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Abstract

A refined dynamic finite-strain shell theory for incompressible hyperelastic materials was
developed by the authors recently. In this paper, we first derive the associated linearized
incremental theory, and then use it to investigate wave propagation in a fiber-reinforced
hyperelastic tube that is subjected to an axial pre-stretch and internal pressure. We obtain
the dispersion relations for both axisymmetric and non-axisymmetric waves and discuss their
accuracy by comparing them with the exact dispersion relations. The bending effect is also
examined by comparing the dispersion curves based on the present theory and membrane
theory. It is shown that the present theory is more accurate than the membrane theory
in studying wave propagation and the bending effect plays an important role in some wave
modes for relatively large wavenumbers. The effects of the pressure, axial pre-stretch and
fiber angle on the dispersion relations are displayed. These results provide the necessary
validation for using the refined dynamic finite-strain shell theory and wave propagation to
determine arterial properties.
Keywords: Fiber-reinforced tubes; Hyperelasticity; Dispersion relation; Artery.

1. Introduction

Soft biological tissues have attracted much research interest owing to their unusual me-
chanical properties. Significant contributions have been made to develop mechanically-based
hyperelastic models that are capable of accurately describing the behavior of different tis-
sues; see for instance the book by Payan and Ohayon [1]. Among them, arteries are of great
concern. The arterial wall consists of three main components: elastin and collagen fibers,
gelatinous ground substance and smooth muscle cells. Normally, arteries are hydrated be-
cause of the ground substance so that they are practically incompressible. The collagen
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fibers are initially wavy or crimped. The stiffness of the tissue is modest and is mainly
provided by the elastin fibers. However, when a load is applied and the collagen fibers start
to be stretched, the stiffness of the artery increases sharply [2, 3]. So, arteries are generally
modeled as fiber-reinforced incompressible hyperelastic materials [4] with tubular geometry.
Also, arteries are subjected to pre-stresses/pre-deformations due to blood pressure. There-
fore, in order to evaluate material properties or determine pre-stressed states of arteries
from wave velocities [5, 6], it is desirable to investigate wave propagation in pressurized
fiber-reinforced incompressible hyperelastic tubes.

The study of wave propagation in elastic tubes dates back to 1876 with the work of
Pochhammer [7] and Chree [8], who first investigated the propagation of free harmonic
waves in infinitely-long isotropic cylinders, and later Ghosh [9] extended their treatments
to wave propagation in hollow cylinders. Herrmann and Mirsky [10] investigated waves in
a hollow cylinder under the restriction of axial symmetry of motion. The whole spectrum
solution (i.e., the axisymmetric and non-axisymmetric wave modes) for hollow cylinders was
given by Gazis [11] using Helmholtz displacement potentials and numerically solved at the
same time [12]. These works were carried out based on the linear theory of elasticity, and
a full treatment of wave propagation in cylindrical structures can be found in the books
by Achenbach [13] and Auld [14]. Recently, Wu et al. [15] analyzed the axisymmetric tor-
sional waves and longitudinal waves in a pressurized functionally graded elastomeric hollow
cylinder by employing the small-on-large theory; the effects of the pressure difference, mate-
rial gradient, and axial pre-stretch on both the torsional and longitudinal wave propagation
characteristics are discussed in detail through numerical examples. Based on Dorfmann and
Ogdens’s nonlinear framework for electroelasticity and the associated linear incremental the-
ory [16, 17], Su et al. [18] investigated the non-axisymmetric wave propagation in an infinite
incompressible soft electroactive hollow cylinder; an exact solution was derived in terms of
Bessel functions and numerical examples were presented to show the effects of biasing fields
and other parameters on the wave propagation behavior.

Using the Fourier series expansion method, Towfighi et al. [19] solved the dispersion
curves of circumferential waves in a transversely isotropic cylindrical pipe, an example of
which is a fiber-reinforced composite cylindrical pipe. In [20], Ogden and Singh revisited
the problem of wave propagation in an incompressible transversely isotropic solid in the
presence of initial stress. Applying a new numerical approach called the state vector and
Legendre polynomial hybrid method, Zheng et al. [21] computed the dispersion curves and
mode shapes for a general anisotropic hollow cylinder; the effect of the fiber angle on the
dispersion characteristics of the hollow cylinder was analyzed in detail in their illustrative
examples.
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Although the aforementioned works have contributed significantly to wave propagation
in elastic tubes, most of them assume that the elastic tube is isotropic or initially isotropic
and the pre-stressed state is homogeneous. These assumptions are not valid for pressurized
arteries since arteries are anisotropic due to fiber reinforcement and the pressurized state
is inhomogeneous. The investigation of wave propagation in deformed arteries involving
both geometric and material nonlinearities should be based on the small-on-large theory,
which assumes that a small time-dependent incremental motion is supposed on a finite
deformation [22]. To the authors’ best knowledge, wave propagation in pressurized fiber-
reinforced incompressible hyperelastic tubes has not been studied yet in the framework of
nonlinear elasticity.

Recently, a refined two-dimensional (2d) dynamic finite-strain shell theory for incom-
pressible hyperelastic materials (abbreviated as refined shell theory in what follows) was
developed by the authors [23]. It has the advantages of incorporating both stretching and
bending effects and at the same time avoiding complex three-dimensional (3d) computations.
We expect that the refined shell theory should be more accurate than the membrane theory,
as the latter does not take account of any bending effect. However, it is still not clear how
accurate the refined shell theory is due to the lack of its applications to practical problems.
In this paper, we aim to answer this question by investigating wave propagation in pres-
surized fiber-reinforced hyperelastic tubes based on the refined shell theory. The purpose
of this paper is two-fold: to quantify the accuracy of the refined shell theory, and to study
wave propagation in pressurized fiber-reinforced hyperelastic tubes.

By linearizing the refined shell theory around a known deformed state, we first derive its
linearized incremental theory, which serves as our reduced model for studying wave prop-
agation. Then using the linearized incremental theory, we investigate wave propagation in
a fiber-reinforced incompressible hyperelastic tube subjected to a combined action of axial
pre-stretch and internal pressure. We obtain the dispersion relations for both axisymmetric
and non-axisymmetric waves in the tube. By comparing the dispersion curves of axisym-
metric waves produced by the present theory and and exact theory, we validate the former
and quantify its accuracy. The bending effect is also examined by comparing the dispersion
curves of axisymmetric waves based on the present theory and membrane theory. The results
reveal that the present theory is indeed more accurate than the membrane theory in studying
wave propagation and the bending effect plays an important role in some wave modes for
relatively large wavenumbers. The effects of the pressure, axial pre-stretch and fiber angle on
the dispersion relations of axisymmetric and non-axisymmetric waves are exhibited. These
established semi-analytic results can be used to determine arterial parameters, like arterial
stiffness, from the wave velocity; a similar measurement method has been proposed in [24]
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as a non-invasive blood pressure measurement technique.
Notation. Throughout this paper, boldface letters, for example x, F , denote vectors or

second-order tensors; calligraphy letters, for example A1, A2, represent higher-order tensors.
The summation convention for repeated indices is adopted. A comma preceding indices
means differentiation and a dot over variables indicates time derivative. When A1 is a
fourth-order tensor, the notation A1rF s stands for the second-order tensor with components
A1

ijklFlk; similarly, when A2 is a sixth-order tensor, the notation A2rF ,Gs stands for the
second-order tensor with components A2

ijklmnFlkGnm.

