce the dimensionless coordinate

, and h; =

along with

2uB, T hy
= -7 A = s @, s =
AT ’ ’

(4.23)
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then, the equation (4.3) is taken the form

sgn (M) X, — V=0 X, = + )\2) (4.25)

The solution of the latter equation may be obtained by applying the Fourier integral

transform

1 w e as |w] eiw)\
== dw. 4.26
X z/sgnwm)—\w\ “ (4.26)

4.3.1 Sub-case 1: No poles acting on the real axis

Consider first the situation h; 7 < 0, then the integral (4.26) is readily evaluated as

1 i s |w] ez’wA i pls W eiwA N
where
F(Q) =Re [T (0,9)], Q=a,—iA (4.28)

with I" (0, z) denoting the incomplete gamma function, i.e
o

e—t

z

for more details, see e.g. Abramowitz and Stegun [1965].
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4.3.2 Sub-case 2: Poles on the real axis

The second sub-case h; 7 > 0, the integral (4.26) may be treated in a similar way as
in Subsection 4.2.2. As result, in the case of the sub-Rayleigh regime (77 > 0), with

(h; > 0) and A > 0, the formula (4.26) yields

X, = —2me® H(—A) sin (=) + 2Re [e ™ (7i — Ei (Q))] , (4.29)

while in the situation of the super-critical regime (77 < 0) the solution takes the form

X, = 2me® H(A) sin (A) + 2Re [¢” (i — Ei (—Q))], (4.30)

where 2 = as + ¢ A and Ei(z) is the exponential integral, defined by

for more details, see e.g. Abramowitz and Stegun [1965].

4.3.3 Numerical example

In this section, we follow the illustrative examples in Subsection 4.2.3, showing the
the variation of the quantity x, on the moving coordinate A, which computed by
equation (4.26). Comparison with results for concentrated load clearly demonstrates
smoothing of discontinuity at e = 0 for distributed load.

In Fig. 4.6 (a) the sub-Rayleigh regime () > 0) associates with the case of no poles
in (4.26), while Fig. 4.6 (b) corresponds to the influence of poles in (4.26) for positive

A, namely the radiation from the moving source in the super-Rayleigh mode (7 < 0).
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Figure 4.6: Dependence of the quantity x, on the moving coordinate A for the
case of softening within the layer (Ep/E = 10).

From Figs. 4.7 (a) and (b), It can be seen that the radiation from the moving source

happens in the sub-Rayleigh regime (7 > 0).
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Figure 4.7: Dependence of the quantity x, on the moving coordinate A for the
case of hardening within the layer (Ey/E = 0.1).

Results for the steady-state problem for moving concentrated and disturbed loads on
a half-space coated by a thin vertically inhomogeneous layer have been presented.
The hyperbolic-elliptic model for the Rayleigh wave field allowed an explicit near-

resonant solution, as well as an obvious classification of the regimes.



Chapter 5

Explicit model of surface waves

under the influence of gravity

This chapter is aimed at developing the methodology of hyperbolic-elliptic asymptotic
models for surface waves with the effect of gravity.

First, the equations of motion incorporating the effect of gravity are presented in
Section 5.1. Next, the exact dispersion equation for a coated half-space with gravity
is obtained, and its approximation is constructed. The explicit model for surface
waves on an elastic half-space is derived incorporating the effect of gravity in Section
5.3, extending to the case of a thin vertically inhomogeneous coating in Section 5.4.
The effect of gravity is shown to be related to a regular pertubative term in the wave

equation on the surface in the form of a pseudo-differential operator.

101
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5.1 Governing equations

The 3D dynamic equations of motion interoperating the gravitational field are given

by Biot [1965], see also Ting [2011] and Vinh and Seriani [2009]

011,1 + 0122 + 0133 + pg U3 1 = P UL 4,
0211 + 0222 + 0233 + pgu3z s = P Uy, (5.1)

0311 + 032,90 + 0333 — pg (U1,1 + Uz2) = P Uy,
where ¢ is an acceleration of gravity.

