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Abstract

When a rubber tube with free ends is inflated under volume control, the pressure will first
reach a maximum and then decrease monotonically to approach a constant asymptote. The
pressure maximum corresponds to the initiation of a localised bulge and is predicted by a
bifurcation condition, whereas the asymptote is the Maxwell pressure corresponding to a
“two-phase” propagation state. In contrast, when the tube is first pre-stretched and then
has its ends fixed during subsequent inflation, the pressure versus bulge amplitude has both
a maximum and a minimum, and the behaviour on the right ascending branch has previously
not been fully understood. We show that for all values of pre-stretch and tube length, the
ascending branches all converge to a single curve that is only dependent on the ratio of tube
thickness to the outer radius. This curve represents the Maxwell state to be approached in
each case (if Euler buckling or axisymmetric wrinkling does not occur first), but this state is
pressure-dependent in contrast with the free-ends case. We also demonstrate experimentally
that localized bulging cannot occur when the pre-stretch is sufficiently large and investigate
what strain-energy functions can predict this observed phenomenon.
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1. Introduction

A rubber tube or balloon may be inflated in two different ways. In the first scenario, the
ends are closed but free to move in the axial direction. A dead weight may also be attached
to one end in order to exert a constant axial force during inflation. In the other scenario
which is the focus of the current study, the tube is first subjected to a pre-stretch and then
the two ends are fixed during subsequent inflation.

Localised bulging in an inflated rubber tube is one of the oldest elasticity problems
that is still being studied today due to its theoretical importance and applications. On
the one hand, the primary deformation is an archetypal problem in nonlinear elasticity:
it can be solved exactly and the resulting solution can be used to validate constitutive
assumptions (Rivlin, 1949; Gent & Rivlin, 1952). On the other hand, localised bulging of
a balloon can routinely be observed in everyday life and mathematically can be viewed as
one of the simplest sub-critical bifurcation problems. Also, the localisation process exhibits
three distinct phases: initiation, growth and propagation, which are also shared by a large
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variety of other localization problems in continuum mechanics (e.g phase transformations).
The earliest study on localised bulging was by Mallock (1891) who attempted to use linear
elasticity to describe the condition for its appearance. Subsequent major studies include the
experimental investigations by Kyriakides & Chang (1990, 1991), Pamplona et al. (2006),
and Goncalves et al. (2008), the numerical simulations by Shi & Moita (1996), and the
theoretical studies by Yin (1977) and Chater & Hutchinson (1984) who recognised that the
propagation stage for the free-ends case corresponds to a “two-phase” deformation governed
by Maxwell’s equal area rule. The problem has received renewed interest in the recent
decade due to its relevance to a variety of applications, as witnessed by a series of recent
studies on the continuum-mechanical modelling of aneurysm initiation in human arteries
(Fu et al., 2012; Alhayani et al., 2013; Bucchi & Hearn, 2013a,b; Alhayani et al., 2014;
Rodŕıguez-Mart́ınez et al., 2015), on localized bulging under the additional effects of swelling
(Demirkoparan & Merodio, 2017), viscoelasticity/chemorheology (Wineman, 2015, 2017),
and electric actuation (Lu et al., 2015), on the development of 1D gradient models and
analytical solutions (Lestringant & Audoly, 2018, 2020; Giudici & Biggins, 2020), and on
mechanisms of rupture (Hejazi et al., 2021). Inflated soft tubes are also increasingly being
used in soft robotics (Usevitch et al., 2020; Jin et al., 2021).

An inflated rubber tube is also susceptible, at least theoretically, to buckling into an
axially symmetric periodic mode (Shield, 1972; Haughton & Ogden, 1979a,b; Chen, 1997)
and the limiting point instability (Alexander, 1971; Kanner & Horgan, 2007; Ren et al., 2011;
Horny et al., 2015). These two types of buckling/instability were not thought to be relevant
to localised bulging for a long time and it was only recently that their connections had
become clear (Fu et al., 2008, 2016; Yu & Fu, 2021). In particular, it is now known that the
bifurcation condition for localized bulging coincides with the condition for the limiting point
instability in the case of free ends although this connection is lost in the case of fixed ends.
Recognising that localised bulging is a “zero wavenumber” bifurcation phenomenon, recent
studies have examined the weakly nonlinear near-critical behaviour (Ye et al., 2020), and
the effects of rotation, fibre-reinforcement, tethering and multi-layering on bulge initiation
(Wang et al., 2017; Varatharajan & DasGupta, 2017; Wang & Fu, 2018; Liu et al., 2019; Ye
et al., 2019). The methodology developed has also been extended to study surface tension
induced necking (Fu et al., 2021; Emery & Fu, 2021b,a,c). The commonly used approach of
modelling localised bulging/necking as a “finite wavenumber” bifurcation phenomenon has
been appraised in a recent study (Wang & Fu, 2021).