2. Summary of a refined shell theory and its application to a benchmark problem

In this section, we present a summary of the refined dynamic finite-strain shell theory
derived in [23] and its application to the problem of the extension and inflation of an artery.
To facilitate comparison with other studies, the series expansions are carried out around
the middle surface instead of the bottom surface in the original paper, but the steps are
essentially the same.

2.1. A refined two-dimensional dynamic finite-strain shell theory for incompressible hypere-
lastic materials

We consider an thin shell of constant thickness 2h and composed of incompressible hy-
perelastic material, which occupies a region Ω ˆ r´h, hs in the reference configuration. The
thickness 2h is assumed to be small when compared with the length scale of the unde-
formed middle surface Ω and its ratio to the radius of curvature is much less than 1. The
position vectors of a representative particle are denoted by X and x in the reference and
current configurations, respectively. Following [25, 26], we parameterize the middle surface
Ω by two curvilinear coordinates θ1 and θ2. The position vector of a point on Ω is written
as r “ rpθ1, θ2q. The (covariant) tangent vectors along the coordinate lines are given by
gα “ Br{Bθα, α “ 1, 2 whose contravariant counterparts are denoted by gα; thus gα ¨gβ “ δαβ .
The unit normal vector n to Ω is defined via the formula n “ g1 ^ g2{|g1 ^ g2| so that
pg1, g2,nq forms a right-handed basis, where ^ means the cross product.

In the reference configuration, the position vector of a material point is decomposed as

X “ rpθ1, θ2q ` Znpθ1, θ2q, ´h ď Z ď h, (2.1)

where Z is the coordinate of the point along the normal direction n. The curvature map κ is
given by κ “ ´Bn{Br “ ´n,αbgα, which is symmetric in the sense that κ “ κT . Associated
to κ, the mean and Gaussian curvatures are defined by H “ 1

2
trpκq and K “ detpκq. The
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map µ appearing in the relation BX{Bθα “ µgα is defined by µ “ 1´Zκ, where 1 “ I´nbn

denotes the rank-two identity tensor of the tangent plane of Ω, and its determinant is denoted
by µpZq “ detpµq “ 1 ´ 2HZ ` KZ2. The deformation gradient F “ Bx{BX then has the
expression

F “ p∇xqµ´1 `
Bx

BZ
b n, (2.2)

where ∇ denotes the 2d in-plane gradient on the middle surface Ω with ∇x given by ∇x “

pBx{Bθαq b gα and the inverse of µ can be computed by µ´1 “ 1 ` Zκ ` Z2κ2 ` ¨ ¨ ¨ .
For the incompressible hyperelastic shell, the equation of motion and the incompressibil-

ity constraint are given by

DivpSq ` qb “ ρ:x, detpF q “ 1 in Ω ˆ r´h, hs, (2.3)

where qb is the body force, ρ is the (constant) density, and S is the nominal stress given by

S “
BW

BF
´ pF´1, (2.4)

with W denoting the strain energy function and p the Lagrange multiplier associated with
the incompressibility constraint. The traction conditions on the bottom and top surfaces are
given by

STn|Z“´h “ ´q´, STn|Z“h “ q` in Ω, (2.5)

where q´ and q` are respectively the external loads applied on the bottom and top surfaces.
Assume sufficient smoothness of all quantities involved. The current position vector

x “ xpr, Z, tq can then be expanded as a Taylor series around the middle surface Z “ 0:

x “ xp0q ` Zxp1q `
1

2
Z2xp2q ` ¨ ¨ ¨ , (2.6)

where here and henceforth the superscript piq signifies the i-th derivative with respect to Z at
Z “ 0. Substituting this expansion into the the kinematic relation (2.2) and the constitutive
relation (2.4), we obtain the following relations among the expansion coefficients

F p0q “ ∇xp0q ` xp1q b n, F p1q “ p∇xp0qqκ ` ∇xp1q ` xp2q b n, (2.7)
Sp0q “ WF pF p0qq ´ pp0qF p0q´1, Sp1q “ A1rF p1qs ` pp0qF p0q´1F p1qF p0q´1 ´ pp1qF p0q´1,

(2.8)

where WF “ BW {BF and A1 “ B2W {BF 2|
F“F p0q .

Our reduced model consists of a system of partial differential equations for the com-
ponents of the leading-order position vector xp0q together with the associated boundary
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conditions. These differential equations are derived with the aid of the following four equa-
tions:

p1 ` Kh2qppWF p∇xp0q ` xp1q b nqqTn ´ pp0qgq ´ 2Hh2pρ:xp0q
´ q

p0q

b ´ ∇ ¨ Sp0qq

´
1

2
h2pκgαq ¨ Sp0q

,α `
1

2
h2pρ:xp1q

´ q
p1q

b ´ ∇ ¨ Sp1qq “ m,
(2.9)

g ¨ xp1q ´ 1 “ 0, (2.10)

where g “ gpxp0qq “ detpF p0qqF p0q´Tn “ x
p0q

,1 ^ x
p0q

,2 {|g1 ^ g2| and m “ pµphqq` ´

µp´hqq´q{2, and

Bxp2q ´ pp1qg ` f 2 “ ρ:xp0q, (2.11)
g ¨ xp2q ` trpF p0q´1pp∇xp0qqκ ` ∇xp1qqq “ 0, (2.12)

where the matrix B and the vector f 2 are defined by

Ba :“ pA1ra b ns ` pp0qF p0q´1pa b nqF p0q´1qTn,

ðñ Bij “ A1
3i3j ` pp0qF

p0q´1
3i F

p0q´1
3j ,

(2.13)

f 2 “ pA1rp∇xp0qqκ ` ∇xp1qs ` pp0qF p0q´1pp∇xp0qqκ ` ∇xp1qqF p0q´1qTn

` ∇ ¨ Sp0q ` q
p0q

b .
(2.14)

The central idea is to solve (2.11) and (2.12) to express ppp1q,xp2qq in terms of ppp0q,xp1q,xp0qq,
and to solve (2.9) and (2.10) to express ppp0q,xp1qq in terms of xp0q. Equations (2.10) and
(2.12) are obtained by equating the coefficients of Z0, Z1 in (2.3)2. To obtain (2.9), we first
deduce from (2.5) the following averaged boundary condition that incorporates the curvature
effect:

1

2
pµp´hqSTn|Z“´h ` µphqSTn|Z“hq “ m. (2.15)

Equation (2.9) then results from substitution of the expansion for S followed by elimination
of Sp1qTn and Sp2qTn from equating the coefficients of Z0 and Z1 in (2.3)1 (see equations
(3.6) and (3.7) in [23]). Finally, equation (2.11) is obtained by equating the coefficients of
Z0 in (2.3)1 and using (2.8)2 to eliminate Sp1q.