For plane-strain problem, we have

011,01 T+ 0133 + pgus1 = puyu,
(5.2)

031,1 + 0333 — PG U1l = PU3t-
The equations of motion may be rewritten in terms of displacements u, (r = 1,3) by
inserting (1.7) into (5.2), yielding

(A+2p) ur g1 + purgs + (A4 @) ug iz — puiw = —pgus, (53)
5.3

(A +2p)ugss + prugin + (A4 p) uigs — pusy = pgug .

Now, we express the components of displacement by two elastic potentials (1.22),

obtaining

1
b1+ P33 — C—2 b= —% P,
(5.4)

g
Y11+ 33— ?/)tt 2 ¢
2
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5.2 Dispersion equation for a coated half-space with

gravity

In this section, the exact dispersion relation for surface waves on a coated elastic
half-space with the influence of gravity is established.

Consider an elastic half-space, occupying the domain —oco < z1, x5 < 0o and

0 < x3 < o0, covered by a thin coating of constant thickness h, taking the region

—h < x3 <0, along with influence of gravity, see Fig. 5.1.

Q
=
=
TS
tad
N

=
w

Figure 5.1: A coated elastic half-space under the gravity effect.

For the plane-strain problem, the imposed boundary conditions at x3 = —h and
x3 = 0 are given as in (1.55) and (1.56), respectively. The appropriate material
parameters of the coating and the substrate are taken as in the Table 1.1.

On introducing the solutions (1.58) into (5.4), we arrive at

d f,
dx3

72 2, 72 -2
— k7 ay fg = =ik K" €4 9

(5.5)

d? Yq

2902 .79
dx% —k /quq—zk‘ €q fgs
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where «, and [, (¢ = ¢, s) defined in (1.28) and (1.60), respectively, with
Ec_Ag s 5525:Aga c_@7 s:/{:C_l (56)
kc3, k c3 20 C2
From equation (5.5), we have
ik [ d® .
=21 —— —ka? 5.7
o=k (dwé “) o o7
and
TR d? 292
|:<d_$§ - k? )\lq) (d—w% - k’ )‘2q fq = 0, (58)
where
32 52 2 2 12 32 202 4
Ay + A, = g + 55, and Mg Ay = o B, — H—g. (5.9)

The solution of (5.8), decaying a way from the surface z3 = 0, may be expressed in

the form

fc — Clc ek/\lc T3 020 efk)qc T3 4 C3C ek)\gc T3 4 C4c efk/\gc x3’

and

Y Y
fs:CYlse 13963_"0236 Zsta

where C., Cy., Cs., Cy4, Cis and Cy are constants.

(5.10)

(5.11)
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Substituting (5.10) and (5.11) into (5.7), we deduce

e = Ve <Olc ekhiers 4, e‘“““) + Yoe <C3c eMhaems 0y P m"') , (5.12)

and
s = Vs Cls e_kj\ls 3 + Y2s 025 e_icj\Qs x37 (513)
where
i’ig {2 2 .
Yig = — (qu - aq> L j=1,2. (5.14)
q

Inserting the solutions (5.10) — (5.13) into the boundary conditions (1.55) and (1.56),

therefore, the related dispersion relation is obtained by

Det (T) = 0, (5.15)

where the matrix T is given in (B.1).

5.2.1 Particular case: uncoated half-space

In the case of no coating (h = 0), the dispersion equation (5.15) reduces to

2 A1y + Vs (1 v X%S) i (1 - X%s) K2 — 2 (2 + s Xls)
: /= : /. (5.16)
2 Aay + Yas (1 + A§S> i (1 - )\§5> K2 — 2 <z + )\23>
We now assume
g
€s =€ = < 1, (5.17)
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representing the effect of gravity and defining the range of wavenumbers, allowing

weak coupling between equations (5.4). Then, we obtain from (5.16)

Ko+ Kie+ Kye?+0 (%) =0, (5.18)
where
B 02 41— oy B K?)
Ko=(14082)" — 4o, 5, K, = 2 (o + B.)
K= 204 (02 _68%) + a2 (82 (262 — 1) + 1)

K2 (a2 — 52)° | B,

3
—5§(K2—2)+3@§—,@2+3+% .

s

Thus, the leading order approximation reveals the classical Rayleigh equation (1.30).
The exact secular relation (5.16) and its asymptotic expansion (5.18), depicted by

the solid and dashed blue lines, respectively, are shown in Fig. 5.2.