The entire bulging process associated with the free-ends case under volume control is
now fully understood. A localised bulge will initiate at a pressure value determined by the
bifurcation condition. It will then grow in radius, accompanied by continuing pressure drops,
until the radius at the centre of the bulge has effectively reached a maximum, after which the
bulge will propagate axially at effectively a constant pressure (neither the maximum radius
nor the constant pressure can be reached exactly in a tube of finite length no matter how
long it is). This constant pressure and the associated maximum of radius are determined
by Maxwell’s equal area rule (Yin, 1977; Chater & Hutchinson, 1984). In contrast, the
propagation stage in the case of fixed ends does not seem to have been fully understood
although Euler buckling due to unloading near the ends has been observed as a dominant
feature experimentally and in numerical simulations (Pamplona et al., 2006; Takla, 2018;
Dehghani et al., 2019; Hejazi et al., 2021). It was shown in Wang et al. (2019) that the
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pressure increases monotonically during the propagation stage, but it is not yet clear how
this variation can be determined analytically. This question is addressed in the current paper.
In particular, it is shown that at each propagation pressure the “two phase” deformation is
determined by an equal area rule in the force versus axial stretch diagram.

The rest of this paper is organised into five sections as follows. After summarising the
bifurcation condition for localised bulging in the next section, we discuss predictions of three
commonly used material models for localised bulging. It is shown that whereas the Gent
and Gent-Gent material models predict the existence of a maximum pre-stretch above which
localised bulging becomes impossible with fixed ends, the Ogden material model predicts
otherwise. We then present experimental results for a typical commercially available latex
rubber tube and confirm the existence of the above-mentioned maximum pre-stretch. In
Section 4, we describe analytically the right ascending branch in the pressure versus bulging
amplitude diagram and show that for different values of pre-stretch and tube lengths, this
branch always converges to a single asymptote that we determine analytically. In Section 5,
we highlight the fact that when the bifurcation curve is presented in the pressure/pre-stretch
plane, the pressure has a minimum that is attained near the maximum pre-stretch mentioned
above. The “two-phase” solution in this parameter regime is determined analytically. The
paper is concluded in Section 6 with a summary and some additional interpretations.

2. Problem formulation

We consider a hyperelastic cylindrical tube that is first subjected to an axial pre-stretch,
denoted by λz, and then inflated by an internal pressure, denoted by P . We focus on the
fixed-ends case whereby the length of the tube is fixed once the pre-stretch has been applied.
The undeformed inner and outer radii are denoted by A and B, respectively, and their
deformed counterparts are a and b. In terms of cylindrical coordinates, the deformation is
given by

r2 = λ−1z (R2 − A2) + a2, θ = Θ, z = λzZ, (2.1)

where (R,Θ, Z) and (r, θ, z) are the coordinates in the undeformed and deformed configura-
tions, respectively.

With incompressibility taken into account, the three principal stretches are given by

λ1 ≡ λ =
r

R
, λ2 = λz, λ3 =

dr

dR
= 1/(λ1λ2),

where we have identified the indices 1, 2, 3 with the θ-, z-, and r-directions, respectively.
We assume that the constitutive behavior of the tube is described by a strain-energy

function W (λ1, λ2, λ3). In terms of the reduced strain-energy function w defined by

w(λ, λz) = W (λ, λz, λ
−1λ−1z ), (2.2)

the internal pressure is given by (Haughton & Ogden, 1979b)

P =

∫ λa

λb

w1

λ2λz − 1
dλ, (2.3)
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where w1 = ∂w/∂λ, and the two limits λa and λb are defined by

λa =
a

A
, λb =

b

B
,

and are related to each other by the volume-preserving condition

λ2aλz − 1 =
B2

A2
(λ2bλz − 1). (2.4)

The three principal Cauchy stresses are

σii = λi
∂W

∂λi
− p̄, no summation on i, (2.5)

where p̄ is the pressure associated with the constraint of incompressibility.
The resultant axial force at any cross section is independent of Z and is given by

(Haughton & Ogden, 1979b)

N = 2π

∫ b

a

σ22rdr − πa2P = πA2(λ2aλz − 1)

∫ λa

λb

2λzw2 − λw1

(λ2λz − 1)2
λdλ, (2.6)

where w2 = ∂w/∂λz. In both (2.3) and (2.6) the λb can be eliminated using the condition
(2.4).

It was shown numerically in Fu et al. (2016) that the bifurcation condition for localised
bulging is given by

Ω(λa, λz) ≡
∂P

∂λa

∂N

∂λz
− ∂P

∂λz

∂N

∂λa
= 0, (2.7)

which states that the Jacobian of the functions P and N vanishes. An analytical derivation
of this condition has recently been given by Yu & Fu (2021).

From now on, we assume that the pressure has been scaled by µH/Rm and the axial force
by 2πµRH, where µ is the ground-state shear modulus, Rm = (A + B)/2 and H = B − A.
When the tube is modeled by the membrane theory, we use λa to denote the azimuthal
stretch at the mid-surface R = Rm to avoid introducing an extra notation.