We remark that except for (2.9), all the other three equations (2.10)´(2.12) are linear in
terms of the unknowns to be solved for. Although (2.9) is nonlinear and cannot be solved
analytically in general, we may seek a perturbation solution of the form pp0q “ pp0qa`h2pp0qb`

¨ ¨ ¨ and xp1q “ xp1qa ` h2xp1qb ` ¨ ¨ ¨ . By equating the coefficients of h0 in (2.9) and (2.10),
we obtain

pWF p∇xp0q ` xp1qa b nqqTn ´ pp0qag “ m, (2.16)
g ¨ xp1qa “ 1. (2.17)
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Once this system of nonlinear algebraic equations is solved for pp0qa and xp1qa, each higher-
order correction can be obtained by solving a system of linear equations.

Finally, by averaging the equation of motion (2.3)1 followed by the use of the bottom and
top traction conditions (2.5), one can derive the following equations satisfied by the stress
expansion coefficients:

1∇ ¨ S
p0q
t ´ κSp0qn “ p1 `

1

3
Kh2qρ:x

p0q
t ´ qt, (2.18)

∇ ¨ p1Sp0qn ´ 1Sp0qTnq ` trpκS
p0q
t q `

1

3
h2∇ ¨ p1∇ ¨ S

p1q
t q

“p1 `
1

3
Kh2qρ:x

p0q

3 ´ q3 `
1

3
h2∇ ¨ pρ:x

p1q
t ´ q

p1q

bt q ´ ∇ ¨ mt,
(2.19)

where the subscript t indicates the in-plane part (i.e., qt “ 1q, St “ 1S1q and q “ pµphqq``

µp´hqq´q{p2hq ` p1`Kh2{3qq
p0q

b . These equations correspond to the refined shell equations
in [23] re-expanded around the middle surface. For readers who are not familiar with the
refined shell theory, we provide an illustrative example of equations (2.11), (2.12) and (2.16)-
(2.19) specified to a neo-Hookean cylindrical tube in Appendix A. We remark that the term
1
3
h2∇ ¨ p1∇ ¨S

p1q
t q in (2.19) represents the bending effect, which can be seen from the virtual

work principle given in [23]. After substitution of the recurrence relations (2.9)-(2.12), the
shell equations (2.18) and (2.19) become a system of differential equations involving xp0q

only. Suitable boundary conditions associated with the shell equations (2.18) and (2.19) can
be derived based on the 2d shell virtual work principle, which are relegated to Appendix B
since they are not needed in the problem of wave propagation.

2.2. Application to the extension and inflation of an artery
Having summarized the refined shell theory, we now demonstrate how it can be applied

to obtain asymptotic results for the extension and inflation of an artery. This problem has
previously been studied in detail in [23]; see also [27–31].

We consider the artery as a thick-walled circular cylindrical tube, which in its unde-
formed configuration has inner radius A and outer radius B; in particular, the radius of the
undeformed middle surface is Rm “ pA ` Bq{2. When it is uniformly stretched in the axial
direction and inflated by an internal pressure P , the inner and outer radii become a and b,
respectively. In terms of cylindrical polar coordinates, the deformation is given by

r “ rpRq, θ “ Θ, z “ λzX, (2.20)

where pR,Θ, Xq and pr, θ, zq are respectively the cylindrical polar coordinates in the unde-
formed and deformed configurations, and λz is the uniform stretch in the axial direction.
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The deformation gradient is then given by

F “
r

R
eΘ b eΘ ` λzeX b eX ` r1pRqeR b eR. (2.21)

where peR, eΘ, eXq denote the standard basis vectors of cylindrical polar coordinates pR,Θ, Xq.
We assume that the constitutive behavior of the artery is described by a fiber-reinforced

incompressible hyperelastic material, for which the strain energy function is given by

W pI1, I4, I6q “
µ

2
pI1 ´ 3q `

k1
2k2

ÿ

i“4,6

pexppk2pIi ´ 1q2q ´ 1q, (2.22)

where µ, k1, k2 are material parameters, and the invariants I1, I4 and I6 are defined by

I1 “ trpCq, I4 “ M ¨ pCM q, I6 “ M 1 ¨ pCM 1q. (2.23)

In the above expressions C “ F TF is the right Cauchy-Green tensor, and M “ cosφeΘ `

sinφeX and M 1 “ ´ cosφeΘ ` sinφeX are unit vectors that represent the directions of the
two families of fibers which are symmetrically disposed with respect to the axial direction;
see Figure 1. The above form of strain energy function is known as the Holzapfel-Gasser-
Ogden (HGO) model [4], which is widely used in the constitutive modeling of arterial walls
and heart tissues.

Figure 1: Geometry of a fiber-reinforced cylindrical tube.

The inner surface of the tube is subjected to an internal pressure P and the outer surface
is traction-free. Thus we have

q´ “ PF p0q´Tn|Z“´h “ P
λza

A
eR, q` “ 0. (2.24)

On the end surface, we impose a resultant axial force

F “ 2π

ż B

A

SXXR dR ´ πa2P. (2.25)
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For the strain energy function (2.22), the associated nominal stress is given by

S “ µF T ` 2k1pI4 ´ 1q exppk2pI4 ´ 1q2qpM b FM ` M 1 b FM 1q ´ pF´1. (2.26)

To apply the refined shell theory, we expand rpRq into a Taylor series in Z “ R ´ Rm

rpRq “ r0 ` r1Z `
1

2
r2Z

2 ` ¨ ¨ ¨ . (2.27)

Following the procedures detailed in the previous subsection, we obtain the following expres-
sions for P and F

P “ h˚pµ
λ4
mλ

2
z ´ 1

λ4
mλ

3
z

` 4
W4

λz

cos2 φq ` h˚3
`

µ
pλ2

mλz ´ 1qpλ2
mλz ` 5q

8λ8
mλ

5
z

`
W4 ´ W44I1Rmλ

2
mλz

2λ4
mλ

3
z

cos2 φ
˘

,

(2.28)

F “ πpB2 ´ A2q

´

µ
2λ2

mλ
4
z ´ λ4

mλ
2
z ´ 1

2λ2
mλ

3
z

` 2
W4

λz

p2λ2
z sin

2 φ ´ λ2
m cos2 φq

` h˚2
`

µ
4λ2

mλz ´ λ4
mλ

2
z ´ 3

16λ6
mλ

5
z

´
W4 ` W44I1Rmλ

2
mλz

4λ2
mλ

3
z

cos2 φ
˘

¯

,

(2.29)

where we have introduced the non-dimensional parameters h˚ “ 2h{Rm and λm “ r0{Rm,
and the quantities I0, I1, W4 and W44 are given by

I0 “ λ2
m cos2 φ ` λ2

z sin
2 φ, I1 “ ´2pλ2

mλz ´ 1q cos2 φ{pλzRmq,

W4 “ k1pI0 ´ 1q exppk2pI0 ´ 1q2q, W44 “ k1p1 ` 2k2pI0 ´ 1q2q exppk2pI0 ´ 1q2q.
(2.30)

For our numerical calculations later, we adopt the following material parameters: µ “ 74

(kPa), k1 “ 18 (kPa), k2 “ 2.6, φ “ 43˝ which are estimated by fitting the biaxial mechanical
test data of a human thoracic aorta in [32]. We also set A “ 8 (mm) and B “ 10 (mm)
which are based on the measured data in [1].