1.000['
pPh

0.995 |

0.990 |

0.985 |

0.980 |

I I I I I I
0.00 0.05 0.10 0.15 0.20 0.25

€

Figure 5.2: Dependence of dimensionless vP" = ¢/cg on the small parameter &
with E =1, p=1and v = 0.25.
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5.3 Explicit model for surface waves on an elastic

half-space with gravity

In this section, the hyperbolic-elliptic asymptotic models for surface waves on the

elastic half-space with the influence of gravity is derived.

5.3.1 The problem formulation

Consider an elastic, isotropic, compressible half-space occupying the domain
0 < z1,79 < o0 and x3 > 0, subject to a prescribed surface loading, along with

influence of gravity, see Fig. 5.3.

P
o
7 Q
/ 0 X
X1 E g
X3

Figure 5.3: An elastic half-space under the gravity effect.

For the plane strain problem, the imposed boundary conditions at the surface x3 = 0

are given as in (1.50).

5.3.2 Asymptotic formulation for surface waves

In this subsection, an asymptotic model for surface waves on an elastic half-space

associated with the effect of gravity will be derived.
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As before, we are operating with wave numbers satisfying

L .2
e=92«1, (k:—”), (5.19)

where L is a typical wave length.
Then, equations (5.4) and boundary conditions (1.50) are rearranged in terms of the

scaling (1.91) as

Py + O‘?% Pee + 2 (1 - O‘?%) Ger — e (1 - O‘%{) Grr = —€ K2 P,

(5.20)
¢:’YW + 512:5 77Z)»f§ + 2e (1 - 6]2%) ¢,§T - 62 (]— - ﬁ]%) ¢,T’T = 6¢,§)
subject to
L?Q
206y + e =y = — )
K (5.21)
L?>P

(K* = 2) dee + K2Pay + 2p ey = —

where ap and g defined in (1.42).

Expanding the Lamé elastic potentials ¢ and 1 as asymptotic series (1.94).

At leading order, the boundary equations (5.21) yield the solvability condition (1.30),
revealing the free Rayleigh wave, along with the relation between the elastic potentials
#© and ¢© on the surface x5 = 0, given as (1.98). For analysis at next order, we
introduce the two arbitrary plane harmonic functions ¢ and ¢ defined as in

(1.100), deducing that

2 —2
g = L=9%) jo) K" 50

ap 7 (14 P%)

(5.22)

any _ 1 ((1— )
v 28R Br
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follows by applying the Cauchy-Riemann identities (1.39) into equations (5.20), to-
gether with the relation (1.44) and (1.98).

At next order, the boundary conditions (5.21) at x3 = 0 become

9 (1,0) (1,0) 4 9 (1,1) 91 — L2Q
Pey w&é —YLy 20 =29, = - T
(5.23)
(1,0) 2 (1,0 (1,0) 2 ,(1,1) (1) _ L*P
(/{ —2)¢ —1—/<;¢ —|—21,b + 2K7¢, +2¢,5 = o
Employing (1.39) and (5.22), we infer at 23 = 0
1—0&2 2(1—52)0(1{ 0
9 (1,0) 1 7(1,0) R R (0)
QR ¢ ( + BR) w ag 1+ 512% ¢757
K2 1\ - L?*H
1+p5p 27 M
(5.24)

2
() 2 2 (R ) o

1 B R —(0)__L2_P
2(253 (1+ﬂ%))¢ R

The solvability of the last system gives at x3 =0

o= (1 02)7] 647 + 4 (1) 22 (1= 32) 52 - (1= 58) | o2

12 [0+ 1572071 — (ap + Br)] 6 = —QL;ﬁ B0P+H Q).