3. Bulge initiation based on different material models

We consider the Ogden (Ogden, 1972), Gent (Gent, 1996), and Gent-Gent (Pucci &
Saccomandi, 2002) material models given by

W =
3∑
r=1

µr(λ
αr
1 + λαr

2 + λαr
3 − 3)/αr, (3.8)

W = −1

2
µJm ln(1− I1 − 3

Jm
), (3.9)

W = −µ0

2
Jm ln(1− I1 − 3

Jm
) + C2 ln(

I2
3

), (3.10)
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respectively, where µ0, µ, Jm, C2, and (αr, µr) (r = 1, 2, 3) are material constants, and I1
and I2 are the first and second principal invariants of the Cauchy-Green deformation tensors.
Corresponding to (3.10), the ground state shear modulus is given by µ = µ0 + 2C2/3. In
our previous study, Wang et al. (2019), we conducted a series of experiments on localised
bulging of inflated rubber tubes in order to verify various theoretical predictions. The rubber
material was characterised using uni-axial tension, pure shear and biaxial tension. Based
on the considerations in Zhou et al. (2018), we adopted the Gent-Gent material model and
obtained the values

Jm = 88.43, µ0 = 0.2853 MPa, C2 = 0.1898 MPa (3.11)

using data fitting. The corresponding shear modulus is µ = 0.4118 MPa. For our current
study, we also fit the Gent material model to the same experimental data provided by Wang
et al. (2019). We find that

Jm = 97.2, µ = 0.32 MPa. (3.12)

In adopting Ogden’s material model, based on the discussions by Ogden et al. (2004), we
decide to use the same values for αr and µr/µ as given by Ogden (1972), that is

α1 = 1.3, α2 = 5.0, α3 = −2.0,

µ1 = 1.491µ, µ2 = 0.003µ, µ3 = −0.024µ, (3.13)

but the shear modulus µ is obtained by fitting the model to the same experimental data
provided by Wang et al. (2019). This gives µ = 0.4627 MPa which is slightly higher than
the value of 0.414 given by Ogden (1972).

We shall present our results mostly under the membrane assumption. The reasons are
two-fold. Firstly, adopting the membrane assumption will enable us to explain the methodol-
ogy without having to deal with the heavy algebra that is necessary when a tube of arbitrary
wall thickness is considered. Secondly, it is known that results obtained under the membrane
assumption can be valid for values of H/Rm as large as 0.67 (Fu et al., 2016).

Under the membrane assumption, the scaled pressure and axial force are free of integrals
and have the simple expressions

P = P̃ (λa, λz) ≡
w1

λaλz
, N = Ñ(λa, λz) ≡ w2 −

λaw1

2λz
, (3.14)

where the ”≡” sign define the two functions P̃ (λa, λz) and Ñ(λa, λz). The bifurcation con-
dition (2.7) then reduces to

λa(w1 − λzw12)
2 + λ2zw22(w1 − λaw11) = 0. (3.15)

Figs 1(a, b) and 2(a) display the bifurcation condition (3.15) for the three material
models given by (3.8)–(3.10). For each material model, the initiation pressure for localised
bulging can be determined graphically as follows. If inflation is carried out with fixed axial
force N , say N = 1, then the loading path in the (λa, λz)-plane is a curve represented by
Ñ(λa, λz) = 1 which is shown in Figs 1(b). The first (i.e. bottom left) intersection with
the bifurcation curve gives the bifurcation values of λa and λz for localised bulging. In the
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Figure 1: Bifurcation condition corresponding to (a) Ogden material model, and (b) the Gent material
model. The Ogden model allows localised bulging to occur at any pre-stretch value, whereas under the Gent
material model localised bulging is only possible if the pre-stretch is less than 3.62.
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Figure 2: (a) Bifurcation condition corresponding to the Gent-Gent material model, showing that localised
becomes impossible only when the pre-stretch becomes as large as 9.37. (b) Dependence on C2 of the
maximum pre-stretch λzmax above which localised bulging becomes impossible. The maximum pre-stretch
λzmax increases rapidly around C2 = 0.02.

case of fixed ends with a specified pre-stretch, the loading path is a horizontal line in the
(λa, λz)-plane and the first intersection with the bifurcation curve gives the bifurcation value
of λa for localised bulging. In either case, the initiation pressure is computed with the use
of (3.14)1. It is found that for values of N and λz in a sufficiently small neighbourhood
of N = 0 and λz = 1, the initiation pressures predicted by the three material models are
very close to each other. For instance, in the case of fixed axial force with N = 1, the
initiation pressures predicted by the Ogden, Gent, Gent-Gent models are 0.59, 0.56, and
0.61, respectively, with the predictions by the Ogden and Gent-Gent models differing by
only 3.3%. However, their predictions begin to diverge for larger values of N and λz. Most
importantly, there exists the qualitative difference that whereas both the Gent and Gent-
Gent models predict the existence of a maximum axial force or pre-stretch beyond which
the loading path has no intersections with the bifurcation curve (and hence localised bulging
becomes impossible), the Ogden model predicts otherwise due to the fact that the associated
bifurcation curve extends to infinity in the λz direction. Also, the maximum pre-stretches
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predicted by the Gent and Gent-Gent models are 3.62 and 9.37, respectively, which are quite
different. It is then of interest to investigate whether such a pre-stretch maximum exists or
not for commonly used rubber materials, and if it does, whether it is accurately predicted by
the Gent and Gent-Gent material models. Since the Gent-Gent model reduces to the Gent
model when C2 = 0, to understand the significant difference in the above predictions, we
have shown in Figs 2(b) the dependence of the maximum pre-stretch λzmax on the parameter
C2 with the other two parameters Jm and µ fixed at the values given by (3.11). It is seen
that λzmax experiences a jump as C2 crosses a value approximately equal to 0.02.