3. Linearized incremental theory

In this section, we derive the incremental equations associated with the refined shell the-
ory by linearizing the governing equations around a static finitely deformed state described
by x “ xpXq (also called the underlying state). Suppose that a time-dependent infinitesimal
incremental deformation δxpX, tq is superposed on this underlying state, where here and
henceforth variables with preposed δ indicate incremental quantities while variables without
preposed δ indicate quantities of the underlying state. First, it follows from (2.7) and (2.8)
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that

δF p0q “ ∇δxp0q ` δxp1q b n, δF p1q “ p∇δxp0qqκ ` ∇δxp1q ` δxp2q b n, (3.1)
δSp0q “ A1rδF p0qs ` pp0qF p0q´1δF p0qF p0q´1 ´ δpp0qF p0q´1, (3.2)

δSp1q “ A1rδF p1qs ` A2rF p1q, δF p0qs ` pp1qF p0q´1δF p0qF p0q´1

` pp0qF p0q´1pδF p1q ´ F p1qF p0q´1δF p0q ´ δF p0qF p0q´1F p1qqF p0q´1

` δpp0qF p0q´1F p1qF p0q´1 ´ δpp1qF p0q´1,

(3.3)

where A2 “ B3W {BF 3|
F“F p0q denotes the second-order elastic moduli; see Appendix C for

the expressions of A1 and A2 associated with the anisotropic strain energy function (2.22).
We remark that caution must be taken when dealing with anisotropic materials and one
cannot simply adopt the elastic moduli given in [22] (Problem 6.18) which are only valid for
isotropic materials.

Next, we turn to find the incremental recurrence relations. Assume that δpp0q “ δpp0qa `

h2δpp0qb ` ¨ ¨ ¨ and δxp1q “ δxp1qa ` h2δxp1qb ` ¨ ¨ ¨ . Substituting this asymptotic solution into
the linearizations of (2.9) and (2.10) and equating the coefficients of powers of h, to leading
order, we obtain the following system of linear equations

Bδxp1qa ´ δpp0qag ` δf 1 “ 0, (3.4)
g ¨ δxp1qa ` trpF p0q´1∇δxp0qq “ 0, (3.5)

where B is defined as in (2.13) and δf 1 is defined by

δf 1 “ pA1r∇δxp0qs ` pp0qaF p0q´1p∇δxp0qqF p0q´1qTn ´ δm (3.6)

with δm “ pµphqδq` ´ µp´hqδq´q{2. The solution to the above system of linear equations
is given by

δpp0qa “
1

g ¨ B´1g
pg ¨ B´1δf 1 ´ trpF p0q´1∇δxp0qqq, (3.7)

δxp1qa “ B´1pδpp0qag ´ δf 1q. (3.8)

The next-order solution is a little lengthy and is thus put in Appendix D. In a similar way,
we deduce from the linearizations (2.11) and (2.12) that

δpp1q “
1

g ¨ B´1g

`

g ¨ B´1pδf 2 ´ ρδ:xp0q
q

´ trpF p0q´1pp∇δxp0qqκ ` ∇δxp1q ´ δF p0qF p0q´1F p1qqq
˘

,

(3.9)

δxp2q “ B´1pδpp1qg ` ρδ:xp0q
´ δf 2q (3.10)
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with δf 2 given by

δf 2 “
`

A1rp∇δxp0qqκ ` ∇δxp1qs ` A2rF p1q, δF p0qs ` pp1qF p0q´1δF p0qF p0q´1

` pp0qF p0q´1pp∇δxp0qqκ ` ∇δxp1q ´ F p1qF p0q´1δF p0q ´ δF p0qF p0q´1F p1qqF p0q´1

` δpp0qF p0q´1F p1qF p0q´1
˘T

n ` ∇ ¨ δSp0q ` δq
p0q

b .

(3.11)

Finally, note that the shell equations (2.18) and (2.19) are linear differential equations
in terms of the stress expansion coefficients. Thus their linearizations simply take the form

1∇ ¨ δS
p0q
t ´ κδSp0qn “ p1 `

1

3
Kh2qρδ:x

p0q
t ´ δqt, (3.12)

∇ ¨ p1δSp0qn ´ 1δSp0qTnq ` trpκδS
p0q
t q `

1

3
h2∇ ¨ p1∇ ¨ δS

p1q
t q

“p1 `
1

3
Kh2qρδ:x

p0q

3 ´ δq3 `
1

3
h2∇ ¨ pρδ:x

p1q
t ´ δq

p1q

bt q ´ ∇ ¨ δmt

(3.13)

with δq “ pµphqδq` ` µp´hqδq´q{p2hq ` p1 ` Kh2{3qδq
p0q

b , which becomes a system of
differential equations in δxp0q only once the incremental shell constitutive relations (3.1)-
(3.3) and incremental recurrence relations (3.7)-(3.10) are substituted. This completes our
derivation of the linearized incremental equations of the refined shell theory.

4. Propagation of waves in a pressurized and stretched artery

In this section, we apply the incremental theory to investigate wave propagation in a
pressurized artery with the underlying axisymmetric deformation determined in Section 2.
As shown in that section, the underlying state is described by x “ λzXeX ` rpRqeR. For
convenience, we introduce the notation u “ δx

p0q

Θ , v “ δx
p0q

X and w “ δx
p0q

R so that the
incremental vector δxp0q can be written as

δxp0q “ upX,Θ, tqeΘ ` vpX,Θ, tqeX ` wpX,Θ, tqeR. (4.1)

We assume that the traveling wave solution is of the form

upX,Θ, tq “ U exppipkX ` nΘ ´ ωtqq,

vpX,Θ, tq “ V exppipkX ` nΘ ´ ωtqq,

wpX,Θ, tq “ iW exppipkX ` nΘ ´ ωtqq,

(4.2)

where pU, V,W q are constants, k and n are the axial and circumferential wavenumbers,
respectively, and ω is the angular frequency. Note that the case n “ 0 corresponds to
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axisymmetric waves. In view of the recurrence relations (3.7)-(3.10), the variables δpp0q,
δpp1q, δxp1q and δxp2q can be expressed in terms of δxp0q. Substituting this into the shell
constitutive relations (3.2) and (3.3), we obtain expressions of δSp0q and δSp1q involving
δxp0q only. The shell equations (3.12) and (3.13) then reduce to a system of linear equations
with unknowns pU, V,W q:

¨

˚

˝

m11 m12 m13

m21 m22 m23

m31 m23 m33

˛

‹

‚

¨

˚

˝

U

V

W

˛

‹

‚

“

¨

˚

˝

0

0

0

˛

‹

‚

, (4.3)

where the coefficients mij are related to k, n, ω and the known quantities of the underlying
state, whose expressions are omitted for brevity. The existence of a nonzero solution then
requires that the determinant of the coefficient matrix M “ pmijq must vanish, that is

detpMq “ 0, (4.4)

which gives the desired dispersion relation. This equation can be solved to express the angu-
lar frequency or the phase velocity in terms of the wavenumber and the material parameters
of the artery. In particular, it can be used to determine the blood pressure in an artery by
measuring the pressure wave velocity, which was discussed in detail in [24] as a non-invasive
method for blood pressure measurement.