(5.25)
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The first term in (5.25) vanishes in the view of (1.30), therefore we get at x3 =0

_ L2
200+ B, =~ 2 [0 P+ 1 (Q)) (5.20
where B, specified in (1.54) with
1
B, =& (0+ K297 = (g + Br)) - (5.27)

On using the leading order approximation (1.106) and operator identities (1.107), the
equation (5.26) may be then rewritten in terms of the original dimensional variables
(x1,23,t) at x3 =0 as

Br
uB

Oré+ i B, b1 = [0 P+H(Q). (5.28)

I

Therefore, we obtain the elliptic equations (1.109), governing the decay over the
interior (z3 > 0), subject to boundary conditions at interface (5.28) and (1.43).
Equation (5.28) can be recast in terms of the associated pseudo-differential operator

at x3 =0 as

Oré+ LB,/ 00 6=~ (9P +H(Q), (5.29)
c /’I’BI
or rewritten through the Hilbert transform
9 _ PBr
Oro+ 5B, Hoy=——F-[WP+H(Q)]. (5.30)
& nB,

Note that this model can be extended to the 3D problem with a vertical load. Indeed,
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the Radon transform is applicable. As a result, the obtained model contains the
elliptic equations (3.42), governing the decay over the interior (z3 > 0), subject to
boundary condition z3 = 0

(14 8%)

1 g9
Ap—— S B V-A¢p=—
¢ 2 Pt + 2" ¢ 2B,

P, (5.31)

where v/—A is a pseudo-differential operator.

Therefore, potentials ¢ and ¥ = (—1)q, 1)1, 0) are related by (3.44) and (3.45).

5.3.3 An approximate secular equation of surface waves

From (5.29) or (5.30), we can obtain the approximation of secular equation for surface

waves under the effect of gravity, which is given by

B
W:£:¢L-gg+w. (5.32)

The relation between B and v is shown in Fig. 5.4.

B

g

0.7

0.6 1

0.5}

0.4}

0.3}

0.0 0.1 0.2 0.3 0.4 0.5
14

Figure 5.4: The values of B, against Poisson’s ratio v.
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Numerical comparison of the exact relation (5.16) and the asymptotic relation (5.32)

against the wave number k with E = 50, p =1 and v = 0.25 is presented in Fig. 5.5.

’Uph 1.01

_____
-

0.8}

0.6 |

0.4}

0.2}

0.0 "

; ; : ; 5 h

Figure 5.5: A comparison of leading asymptotic relation (dashed line) with exact
secular equation (solid line).

5.4 Surface waves on a coated elastic half-space

with the effect of gravity

In this section, an asymptotic model for surface waves on an elastic half-space coated
by a thin vertically inhomogeneous layer, incorporated with the effect of gravity, is

derived.

5.4.1 Problem statement

Consider an isotropic elastic half-space, occupying the domain —oco < x1, r9 < 0o and
x3 > 0, coated by a thin vertically layer of thickness h described by —oo < 21,29 < 00
and —h < x3 < 0, subject to prescribed surface loading along with the influence of

gravity, see Fig. 5.6.
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p

«Q
=
[y
TS
=
N

=
w

Figure 5.6: A coated elastic half-space under the gravity effect.
The imposed boundary conditions at the surface x5 = —h are formulated as

S —_Y and o) =-P, i=1,2, (5.33)

where as before, P = P (z1,x9,t) and Q = Q (21, x9,t) are prescribed vertical and
tangential surface loads, respectively.

The continuity conditions at the interface x3 = 0 are given as in (3.3).

5.4.2 Effective boundary conditions

Let us introduce the small parameter € in (1.70), along with the scaling (3.4) and the
dimensionless quantities (3.5). Here, we set the dimensionless of tangential load @

as in (1.72). Then, the equation of motion (5.1) may be immediately rewritten as

L
Civg+ Ty, + Ol T Whg, = Pt
2e (5.34)
033 1 € <0—i3,§i + Uj3,§j> & <Uz§z + Uj,@-) = e U3z 7
C

where c3. = p. / po-
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The constitutive relations (1.7) are also rewritten as in (3.7) and (3.8), as well as,

the boundary conditions (5.33) and (3.3) take the form

A (5.35)
and Uy, = vy, at n =0,

where ¢ = 1,2 and £k = 1,2, 3.
Next, we expand the displacement and stress as asymptotic series linked by the small

parameter € as in (3.10). At leading order, we have

o 9L © _  ©
+ O3 T C_%c Uz g, = Px Uiz 705

(0)