Motivated by the above observations, we decided to conduct additional experiments for
the case of fixed ends with large pre-stretches. We used tubes made of natural latex rubber
that are sold on the market as exercise bands and catheters. The tubes used all have inner
radius 3 mm, outer radius 4.5 mm, and the effective experimental length is 200 mm. The
experimental set-up is the same as that described in our earlier paper, Wang et al. (2019).
The measurement system mainly includes air compressor, pressure regulating valve, throttle
valve, tension sensor, pressure sensor, stretching module, data acquisition card. The tension
and pressure sensors are used to convert analog signal voltage output to the data acquisition
card. With a volume of 8 liters, the air compressor can provide sufficient pressure. The
pressure regulating valve has a set range of 0− 0.2 MPa, and the tension sensor has a range
of 0 − 100 N. The pressure sensor has a range 0 − 0.2 MPa with an accuracy of 0.25%FS.
Before each experiment, the sensors were calibrated to determine the relationship between
voltage, tension, and pressure. The pre-stretch is controlled by a motor screw system, and
the displacement range is 0 − 1.5 m. We measured the internal pressure at one end of the
tube. We assume that the pressure in the tube is rapidly homogenized and so the pressure
is uniform everywhere.

Before each experiment, the tube was repeatedly stretched 3 times, each time to twice
the original length of the tube. The tube was subsequently installed on the experimental
device, and the distance between the two fixtures was taken as the initial length L. After
the tube has been stretched to length l so that λz = l/L, the two ends are fixed and inflation
begins.

Fig. 3(a) displays the axial force required to maintain the prescribed axial pre-stretch
before the start of each inflation. It shows that the above mentioned pre-stretching alone is
not sufficient to remove Mullins effect. The latter only disappears after two full inflations.
It can be seen that the larger the pre-stretch is, the greater the drop in the axial force is due
to the first inflation. When the pre-stretch is 4, the initial tension decreases from 45.5 N to
30.8 N after the first inflation, a decrease of 32.4%. When the pre-stretch is 3.5, 3, 2.5 and 2,
respectively, the corresponding reductions in the initial tension are 30.6%, 25.2%, 23.8% and
21.9%, respectively. When there is no pre-stretch λz = 1, the axial tension is essentially 0
although after the first full inflation, the axial force is negative, which is due to the residual
deformation of the tube caused by the inflation.

Fig. 3(b) shows that the initiation (critical) pressure for localised bulging becomes in-
dependent of the number of inflations after two full inflations, again verifying the above
observation that Mullins effect can be eliminated by two full inflations (a full inflation is
one in which the bulge has appeared and propagated to the ends of the tube). When the
pre-stretch is 1, the critical pressure of the tube was reduced from 0.154 to 0.098 by 36.3%
between the first two inflations, and decreased by only 2.4% from the second to the third
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Figure 3: Dependence of (a) axial force and (b) critical pressure for localised bulging on the number
of inflations under different values of the pre-stretch λz.

inflations. After that, the critical pressure remained unchanged with the increase of inflation
times.
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Figure 4: (a) The recorded history of internal pressure and time of 5 inflations, λz = 4; (b) The
curve of internal pressure and axial force of different inflation. λz = 4.

The effect of a pre-stretch in the range 1.4 ≤ λz ≤ 2.5 has been studied in Wang et al.
(2019). When the pre-stretch is larger, localised bulging exhibits new characteristics. Fig.
4(a) shows the pressure variation with respect to time in five inflations of the same tube
that has been subjected to a pre-stretch of 4. In the first inflation, localised bulging occurs
when the pressure reaches 0.105 MPa. Localised bulging still occurs in the second inflation,
but disappears in subsequent inflations.
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Table 1: Critical pressure (unit: MPa) in different inflations and under different pre-stretches

λz = 1 2 2.5 3 3.5 4 4.5
inflation 1 0.1542 0.1094 0.0975 0.1014 0.1005 0.1128 0.136
inflation 2 0.0983 0.0713 0.0656 0.07 0.0732 0.075 0.0825
inflation 3 0.0959 0.0684 0.0641 0.0668 0.0695 0.0681 x
inflation 4 0.0909 0.067 0.0631 0.0656 0.0662 x x
inflation 5 0.0936 0.066 0.0625 0.0645 x x x
inflation 6 0.0901 0.066 0.0613 0.0637 x x x
inflation 7 0.089 0.065 0.0613 0.0633 x x x
inflation 8 0.0864 0.064 0.0605 0.0632 x x x

For the current case of fixed ends, the axial force keeps changing during the inflation
process. Fig. 4(b) shows the relationship between the pressure and axial force when the pre-
stretch is equal to 4. It is seen that in the first two inflations when localised bulging takes
place, the axial force decreases quite slowly in uniform inflation but drops rapidly during
the propagation stage. In subsequent inflations, the relationship can clearly be divided into
two distinct phases. The first phase corresponds to uniform inflation in which axial force
decreases quite slowly, whereas in the second phase the axial force unloads rapidly as pressure
is increased, culminating in Euler buckling (for thin-walled tubes) or axisymmetric periodic
buckling (for thick-walled tubes).