The numerical results of the dispersion relations will be displayed in terms of the following
non-dimensional quantities

k˚ “ kB, ω˚ “ ωB{
a

µ{ρ, c˚ “ c{
a

µ{ρ, (4.5)

where c “ ω{k is the phase velocity. Also, the non-dimensional pressure is defined by
P ˚ “ P {pµh˚q.

4.1. Exact dispersion relations
For later validation of the present theory, we provide here a brief description of how

to determine the exact dispersion relations of traveling waves, which can be computed by
solving an eigenvalue problem based on the linearized theory for incremental deformations
superimposed on a finitely deformed configuration. To include non-axisymmetric waves, we
consider an incremental position vector of the form

δx “ upr, θ, z, tqeθ ` vpr, θ, z, tqez ` wpr, θ, z, tqer, (4.6)
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where pr, θ, zq are the cylindrical polar coordinates in the underlying state and

upr, θ, z, tq “ ûprq exppipk̂z ` nθ ´ ωtqq,

vpr, θ, z, tq “ v̂prq exppipk̂z ` nθ ´ ωtqq,

wpr, θ, z, tq “ iŵprq exppipk̂z ` nθ ´ ωtqq

(4.7)

with k̂ “ k{λz. We also assume that the incremental Lagrange multiplier enforcing the
incompressibility constraint is given by

ppr, θ, z, tq “ ip̂prq exppipk̂z ` nθ ´ ωtqq. (4.8)

Substituting (4.7) and (4.8) into the exact linearized incremental equations of motion and
boundary conditions, and then simplifying, we obtain a system of sixth-order linear differen-
tial equations and six associated boundary conditions. For our purpose, it is more convenient
to write them in matrix form as

dy

dr
“ Mpr, n, k, ωqy, a ď r ď b, (4.9)

Npr, n, k, ωqy “ 0, on r “ a, b, (4.10)

where y “ pû, û1, v̂, v̂1, ŵ, p̂qT with the prime denoting d{dr, and the coefficient matrices M

and N are given by

M “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1 0 0 0 0

a21 a22 a23 a24 a25 a26

0 0 0 1 0 0

a41 a41 a43 a44 a45 a46

´n{r 0 ´k 0 ´1{r 0

a61 a62 a63 a64 a65 a66

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

, N “

¨

˚

˝

´1{r 1 0 0 ´n{r 0

0 0 0 1 ´k 0

b31 b32 b33 b34 b35 b36

˛

‹

‚

(4.11)

with the entries a2j, a4j, a6j and b3j, 1 ď j ď 6 given in Appendix E. When n “ 0 and ω “ 0,
the eigenvalue problem (4.9) and (4.10) reduces to its static and axisymmetric counterpart
considered in [28] and [33]. The numerical scheme used to solve the current eigenvalue
problem is the same as the one adopted in the latter two papers.

4.2. Dispersion relations of axisymmetric waves
We first consider the dispersion relations of axisymmetric waves for which n “ 0. In this

case, the (incremental) displacements are independent of Θ, and m12, m13, m21 and m31 in
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(4.3) vanish. In particular, the dispersion equation (4.4) can be written as a product of two
determinants D1D2 “ 0 with

D1 “ m11, D2 “ det

˜

m22 m23

m32 m33

¸

. (4.12)

The equation D1 “ 0 corresponds to the purely circumferential motion in which only the
circumferential displacement is non-zero. We call it the circumferential wave. The equation
D2 “ 0 corresponds to motions in which the circumferential displacement is zero while axial
and radial displacements are non-zero and are coupled. It will be seen that D2 “ 0 has two
branches associated with the axial-radial wave (lower branch) and radial-axial wave (upper
branch), respectively. The axial-radial wave refers to the mode that has the asymptotic
behavior W “ OpkV q as k Ñ 0, whereas the radial-axial wave refers to the mode that has
the asymptotic behavior V “ OpkW q in the same limit. In [11, 15] the circumferential wave
is referred to as the torsional wave, and the axial-radial and radial-axial waves are both
called the longitudinal waves. We also note that the axial-radial wave is referred to as pulse
wave in the medical community, and its speed at k “ 0 can be brought down to zero by
finite deformations for some material models, leading to static aneurysm solutions [34, 35].

The dispersion relations of axisymmetric waves have also been derived based on the
membrane assumption. Quoting the results in [36], the dispersion equation derived from the
membrane theory is

ρ2ω4 ` p
Ŵ1 ´ λ1Ŵ11

λ1R2
m

´ k2λ2Ŵ22 ` Ŵ2

λ2

qρω2 ` k4 Ŵ22Ŵ2

λ2

` k2λ2Ŵ22pλ1Ŵ11 ´ Ŵ1q ´ λ1pŴ1 ´ λ2Ŵ12q2

λ1λ2
2R

2
m

“ 0,

(4.13)

where λ1 “ λm and λ2 “ λz are the circumferential and axial stretches of the middle surface
in the underlying state respectively, Ŵ1 “ BŴ

Bλ1
pλm, λzq, Ŵ2 “ BŴ

Bλ2
pλm, λzq etc., and Ŵ is the

so-called reduced strain energy function. Corresponding to (2.22), this function takes the
form

Ŵ pλ1, λ2q “
µ

2
pλ2

1 ` λ2
2 ` λ´2

1 λ´2
2 ´ 3q `

k1
k2

pexppk2pλ
2
1 cos

2 φ ` λ2
2 sin

2 φ ´ 1q2q ´ 1q. (4.14)

The interested readers are referred to [37] for a very self-contained derivation of the governing
equations of membrane theory, which can also be recovered from the present theory by
omitting Oph2q-terms in (3.12) and (3.13).

4.2.1. Validation of the present theory and the effect of bending stiffness
Due to the complex expressions of the coefficient matrices Mpr, n, k, ω, q and Npr, n, k, ωq,

the exact dispersion relations can only be obtained numerically as stated earlier. Although
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the dispersion equation (4.13) based on the membrane assumption is analytic, it does not take
account of any bending effect. The present theory presents a compromise: it incorporates
the bending effect but the associated dispersion relations are still analytic.