Tiig; + U(Q,)

15,€;

© 9L (0 | (© (0)
O33np — 2 (“zg +u ) = P+ U35

2c s
o = (42 +2). 539
O'g)) = 4k3 (1 = &;2) ugogz + 255 (1 — 2/{;2) “5%7
ujiy =0,

subject to boundary conditions

o5 =—q", Oa3 = —D" at n=-1,
(5.37)
and Uy, = vy, at n=20
Thus, the solutions of a,i%) (k=1,2,3) are found as
n "
aég) = V3. /p* (2) dz+gL /02_62 (2)dz (UZ& + v;f]) —p*, (5.38)

-1 -1
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and
" n
ag) = /p* (z)dz | vi, . —4 //@% (2) (1 — k.2 (2)) dz Vg6
—1 -1
" "
_ /Hg (2)dz U;gjgj — //@3 (2) (3 — 4k 2 (z)) dz U;,gigj
-1 -1

(5.39)

where i # j =1, 2.
In terms of original dimension form, the expressions for the stresses at the interface

x3 = (0 may be obtained as

oi3="h </3 Uit — Suzzz — LU 55 — <5 — ﬂ) Uji5 — ﬁguzs,z') - Qi,
P

o33 = hp(usy + g (wii + uj;)) —

where, as before, ()1 and ()5 denote the components of prescribed in-plane surface
force in the x; and x directions, respectively, § defined in (3.16), and all quantities
with tilde are expressed by the mean value of functions in (3.17).

For plane-strain problem, the latter effective boundary conditions can be diminished
as

o3 =nh (ﬁul,tt - Sul,ll - ﬁgu?),l) - Q,
(5.41)

o33 =hp(usy +guiy) — P.
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5.4.3 Asymptotic model for surface waves

With the effective boundary conditions (5.41) derived, an asymptotic model for sur-
face wave may now be constructed, generalising the previous results in Chapter 3 to
incorporate the effect of gravity. Consequently, the associated boundary condition

for a homogeneous isotropic substrate are rewritten at z3 = 0 as

p(urs+usy)=h (ﬁ Up e — 5“1,11 —pg U3,1> - Q,
(5.42)

AMurg +usg) + (A +2u)uzs = hp(usy + guig) — P.

Employing the Helmholtz decomposition (1.22) into (5.3) and (5.42), we obtain wave

equations (5.4) subject to boundary conditions at z3 = 0

(2013 + Y11 —33) =h [ﬁ (Daue — V3u) — S(¢,111 — 1 113)

—pg ($13 +11)] - Q,

p((52=2) o1+ K2 ds3+2013) = hpldsn +au +g(d11 — as)] — P.

(5.43)

Let us introduce the slow-time perturbation scheme (1.91) along with notation
G=-, and &= (5.44)

Here we have two small parameters € and € associated with the effect of gravity and
thickness of coating. In the following derivation we are assuming them to be of the

same order, so G = O(1).



A coated and uncoated half-space with the gravitational field. 117

Chapter 5.
Then, the equations (5.4) are rearranged in terms of the new scaling

_ -2
=—€er °G w7§,

Py + g, D e + 2¢€ (1 - O‘?%) Der — ¢’ (1 - O‘?%) Drr
(5.45)

'QZ},’y’y + /6]2{ ¢,£§ + 2€ (1 - 612%) ¢7ET - 62 (1 - ﬁ?{) 'QZ},TT = €G¢,£>

subject to the following boundary conditions, restated as

2

2 6 c
n ) (¢eec — Veey) — € é G (dey + Vee)

9 _ —
eyt hge —thyy =€ (C% [

L2
CC}; [2 62 (1/1,577 - ¢7€§‘r) + 63 (¢,§77— - ¢,7TT)] o MQ’
(5.46)

3 3
(5* = 2) e+ K° by + 20y = € =5 (Bt + Vgee) + €5 G (e — Yy
2 2

L*Pp
B [ (Ger +tere) =22 (b + Vger)] =

where ¢3 = u / p.