Table 1 shows the critical (initiation) pressure in multiple inflations with a range of pre-
stretch values. The same batch of tubes were used in all experiments, but different tubes were
used for different pre-stretch values. It can be seen from Table 1 that when the pre-stretch
is less than 3, localised bulging occurs in all inflations. However, when the pre-stretch
is 3.5, 4, or 4.5, respectively, localised bulging does not occur starting from the 5th, 4th
and the 3rd inflation, respectively. Based on these results, we may conclude that localised
bulging becomes impossible when the pre-stretch is approximately as large as 4.5. Thus,
the Gent material model slightly under-predicts this value, the Gent-Gent material model
over-predicts this value, whereas the Ogden material model cannot predict this behaviour.
Interestingly, in contrast with the observation made by Hejazi et al. (2021) that rupture
occurs when the pre-stretch is equal to or larger than 3, we have not observed rupture before
the bulge (if it occurs) has propagated to the tube ends. The only explanation that we may
offer is that the particular latex rubber tubes that we used are less prone to rupture.

4. Characterisation of the propagation stage

Having established the fact that the Gent material model can qualitatively predict the
existence of a limiting pre-stretch better than the Gent-Gent model or the Ogden model, we
now characterise the propagation stage using the Gent material model.

It was reported in Wang et al. (2019) that in the case of fixed ends, the pressure would
increase to a maximum under uniform inflation, reach a minimum after the initiation of
a bulge, and then increase monotonically. The latter ascending branch was not described
analytically. In view of the results reported in Figure 13 of Fu et al. (2021) for an analogous
problem, see also Henann & Bertoldi (2014) and Xuan & Biggins (2017), we anticipate that
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Figure 5: Dependence of P on r(0) (radius at R = 0) when inflation is carried out with fixed ends
with (a) λz fixed at 2.2 and L/R = 30, 50 and 90, respectively, and (b) L/R fixed at 60 and λz =
1.5, 2.2, 3 and 3.5694, respectively. In each plot, the dashed line corresponds to Maxwell’s equal
area rule in the N versus axial stretch diagram in Fig.8(a) at each fixed P . The lower end of the
dashed line corresponds to the minimum pressure below which localised bulging become impossible
under axial tension. The solid lines are Abaqus simulation results for tubes with H/R = 0.1 and
they all converge to the dashed line. It is when each solid line is sufficiently close to the dashed
line that the bulge starts to propagate rapidly in the axial direction.

the right ascending branch mentioned above should approach a single asymptote that is
independent of the pre-stretch or the tube length. This is verified in Fig. 5 where we present
our Abaqus simulation results for a variety of pre-stretch values and tube lengths. Such an
asymptote does indeed exist, as shown in Fig. 5 in dashed line. This asymptote is determined
as follows.

We refer to Fig. 1(b) and note that there exists a single loading curve in the case of fixed
axial force, approximately given by Ñ(λa, λz) = 3.4712, that is tangent to the bifurcation
curve. Localised bulging becomes impossible if N > 3.4712. In a similar way, in the case of
fixed ends, the horizontal line λz = 3.6199 is tangent to the bifurcation curve, and localised
bulging becomes impossible if λz > 3.6199. These facts are made more transparent in
Fig. 6(a, b) where the bifurcation curve is presented in the (P, λz)-plane and (P,N)-plane,
respectively. The curve in Fig. 6(a) is obtained by expressing λa as a function of λz through
the bifurcation condition, and then plot P against λz. The curve in Fig. 6(b) is obtained
using parametric plotting by viewing P and N as functions of λz, with λa determined by
the bifurcation condition. The maximum of N in Fig. 6(b) is given by N = 3.4712. This
figure also provides the additional information that localised bulging is impossible under
axial tension if P is less than 0.3259, the minimum value of P in Fig. 6(a) attained at
λz = 3.5694. This minimum also features in the force N versus λz diagrams to be discussed
next.

To appreciate why localised bulging becomes impossible when P is less than 0.3259
and why Abaqus simulations usually abort when P reaches a large enough value, we now
investigate the dependence of N on λz as P is increased gradually. A typical set of results
is presented in Fig. 7. It is seen that when P is sufficiently small, the N versus λz curve
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Figure 6: (a) Bifurcation condition in the λz − P plane. The pressure minimum P = 0.3259 occurs at
λz = 3.5694 and λa = 2.0628 where the loading curve Ñ(λa, λz) = 3.4712 becomes tangent to the bifurcation
curve in Fig. 1(b); see Fig. 9(a) for a close-up near the pressure minimum. The maximum of λz is 3.6199 and
is attained when P = 0.3316 and λa = 2.5050. (b) Bifurcation condition in the P −N plane. The minimum
of P is the same as in (a) and the corresponding N is 3.4712.