The bending term (1
3
h2∇ ¨ p1∇ ¨ Stq in (3.13)) ignored in the membrane theory is now

singled out in the present 2d shell theory (in the original 3d theory it is difficult to tell which
term represents the bending effect), so by comparing the dispersion relations obtained by the
exact theory, present theory and membrane theory, one can validate the present theory and
examine the effect of bending stiffness which may play an important role in some wave modes.
For P ˚ “ 0.8 (corresponding to P « 13 (kPa), which is a typical value of blood pressure)
and λz “ 1, the frequency spectra and the phase velocities spectra of the circumferential,
axial-radial and radial-axial waves in the pressurized artery obtained by the three types of
theories are shown in Figure 2 and Figure 3, respectively. Note that the dispersion curves
of the present theory and membrane theory are only meant to be valid in the wavenumber
region where kh ! 1 which is equivalent to k˚ ! 10. Also, since the membrane theory
provided in [36] is not able to capture the circumferential wave mode, there is no result in
Figure 2(a) or 3(a) corresponding to the membrane theory.
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Figure 2: (Color online) Comparison of the frequency spectra of axisymmetric waves obtained by the exact
theory, present theory and membrane theory: (a) Circumferential wave; (b) Axial-radial wave; (c) Radial-
axial wave.

We first compare the dispersion curves based on the present theory and exact theory.
It is seen from Figures 2 and 3 that the dispersion curves of the present theory agree very
well with the exact dispersion curves in the entire wavenumber range indicated (by which
we mean 0 ď k˚ ď 10) for the circumferential and radial-axial waves (with relative errors
ď 0.8% and ď 1.9%, respectively). For the axial-radial wave, there is excellent agreement
between the dispersion curves of present theory and exact theory in the wavenumber range
0 ď k˚ ď 6 (with a relative error ď 1.6%) and agreement becomes poor when the wavenumber
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Figure 3: (Color online) Comparison of the phase velocity spectra of axisymmetric waves obtained by the
exact theory, present theory and membrane theory: (a) Circumferential wave; (b) Axial-radial wave; (c)
Radial-axial wave.

approaches 10 (with a relative error ď 8.2%). In contrast, the membrane theory only provides
a good approximation for the exact theory over a much smaller wavenumber region. Thus,
to describe wave propagation in arteries where bending effects can be significant due to
the moderate thickness of the arterial wall, the present theory may provide an attractive
alternative to the exact theory.

As can be seen in the figures, the frequency spectrum of the circumferential wave passes
through the origin and are almost straight lines, indicating that this wave mode is almost
non-dispersive. On the other hand, the axial-radial and radial-axial waves are dispersive.
Furthermore, we can observe that the phase velocity curve of the axial-radial wave starts
from a finite value at k “ 0 with zero cut-off frequency, whereas that of the radial-axial wave
starts from infinity at k “ 0 with a finite cut-off frequency. We remark that the bifurcation
condition for localized bulging in an inflated elastic tube corresponds to when the phase
velocity of the axial-radial wave vanishes at k “ 0 [33].

4.2.2. Effect of pressure
Having validated the present theory, we now use it to obtain the phase velocity spectra for

axisymmetric waves propagating in the pressurized artery. For three different values of the
pressure P ˚ “ 0.4, 0.8 and 1.2 (corresponding to P “ 6.6 (kPa), 13.1 (kPa) and 19.7 (kPa),
respectively) with λz “ 1, the phase velocity spectra of axisymmetric waves are depicted in
Figure 4. We can observe from the figure that there is an obvious effect of the pressure on
the phase velocity spectra of axisymmetric waves. Specifically, the phase velocities of the
circumferential and axial-radial waves increase significantly with the pressure in the entire
wavenumber range considered. We remark that since the material model under consideration
does not allow for aneurysm formation, this increase of velocity of the axial-radial wave with
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respect to pressure does not contradict our earlier remark that the velocity at k “ 0 may
be brought down to zero by finite deformations for material models that admit aneurysm
formation. For the radial-axial wave, the increase of the pressure has little impact on its
phase velocity when P ˚ is less than a critical value near 0.8 and raises its phase velocity
noticeably when P ˚ is greater than the critical value. Additionally, the phase velocities of
the axial-radial wave for all the cases start from a finite value, then arrive at a minimum and
subsequently increase gradually with the wavenumber. These non-monotonic phenomena
are independent of the pressure and should be attributed to the complex wave interaction
with the geometric and material nonlinearities. A similar observation was made by Wu et al.
[15] for the axisymmetric wave propagation in a pressurized functionally graded elastomeric
hollow cylinder.
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Figure 4: (Color online) Phase velocity spectra of axisymmetric waves at different pressures: (a) Circumfer-
ential wave; (b) Axial-radial wave; (c) Radial-axial wave.

4.2.3. Effects of the axial pre-stretch and fiber angle
Next, we turn to determine how the axial pre-stretch influences the dispersion relations

of axisymmetric waves. For three different values of the axial pre-stretch λz “ 1, 1.2 and
1.4 with P ˚ “ 0.8, the phase velocity spectra of axisymmetric waves are presented in Figure
5. As shown in the figure, the phase velocities of the circumferential and radial-axial waves
increase with the axial pre-stretch in the entire wavenumber range shown, and that of the
axial-radial wave increase with the axial pre-stretch in most of the wavenumber range except
in the low wavenumber region, say k˚ ď 1.5.

Finally, we examine the effect of fiber angle on the dispersion relations of axisymmetric
waves. For three different values of the fiber angle φ “ 27˝, 43˝ and 60˝ with P ˚ “ 0.8 and
λz “ 1, the phase velocity spectra of axisymmetric waves are displayed in Figure 6. It is seen
from Figure 6 that the phase velocities of all the waves exhibit non-monotonic dependence
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Figure 5: (Color online) Phase velocity spectra of axisymmetric waves at different axial pre-stretches: (a)
Circumferential wave; (b) Axial-radial wave; (c) Radial-axial wave.

on the fiber angle.
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Figure 6: (Color online) Phase velocity spectra of axisymmetric waves at different fiber angles: (a) Circum-
ferential wave; (b) Axial-radial wave; (c) Radial-axial wave.

4.3. Dispersion relations of non-axisymmetric waves
We now investigate non-axisymmetric waves propagating in the pressurized artery for

which n ‰ 0. In the non-axisymmetric case, none of the mij, 1 ď i, j ď 3 in (4.3) vanishes.
Consequently, the dispersion equation detpMq “ 0 represents motions where displacements
in the circumferential, axial and radial directions are all coupled. We shall focus on the
non-axisymmetric waves with the lowest circumferential wavenumber n “ 1, which are also
known as the fundamental flexural waves. As in the axisymmetric case, we can divide the
non-axisymmetric waves with n “ 1 into three types which are called the circumferential-
radial-axial wave, axial-radial-circumferential wave and radial-circumferential-axial wave, re-
spectively, depending on their displacement components in the long wavelength limit k Ñ 0.
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Specifically, when k “ 0, among the three displacement components of the circumferential-
radial-axial wave, the (magnitude of) circumferential component is the largest, the radial
component is the next largest and the axial component is the smallest; similar relations
among the displacement components apply to the other two waves. In [11], these non-
axisymmetric waves are also called the flexural waves.