Now, we apply the asymptotic expansion as in (1.94). At next order, we deduce from

(1.39), (1.100) and (5.45) that

(5.47)
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At next order, the boundary conditions (5.46) with (5.47) become at 7 =0

2 2
1,0) 0) l—ap 2(1-=0Fg)ar) o
20 +(1+ 5R)¢ +2 < an 1453 Per

+ZG<1+B%_§) & _(E_i_u> < 2 )gbf& o
(5.48)

QCYR

(1,0) 7(1,0) B B (0)
- (1 82) 64~ 28m 040 +2 (1= ) (a5~ 1) 9

L ar N0 _ % Br _Lrr
HG(% (1+5%z))¢’5 2 " <1+62)% w

The solvability of the last system at v = 0 leads to

Or y (1 g on

et (1 ) 04 4 (1) B

- (- 6] o

-2 9-1 7(0) (1 — ﬁl%) 2 ~
+2G [0+ 57207 — (ar + Br)] ¢ ; [ g P (ar+ Br) — 551%] Oeee

_ —QLij WP +H(Q).

(5.49)

The first term in (5.49) vanishes in the view of (1.30), thus we have at v =0

Br

B [P +H(Q)], (5.50)

0 _
20%) + G B, 8% — bl =~

where B, , B, and b. defined in (1.54), (5.27) and (3.37), respectively.
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According to (1.106), (1.107) and (5.44), the equations (5.50) are rewritten in terms

of the original dimensional variables (z1,x3,t) at 3 =0

Br
uB

O+ %5 B, 61— hbedn = = [0 P+ H(Q)]. (5.51)
2

I

Therefore, we arrive at the leading order the elliptic equations (1.109), governing the

decay over the interior (x3 > 0), subject to boundary conditions at z3 = 0

Br

I

g B, h
2

Ono— ot 65+ by = L [0 P+ H (@), (552)

along with (1.43). The equation (5.52) can be recast in terms of the associated

pseudo-differential operator at x3 = 0 as

Hro+ % B, /=011 ¢ — hben/ =01 @11 = —fg [WP+H(Q), (5.53)
5

I

or rewritten through the Hilbert transform

Br
uB

Hro+ %Bg Ho1—hbcHoin = — WP +H(Q)]. (5.54)
2

I

Note that the latter model can be extended to the case of a vertically load acting
on a thin vertically inhomogeneous layer coated elastic half-space, resulting in the
elliptic equations (3.42), governing the decay over the interior (z3 > 0), subject to
boundary conditions at x5 =0

1+ 3%
2uB,

1
Dé—5ou+ 5B V=Ro—hbV=A Ag=——HP (55)
R 2

along with (3.44) and (3.45).
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The range of validity of the developed theory is given by éq]% < 1 and also kh < 1,
Ca

from which % < 1.
€3
5.4.4 Approximate dispersion relation

The derived equation enables an approximation of the exact dispersion relation. Nat-

urally, we deduce from (5.53) that

B A
oh = & = 1_<|Z|g62+bc|k]h+....>. (5.56)
2

It may be observed that in the absence of the coating (h = 0), the relation (5.56)
reduces to (5.32).

For a homogeneous coating layer, the relation between v”* and kh with h = 1,

Ey/JE=1,py/p=1and vy =v =0.25 is shown as

h

P
1.0f

0.8

0.6 |

0.4

0.2}

0.0‘_ ‘ ‘ ‘ B
0 2 4 6 8 Lh
Figure 5.7: A comparison of the exact dispersion equation (5.15) (solid line)
against the asymptotic relation (5.56) (dashed line).
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In conclusion, the exact dispersion equation for a coated half-space under the grav-
ity effect has been obtained. The explicit model for surface waves on a vertically
inhomogeneous elastic layer coated and an uncoated elastic half-space have also been
derived in gravity cases. The asymptotic formulation contains the wave equation,
which is singularly perturbed by a pseudo-differential operator associating with the
gravitational field. Several illustrative numerical examples of the approximate and

exact dispersion relations of the surface waves have been presented.



Conclusion

In this thesis, explicit formulations for elastic surface waves induced by surface

stresses have been derived.