is monotonically increasing. It is only when P becomes larger than the above-mentioned
minimum 0.3259 that the variation of N has an N shape with a maximum followed by a
minimum. This is consistent with the result that when inflation is carried out with fixed
P and variable N , localised bulging takes place when dN/dλz = 0; see Eqn (21) in Fu &
Iĺıchev (2015). For instance, when P = 0.33, the maximum of N occurs at λz = 3.4357
(with the corresponding λa equal to 1.8179). This means that (i) when the tube is stretched
with pressure fixed at P = 0.33, localised bulging will occur when λz reaches 3.4357, and
also (ii) when the tube is inflated with a pre-stretch λz = 3.4357, localised bulging will occur
when P = 0.33. When the variation of N has an N shape, equal area rule may be applied
and a Maxwell state may be obtained. Fig. 8(b) shows the variation of the two values of λz
corresponding to the Maxwell state, together with the two values of λz corresponding to the
maximum and minimum of N . The notations λmax

z , λmin
z , λ

(+)
z , λ

(−)
z are defined in Fig. 8(a)

where we show the variation of N against λz for a typical P = 0.45. For each P > 0.3259,
Fig. 8(b) gives the two Maxwell values λ

(+)
z and λ

(−)
z . The corresponding values of λa, say

λ
(+)
a , λ

(−)
a , can then be determined by solving (3.14)1. The larger of these two values is the

r(0) appearing in Fig. 5, and the collection of (r(0), P ) computed in this way forms the
asymptote in Fig. 5.

It is seen in Fig. 7(d) that when P becomes as large as 0.47, the axial force N correspond-
ing to the Maxwell state is negative. When N is negative or sufficiently negative depending
on the wall thickness, Euler buckling or axisymmetric buckling would occur, and Abaqus
simulations would eventually abort. Thus, the asymptote in Fig. 5 starts at the minimum
P = 0.3259 and terminates at a value approximately equal to 0.47 at which N = 0.

It is also seen in Fig. 5(b) that the asymptote, where it exists, coincides with the solid
curve corresponding to the special stretch λz = 3.5694. This is the stretch at which P attains
its minimum, as mentioned earlier. This special stretch is discussed in the next section.
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Figure 7: N versus λz in uniform inflation corresponding to four typical values of P .

5. Solution near the pressure minimum

Fig. 9 shows a close-up of the bifurcation curve in Fig. 6(a) near the pressure minimum
P = 0.3259 where λz = 3.5694 and λa = 2.0628. We consider the scenario whereby the tube
is first subjected to an axial pre-stretch given by λz = 3.5694, and then inflated by increasing
P gradually. It is anticipated that when P reaches the critical value 0.3259, a bifurcation
will take place and an inhomogeneous deformation with non-constant λa and λz will emerge.
We denote the values of λa and λz near the end Z = L/2 by r∞ and z∞, respectively. For
a tube that is sufficiently long, these values are effectively the same values as Z → ∞ (the
difference being exponentially small). In other words, as far as localised bulging or a kink
solution is concerned, the tube is effectively infinite provided it is sufficiently long.

The inflation pressure corresponding to the Gent model is given by

P =
486− 486r4∞z

2
∞

5r6∞z
3
∞ + 5r4∞z

5
∞ − 501r4∞z

3
∞ + 5r2∞z∞

. (5.16)

This equation can be solved explicitly to express r∞ in terms of P and z∞, and the solution
is denoted by r∞ = r∞(P, z∞) in the subsequent analysis.

With r∞ and z∞ specified, we look for an inhomogeneous bifurcated solution that ap-
proaches this uniform state as the end Z = L/2 is approached. Extending the analysis of
Fu et al. (2008), we find that if λa = r∞+ y(Z), then the incremental solution y(Z) satisfies
the ordinary differential equation

y′2 = ω̃(r∞, z∞) y2 + γ̃(r∞, z∞) y3 + κ̃(r∞, z∞) y4 +O(y5), (5.17)

where the three coefficients have long but explicit expressions which are not written out here
for the sake of brevity. The bifurcation condition corresponds to ω̃(r∞, z∞) = 0 (Fu et al.,
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Figure 9: (a) Close-up of the bifurcation curve near the pressure minimum in Fig. 6(a). The dotted line
corresponds to a typical value of P slightly above the minimum and its intersections with the bifurcation
curve (solid line) correspond to the maximum and minimum in (b). (b) N versus λz diagram when P is
equal to the value marked in (a) (slightly above its minimum). The dashed line is the Maxwell line with
intersections A and B corresponding to a “two phase” state.

2008) and the pressure minimum in Fig. 9 corresponds to γ̃(r∞, z∞) = 0. With r∞ expressed
in terms of P and z∞ with the use of (5.16), we rewrite equation (5.17) symbolically in the
form

y′2 = ω(P, z∞) y2 + γ(P, z∞) y3 + κ(P, z∞) y4 +O(y5), (5.18)

where, for instance, ω(P, z∞) = ω̃(r∞(P, z∞), z∞). With z∞ fixed, the pressure P is taken
to be the bifurcation parameter.

Denote the coordinates of the pressure minimum in Fig. 9(a) by (zcr, Pcr). When z∞ 6= zcr
so that γ 6= 0, an explicit expression for the localised solution may be obtained from (5.18) by
neglecting the quartic and higher order terms on the right hand side. It can then be deduced
that the localised solution is of the bulging type if z∞ < zcr (corresponding to γ(P, z∞) < 0),
and is of the necking type if z∞ > zcr. This switching from the bulging type to the necking
type was also observed by Ye et al. (2020) through a weakly nonlinear analysis for a tube of
arbitrary thickness. Here we focus on the special case with z∞ = zcr.