4.3.1. Validation of the present theory with non-axisymmetric waves
As before, we first validate the present theory with the dispersion relations of non-

axisymmetric waves. For fixed P ˚ “ 0.8 and λz “ 1, the frequency spectra and phase
velocity spectra of non-axisymmetric waves with n “ 1 based on the exact theory and
present theory are shown in Figure 7 and Figure 8, respectively. It is seen from the figures
the dispersion curves obtained by the present theory are almost indistinguishable with the
exact dispersion curves when the wavenumber is small (say, k˚ ď 3 which is equivalent to
kh ď 0.3), validating that the present theory is capable of delivering asymptotically correct
results. When the wavenumber becomes large, the agreement between the present theory
and exact theory becomes poor, but the present theory is still able to capture the correct
shapes of the phase velocity curves, as shown in Figure 8.
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Figure 7: (Color online) Comparison of the frequency spectra of non-axisymmetric waves with n “ 1

obtained by the exact theory and present theory: (a) Circumferential-radial-axial wave; (b) Axial-radial-
circumferential wave; (c) Radial-circumferential-axial wave.

4.3.2. Effect of the pressure
Now we examine the influence of the pressure on the dispersion relations of non-axisymmetric

waves with n “ 1. For three different values of the pressure P ˚ “ 0.4, 0.8 and 1.2 with λz “ 1,
the phase velocity spectra are shown in Figure 9. It is seen from Figure 9 that all the waves
are dispersive. Also, the phase velocities of all the waves increase with the pressure in the
entire wavenumber range considered except that of the circumferential-radial-axial wave in
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Figure 8: (Color online) Comparison of the phase velocity spectra of non-axisymmetric waves with n “ 1

obtained by the exact theory and present theory: (a) Circumferential-radial-axial wave; (b) Axial-radial-
circumferential wave; (c) Radial-circumferential-axial wave.

the small wavenumber region. In addition, it is observed that the circumferential-radial-axial
wave does not exist in the small wavenumber region when the pressure becomes relatively
large, say P ˚ ě 0.8. Besides, it is noticed that the phase velocity of the radial-circumferential-
axial wave decreases monotonically as the wavenumber increases in all the cases, while those
of circumferential-radial-axial and axial-radial-circumferential waves in all the cases vary
non-monotonically with the wavenumber.
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Figure 9: (Color online) Phase velocity spectra of non-axisymmetric waves with n “ 1 at different pressures:
(a) Circumferential-radial-axial wave; (b) Axial-radial-circumferential wave; (c) Radial-circumferential-axial
wave.

4.3.3. Effects of the axial pre-stretch and fiber angle
Then we turn to study how the axial pre-stretch affects the dispersion relations of non-

axisymmetric waves with n “ 1. For three different values of the axial pre-stretch λz “

1, 1.2, 1.4 with P ˚ “ 0.8, the phase velocity spectra is shown in Figure 10. It is seen from
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Figure 10 that the phase velocities of all the waves increase with the axial pre-stretch in the
entire wavenumber range shown.
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Figure 10: (Color online) Phase velocity spectra of non-axisymmetric waves with n “ 1 at different ax-
ial pre-stretches: (a) Circumferential-radial-axial wave; (b) Axial-radial-circumferential wave; (c) Radial-
circumferential-axial wave.

Finally, we examine how the fiber angle affects the dispersion relations of non-axisymmetric
waves with n “ 1. For three different values of the fiber angle φ “ 27˝, 43˝ and 60˝ with
P ˚ “ 0.8 and λz “ 1, the phase velocity spectra are displayed Figure 11. It is found that
similar to the axisymmetric case, the phase velocities of all the waves demonstrate exhibit
complex non-monotonic variations with the fiber angle.
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Figure 11: (Color online) Phase velocity spectra of non-axisymmetric waves with n “ 1 at different fiber an-
gles: (a) Circumferential-radial-axial wave; (b) Axial-radial-circumferential wave; (c) Radial-circumferential-
axial wave.

5. Conclusion

In this paper, we investigated both axisymmetric and non-axisymmetric waves in a fiber-
reinforced hyperelastic tube under internal pressure. Once the material model is specified,

21



the exact dispersion relation in each case can only be obtained by solving a two-point bound-
ary value problem numerically. On the other hand, although the corresponding dispersion
relations based on the membrane assumption can be derived in closed form, they cannot
describe the effect of bending stiffness. The reduced model developed in the present paper
provides a compromise: it takes into account the effect of bending stiffness and can be used
to derive the dispersion relations analytically. Our main aim has been to assess its accuracy
by comparing its predictions with those given by the exact theory, and to give additional
results on the effects of axial pre-stretch, internal pressure and fiber orientation angle on the
dispersion curves.

It is shown that the present theory is sufficiently accurate for studying wave propaga-
tion and its relative errors for the dispersion curves of axisymmetric waves in a pressurized
artery are less than 1.9% for wavenumbers with kh ď 0.6 and less than 8.2% in the whole
wavenumber range considered where kh ď 1. By comparing the dispersion curves by the
present theory and membrane theory, it is found that the present theory is more accu-
rate than the membrane theory and the bending effect plays an important role in studying
axisymmetric wave modes for relatively large wavenumbers, especially in studying the radial-
axial wave mode. It is hoped that the proposed methodology can be used to deduce material
properties from measurements of wave characteristics.
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Appendix A. The recurrence relations and refined shell equations for a neo-
Hookean cylindrical tube

As an illustrative example, we may specify the recurrence relations to the shell that is a
cylindrical tube in the reference configuration and made of the neo-Hookean material. Thus
the strain energy function is of the form W pF q “

µ
2
ptrpF TF q ´ 3q, where µ is the shear

modulus. We assume that the tube undergoes an axisymmetric deformation described by
xpXq “ rpR,XqeR ` zpR,XqeX , where R and X represent respectively the radial and axial
coordinates with the associated unit vectors eR and eX . In this case the recurrence relations
(2.16) and (2.17) become

µz1 ` p0
r0r

1
0

Rm

“ mX , µr1 ´ p0
r0z

1
0

Rm

“ mR, z1
0r1 ´ r1

0z1 “
Rm

r0
, (A.1)
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and the recurrence relations (2.11) and (2.12) become

µz2 ` p1
r0r

1
0

Rm

` µpz2
0 `

z1
Rm

q ´ p1
0

r0r1
Rm

“ 0, (A.2)

µr2 ´ p1
r0z

1
0

Rm

` µpr2
0 `

r1Rm ´ r0
R2

m

q ` p1
0

r0z1
Rm

“ 0, (A.3)

z1
0r2 ´ r1

0z2 ` z1
1r1 ´ z1r

1
1 “

r0 ´ Rmr1
r20

, (A.4)

where ri and zi, i “ 0, 1, 2 denote respectively the i-th derivatives of r and z with respect
to Z “ R ´ Rm at Z “ 0, Rm is the radius of the undeformed middle surface and the prime
signifies differentiation with respect to X. It is clear from the above explicit expressions that
ppp1q,xp2qq can be expressed in terms of ppp0q,xp0q,xp1qq and ppp0q,xp1qq can be expressed in
terms of xp0q.