First, the asymptotic model for surface wave on a coated elastic half-space has been
developed. The previous results for isotropic half-space coated with a thin isotropic
layer, subject to vertical surface stress considered in Dai et al. [2010], have been
extended substantially, to account for anisotropy of layer and half-space, and also
for vertical inhomogeneity of the coating. For all those scenarios, the asymptotic
integration of the equations of elasticity through thickness of the layer was preformed,
leading to the effective boundary conditions, replacing the effect of the coating. The
resulting model contains an elliptic equation describing decay away from the surface,
and a singularly perturbed hyperbolic equation on the interface between the layer

and the half-space.

Secondly, the effect of gravitational force has been embedded within the developed
methodology. The weak coupling between the wave potentials in the short-wave limit
was noted, allowing a perturbation scheme leading a variation of a hyberbolic-elliptic

model for surface wave under the effect of gravity.

122
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In case of the coated half-space, investigation started from surface wave field induced
by prescribed stresses on the surface of the coated orthotropic half-space was carried
out. The formulation was obtained in terms of an auxiliary plane harmonic function,
first appearing in the representation of the eigensolution in Prikazchikov [2013]. The
displacements were expressed in terms of this auxiliary function and its harmonic
conjugate. The resulting asymptotic model contains an elliptic equation for this
function governing decay over the interior, as well as a pseudo-differential equation
on the interface. Particular cases, when either coating or substrate are isotropic, were

also examined.

Another development achieved in this thesis is related to a scenario of a vertically
inhomogeneous coating on an isotropic substrate, including a particular case of multi-
layered coating. In addition, an interesting special case of zero group velocity, when

the wave seems to “not notice” the coating, has been pointed out.

The derived formulations for coated half-space were implemented for a number of
dynamic loadings including the impact loading, as well as the moving loads. For the
latter, explicit approximate solutions have been obtained. For example, for the case
of a moving point load, the range of problem parameters associated with radiation

of energy from the moving source was confirmed.

Another important outcome of this thesis is related to the derivation of explicit
asymptotic model for the Rayleigh wave with account of the influence of gravity.
First, a homogeneous half-space was treated. The exact dispersion relation was

derived, along with its approximation, followed by the case of a substrate coated
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by a thin inhomogeneous layer. Several illustrative numerical examples were also

presented.

Finally, possible further developments within this approach involve consideration
of more advanced materials of the thin layer, including nonlinear, nematic, as well
as porous, viscous and soft materials, including aerogels, see e.g. Zakharov [2012],

Gusakov and Vatul’yan [2018], Patil et al. [2017], Rege et al. [2019].



Appendix A

The related non-zero components of the matrix A are given by

A =i, e_’%hac, Ay = —ia, e’;ho‘c, Az = _%2 e_’%h’BC,
Ay =—7? Gkhﬁc, Agy =7 e_khac, Ay = 736%%7
Agz =if3, e_khﬂc, Agy = —if3, 6kh607 Asy = —Asz = B,
Ay = —Agp = a, Ase = —Aes = 177, Aszs = — s,
Ays = a, Ass = ifi a, Age = —ifi Bs,
(A1)
and

Azy = Azg = —Ayg = —Azs = Ayg = Ay = 1, Ay = A = Ags = Ags = 0,

A5y = —Asp =i, —Asz = —Asy = Ag1 = Aga = 72, Ags = —Agg = 15,
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Appendix B

The 6 x 6 matrix T is given as

A, e—khxlc By, ekhilc Ao, e—khﬁ\% By, ekhJ\zc 0 0

Cle e—k:hile Dy, ekh,”\lc Cle 6—kh5\2c Do, ethQC 0 0
Elc Flc E2c FQC _Fls _F28

T = , (B.1)
ch Llc HZC LQc _Lls _L28
Alc Blc A2c BQC _/l Bls _/l B25
CVlc ch 020 DQC _,& Dls _[L D2s
where
M= (1632), Bl= = @i+ (1403)

Cjc =1 <1 — 5‘?0) K)g -2 (Z — ’chj\jc) N qu =1 (1 — 5\]2q) /ig -2 (Z +")/jq S\jq> s

~ ~

Eje=i=jcNje,  Fig =1+ %q Mgy Hje = Ne+1%e,  Ljg = =Ajg + 1%,

with o= po /p, 7 =1,2 and g = ¢, s.
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