We note, however, that despite the assumption that uniform inflation is now carried
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out with z∞ = zcr, as soon as P is increased beyond its minimum, a bifurcation from the
homogeneous state into an inhomogeneous state takes place and the z∞ will change in order
to satisfy the condition that the total length is fixed at l = zcrL. Thus, we set

P = Pcr + εP1, z∞ = zcr + ε
1
2 z1, (5.19)

where ε is a small positive parameter, and P1 and z1 are constants. On substituting these
expansions into the solution r∞ = r∞(P, z∞) of (5.16), we obtain

r∞ = rcr + ε
1
2 r1, (5.20)

where rcr = 2.0628, r1 = 3.3209z1.
Expanding the right hand side of (5.18) in terms of ε, we obtain

y′2 = ε(ω1P1 +
1

2
ω22z

2
1) y2 + ε

1
2 z1γ2 y

3 + κ0 y
4 +O(ε2y2, εy3, y5), (5.21)

where ω1 = ∂ω/∂P , ω22 = ∂2ω/∂z2∞, γ2 = ∂γ/∂z∞, κ0 = κ(Pcr, zcr), all partial derivatives
being evaluated at the pressure minimum. In obtaining (5.21) we have made use of the
property that ∂ω/∂z∞ = 0 at the pressure minimum. This property also explains the
scaling in (5.19)2.

It can be seen that the first four terms on the right hand side of (5.21) are all of the same

order as the left hand side if y(Z) = O(ε
1
2 ) and y(Z) varies on a long spatial scale of order

ε−
1
2 . In terms of the scaled variables

Y (s) = y(Z)/ε
1
2 , s = ε

1
2Z, (5.22)

the amplitude equation (5.21) reduces to

Y ′2 = (ω1P1 +
1

2
ω22z

2
1)Y 2 + z1γ2 Y

3 + κ0 Y
4 = κ0 Y

2(Y − a)(Y − b), (5.23)

after we have neglected terms of order ε5/2 or higher, where a and b are the two roots of

κ0 Y
2 + z1γ2 Y + (ω1P1 +

1

2
ω22z

2
1) = 0.

We consider the special case when these two roots are repeated, which occurs when

z1 = ±

√
4κ0ω1P1

γ22 − 2κ0ω22

, (5.24)

and the roots are
a = b = −z1γ2

2κ0
. (5.25)

In this case, equation (5.23) reduces to Y ′ =
√
κ0Y (Y −a), where we have assumed, without

loss of generality, that Y ′ < 0 so that the solution decays to the constant state as the end
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Z = L/2 is approached. This differential equation can be integrated to yield the explicit
kink-wave solution (Giudici & Biggins, 2020; Fu et al., 2021)

Y (s) =
a

1 + exp(a
√
κ0s)

=
a

2
− a

2
tanh(

1

2
a
√
κ0s), (5.26)

where the constant of integration has been chosen such that Y (0) = a/2.
For the Gent material model under consideration, we find that

ω1 = −2.3989, ω22 = 2.3961, γ2 = 0.2405, κ0 = 0.0181. (5.27)

To conform with the assumption Y ′ < 0, we require a > 0 so that we take the minus choice
in (5.24) for z1. As a result, as Z → ±∞, we have Y (s)→ 0 and a, respectively. Thus, the
non-trivial solution represents a “two-phase” deformation (or a kink-wave solution) with the
“two-phases” given by

r∞ = rcr + ε
1
2 r1 + ε

1
2Y (∞), or rcr + ε

1
2 r1 + ε

1
2Y (−∞),

or more precisely,

r∞ = rcr + ε
1
2 r1, or rcr + ε

1
2 r1 + ε

1
2
γ2
κ0

√
κ0ω1P1

γ22 − 2κ0ω22

. (5.28)

The corresponding values of z∞ are

z∞ = zcr −

√
4κ0ω1(P − Pcr)

γ22 − 2κ0ω22

, or zcr + (−2 +
γ2
κ0
· z1
r1

)

√
κ0ω1(P − Pcr)

γ22 − 2κ0ω22

, (5.29)

where the ratio z1/r1 is given just below (5.20).
As a consistency check, we note that the two values of z∞ given by (5.29) should cor-

respond to the coordinates of points A and B in Fig. 9(b) where the dashed line cuts the
curve into equal areas. For values of P and z∞ close to Pcr and zcr, respectively, the N has
the Taylor expansion

N = N(Pcr, zcr) +Np(P − Pcr) +
1

2
Npp(P − Pcr)

2

+Npz(P − Pcr)(z∞ − zcr) +
1

6
Nzzz(z − zcr)3 + · · · , (5.30)

where

Np =
∂N

∂P
, Npp =

∂2N

∂P 2
, Npz =

∂2N

∂P∂z∞
, Nzzz =

∂3N

∂z3∞
,

with all the partial derivatives evaluated at the pressure minimum. It then follows that to
leading order the dashed line in Fig. 9(b) is given by

N = Nm ≡ N(Pcr, zcr) +Np(P − Pcr) +
1

2
Npp(P − Pcr)

2, (5.31)
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and the points A and B have coordinates

zB,A∞ = zcr ±
√
−6(P − Pcr)Npz/Nzzz. (5.32)