In the case that the shell is a cylindrical tube in the reference configuration and is
subjected to an axisymmetric motion described by xpX, tq “ rpR,X, tqeR ` zpR,X, tqeX ,
the refined shell equations (2.18) and (2.19) in cylindrical polar coordinates pR,Θ, Xq take
the form

BS
p0q

XX

BX
“ p1 `

1

3
Kh2qρ:z0 ´ qX , (A.5)

BS
p0q

XR

BX
´

BS
p0q

RX

BX
´

S
p0q

ΘΘ

Rm

`
1

3
h2B2S

p1q

XX

BX2

“p1 `
1

3
Kh2qρ:r0 ´ qR `

1

3
h2pρ

B:z1
BX

´
B:q

p1q

bX

BX
q ´

BmX

BX
,

(A.6)

where r0, z0 and z1 have the same meanings as before.

Appendix B. Boundary conditions

Let BΩ denote the boundary of the middle surface, which is divided into two parts: the
displacement boundary BΩ0 subjected to prescribed displacement and the traction boundary
BΩq subjected to applied traction. Let s denote the arc length variable of BΩ, and let τ and
ν be respectively the unit tangent and outward normal vectors to BΩ such that pτ ,n,νq

forms a right-handed triple.
According to the 2d shell virtual work principle in [23], on the displacement edge BΩ0,

we may impose

umt “ ûmt, um3 “ ûm3, αm “ α̂m ðñ
um3,ν

1 ` ∇umtrν,νs
“ tanpα̂mq, (B.1)
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where u “ x´X is the displacement vector, um “ up0q and αm “ arctanpum3,ν{p1 ` ∇umtrν,νsqq˘

nπ are respectively the displacement and the rotation angle of the middle surface, and ûm

and α̂m are respectively the prescribed displacement and rotation angle of the same surface.
On the traction edge BΩq, we may impose

2hS
p0qT
t ν “ q̂t, (B.2)

2h
`

p1Sp0qn ´ 1Sp0qTnq ¨ ν `
1

3
h2p1∇ ¨ S

p1q
t ´ ρ:x

p1q
t ` q

p1q

bt q ¨ ν

`
1

3
h2pS

p1qT
t rν, τ sq,s ` mt ¨ ν

˘

“ q̂3,
(B.3)

2hp
1

3
h2S

p1qT
t rν,νs `

1

3
h2Sp1qT rν, τ ˆ up1qs `

1

6
h2Sp0qT rν, τ ˆ up2qsq “ m̂3, (B.4)

where q̂t and q̂3 are respectively the applied in-plane and (total effective) shear forces (per
unit arc length of BΩq), and m̂3 is the applied bending moment about the middle surface.

Appendix C. Expressions of the elastic moduli

For the strain energy function (2.22), the associated first-order and second-order elastic
moduli A1 and A2 are given by

A1pF qrAs “ cAT `
ÿ

i“4,6

`

2k1pI ´ 1q exppk2pI ´ 1q2qM i b AM i

` 4k1p1 ` 2k2pI ´ 1q2q exppk2pI ´ 1q2qpAM i ¨ FM iqM i b FM i

˘

,

(C.1)

A2pF qrA,Bs “
ÿ

i“4,6

`

4k1p1 ` 2k2pI ´ 1q2q exppk2pI ´ 1q2qppAM i ¨ BM iqM i b FM i

` pAM i ¨ FM iqM i b BM i ` pBM i ¨ FM iqM i b AM iq

` 16k1k2pI ´ 1qp3 ` 2k2pI ´ 1q2q exppk2pI ´ 1q2q

ˆ pAM i ¨ FM iqpBM i ¨ FM iqM i b FM i

˘

(C.2)

with M 4 “ M and M 6 “ M 1. The components of A1 and A2 can be extracted by setting
A “ ei b ej and B “ ek b el with pe1, e2, e3q being the standard basis vectors of R3.

Appendix D. Oph2q-correction to the incremental recurrence relations

The next-order solution to (3.7) and (3.8) is given by

δpp0qb “
g ¨ B´1δe

g ¨ B´1g
, δxp1qb “ B´1pδpp0qbg ´ δeq (D.1)
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with δe defined by

δe “ pp0qbF p0qa´T δF p0qaTF p0qa´Tn ` KδSp0qaTn ´ 2Hpρδ:xp0qa
´ δq

p0q

b ´ ∇ ¨ δSp0qaq

´
1

2
pκgαq ¨ δSp0qa

,α `
1

2
pρδ:xp1qa

´ δq
p1q

b ´ ∇ ¨ δSp1qaq.
(D.2)

Appendix E. Expressions of the coefficient matrices Mpr, n, k, ωq and N pr, n, k, ωq

Let B denote the tensor of the first-order instantaneous modulus, which is related to the
modulus A1 defined in (C.1) by the formula

BrAs “ FA1rAF s ðñ Bijkl “ FimFknA1
mjnl. (E.1)

Note that the above expressions for Bijkl are different from those given in [22] (Problem 6.18)
since the current material model is anisotropic.

Let us identify the indices 1, 2, 3 with the θ-, z- and r-directions respectively, and denote
by λ1, λ2 and λ3 the principal stretches in these directions. Then the coefficients a2j, a4j
and a6j, 1 ď j ď 6 in (4.11) are given by

a24 “ a42 “ a66 “ 0,

r2B3131a21 “ ´r2ρω2 ` k̂2r2B2121 ` rpB1
1331 ` prq ` B1313 ` n2pB1111 ´ B1133 ´ B3113q,

rB3131a22 “ ´rB1
3131 ´ B3131,

rB3131a23 “ k̂npB1122 ` B1221 ´ B1133 ´ B1331q,

r2B3131a25 “ nprpB1
1331 ` prq ` B1111 ` B1313 ´ B1133 ´ B1331q,

rB3131a26 “ ´n,

rB3232a41 “ k̂npB1122 ` B1221 ´ B2233 ´ B2332q,

r2B3232a43 “ ´r2ρω2 ` k̂2r2pB2222 ´ B2233 ´ B2332q ` n2B1212,

rB3232a44 “ ´rB1
3232 ´ B3232,

rB3232a45 “ k̂prpB1
2332 ` prq ` B1122 ´ B2233q,

B3232a46 “ ´k̂,

r2a61 “ nprpB1
1133 ´ B1

3333 ´ prq ` B3333 ´ B1111 ´ B1313q,

ra62 “ npB1133 ` B1331 ´ B3333q, ra63 “ k̂prpB1
2233 ´ B1

3333 ´ prq ` B2233 ´ B1122q,

a64 “ k̂pB2233 ` B2332 ´ B3333q,

r2a65 “ r2ρω2 ´ k̂2r2B2323 ` rpB1
1133 ´ B1

3333 ´ prq ` B3333 ´ B1111 ´ n2B1313.

(E.2)

The coefficients b3j, 1 ď j ď 6 in (4.11) are given by

rb31 “ npB1133 ´ B3333 ´ σ3q, b32 “ 0, b33 “ k̂pB2233 ´ B3333 ´ σ3q,

b34 “ 0, rb35 “ B1133 ´ B3333 ´ σ3, b36 “ ´1.
(E.3)
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In the above expressions, the prime means d{dr, σ3 “ λ3BW {Bλ3, and pr “ σ1
3 ` pσ3 ´ σ1q{r

with σ1 being σ1 “ λ1BW {Bλ1.
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