Consistency between this result and (5.29) requires that

−3Npz

Nzzz

=
2κ0ω1

γ22 − 2κ0ω22

,
γ2
κ0
· z1
r1

= 4. (5.33)

We have verified numerically that these relations are indeed satisfied.
Combining the simulation results in Fig. 5(b), the theoretical results in Fig. 8(b), and the

analysis in this section so far, we may now summarise the evolution of the deformation in an
inflated tube with fixed ends as follows. If inflation is carried out with a pre-stretch λz < zcr,
then increasing P with the fixed λz follows a horizontal line in Fig. 8(b). When this line

intersects the curve marked “λ
(max)
z ”, a localised bulge will initiate. If inflation is carried out

with mass control, the pressure will decrease to a minimum and then rise again, as shown in
Fig. 5(b). However, if it is under pressure control (so that pressure is not allowed to decrease),
a snap-through will take place and the deformation will jump to a “two-phase” deformation
with the values of λz in the two “phases” given by λ

(+)
z and λ

(−)
z , respectively; the latter two

values can be read off from Fig. 8(b) by drawing a vertical line at the pressure assigned. If

the pressure is increased further after the snap-through, the values of λ
(+)
z and λ

(−)
z in the two

“phases” will change continuously by staying on the same branches in Fig. 8(b). On the other
hand, if inflation is carried out with zcr < λz < zzmax, the behaviour is similar except that
the localisation is of the necking type and the intersection is with the curve marked “λ

(min)
z ”

in Fig. 8(b). In the exceptional case when inflation is carried out with λz = zcr exactly,
the bifurcation is exceptionally supercritical: when P reaches the minimum in Fig. 8(b), the
deformation smoothly evolves into a “two-phase” deformation without going through a snap-
through, as can be seen in Fig. 5(b). This two “phase” deformation is described analytically
by (5.26) when P is only slightly larger than its minimum. Further away from this minimum,

the values of λ
(+)
z and λ

(−)
z in the two “phases” are given by the same branches in Fig. 8(b)

although an analytical expression for the narrow transition region no longer exists. The
proportion of each “phase” is determined such that the total length of the tube remains at
l = λzL.

6. Conclusion

The current study was motivated by two considerations. Firstly, it is observed that the
Ogden material model and the Gent or Gent-Gent material model make similar and realistic
predictions for localised bulging when the axial pre-strain (pre-stretch minus unity) or the
fixed axial force is sufficiently small, but their predictions diverge for large values of axial
pre-strain or tension. It is then of interest to investigate how an actual rubber tube would
behave under large pre-strains. Secondly, the entire inflation process for the case of fixed
axial force is well understood both theoretically and experimentally, but this does not seem
to be the case when the ends of the tube are fixed during inflation. Previous experiments
have shown that after the initiation of a localised bulge the pressure would reach a minimum
and then rise again, but this ascending branch has not previously been described analytically.
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We carried out experiments using a typical commercially available rubber tube and con-
firmed that there does indeed exist a maximum pre-stretch above which localised bulging
will not occur under inflation. The Gent material model can describe this property both
qualitatively and quantitatively. This is probably because the existence of the maximum pre-
stretch for localised bulging is closely related to the finite chain extensibility that the Gent
model was designed to model. The Gent-Gent model can predict this property qualitatively.
It is also possible to predict this property quantitatively by re-calibrating the Gent-Gent
model and requiring C2 to be sufficiently small in fitting the model to experimental data,
guided by the results in Fig. 2(b), but we did not pursue this possibility further. We cannot,
however, conclude that this property is shared by all other rubber or rubber-like materials.
Thus, the current study only serves to show that finding a tractable material model that can
serve all purposes is extremely challenging, if not impossible.

Our analysis of the above-mentioned ascending branch has been inspired by the recent
study on the localised bulging/necking of a solid cylinder under surface tension (Fu et al.,
2021), which in turn has benefitted from previous studies on the problem of localised bulging
in an inflated rubber tube without surface tension. In view of what has been achieved in the
latter paper, we anticipated that the ascending branch should tend to an asymptote that is
independent of the tube length or the pre-stretch. This was verified by both analysis and
Abaqus simulations in the current study.

It is previously known that localised bulging is also possible when the tube is extend-
ed/stretched at a fixed pressure, and it occurs when the tension N reaches the maximum
corresponding to uniform extension. By presenting the bifurcation condition in the (λz, P )-
plane, it is revealed that there exists a minimum pressure below which localized bulging
would be impossible if the tube were to be continuously stretched axially. This minimum
pressure is attained at λz = zcr = 3.5694 when the Gent material model is used. The latter
stretch value is very close to the stretch maximum 3.6199 above which localised bulging be-
comes impossible when the tube is inflated by an internal pressure. For inflation with fixed
ends and a pre-stretched λz < 3.6199, the first bifurcation corresponds to localized bulging
if λz < zcr and localised necking if λz > zcr, and the bifurcation is sub-critical in both cases.
In the exceptional case when inflation is carried out with λz = zcr, the tube will deform
smoothly into a “two-phase” state when the pressure is increased across the critical value
predicted by the bifurcation condition, and the bifurcation is exceptionally super-critical.
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