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Abstract

We use Hopf-Galois theory to study the structure of rings of algebraic integers
in some non-normal extensions of number fields which are tamely ramified, gener-
alising results of Del Corso and Rossi for tamely ramified Kummer extensions.

Firstly we study tamely ramified non-normal extensions of number fields of the
form L = K(¢/aq, ..., ¢/a,) for some prime number p and ay, ..., a, € Og. We show
that extensions of this form admit a unique almost classical Hopf-Galois structure
and that if » = 2 then this is the only Hopf-Galois structure on the extension.
We then obtain explicit O ,-bases of Or, for each prime ideal p of Ok. Using
these, we show that Oy, is locally free over its associated order in the unique almost
classical Hopf-Galois structure on the extension. To obtain criteria for O to be
free over this associated order we use an idelic description of the locally free class
group of the maximal order.

Secondly we conduct an analogous study of tamely ramified non-normal exten-
sions of number fields of the form L = K( /a) for some odd square-free number
m = p1...p, and a € O. Once again, we find that extensions of this form admit
a unique almost classical Hopf-Galois structure. Once again we show that if r = 2
then this is the only Hopf-Galois structure on the extension. We again use explicit
Ok p-bases of Or,, for each prime ideal p of Ok to show that Oy, is locally free over
its associated order in the almost classical Hopf-Galois structure on the extension.
Once again, to obtain criteria for O to be free over this associated order we use
an idelic description of the locally free class group of the maximal order.

In both cases, the criteria we obtain are identical to those obtained by Del

Corso and Rossi in the Galois case.
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Chapter 1

Introduction

The module theoretic result perspective on Galois theory began with the normal
basis theorem (see Theorem 2.3.9): if L/K is a Galois extension of fields with
Galois group G then L is a free K[G]-module of rank one. (Equivalently: L has a
K-basis of the form {g(z)|g € G} for some x € L.) If L/K is a Galois extension
of local or global fields then it is natural to ask an analogous question at integral
level: is Op, a free module (necessarily of rank one) over the integral group ring
Ok[G]? (Equivalently: does Op have an Og-basis of the form {g(z)|g € G} for
some = € Op7) The study of questions of this form is part of Galois module theory.
The answer to this question is connected to the ramification of prime ideals in the
extension.

The Hilbert-Speiser theorem gives a criterion for freeness in the particular case
that the base field is Q: if K = Q, the group G is abelian and L/Q is tamely
ramified, then Oy, is a free ZG-module of rank one (see Theorem 132 of [Hil13]).
In general working directly with rings of integers in number fields is difficult: if the
class number of K is not equal to one then Ok is not a principal ideal domain, so
Op, might not have an Og-basis at all.

One way to address this problem is to work with completions. For each prime
ideal p of Ok we can form the completion of K at p, by completing K with respect
to the absolute value arising from p, denoted K, which is a local field. If L/K

is a Galois extension of number fields with Galois group G, then the Kj-algebra
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L, = K, ®k L is a free K,[G]-module of rank one. To see this, since L is a module
over K[G] the K, algebra L, is a module over K, ® K[G] which identifies naturally
with the group algebra K,[G]. Since L is a free K[G]-module of rank one there
exists x € L such that the set {o(z)lc € G} is a K-basis of L which implies
that the set {1 ® o(z)|c € G} is a Ky-basis of L, which implies that L, is a free
K,|[G]-module of rank one. In general L, is isomorphic to a product of local fields.

Inside K, we have the completed ring of integers Ok, which is a principal ideal
domain. Since O, is a principal ideal domain, this means that the Ok ,-algebra
Orp = Orp ®o, O has an Ok p-basis and we can study the structure of Oy, as
a module over Ok ,[G]. We say that O, is a locally free Ox[G]-module to mean
that Op is a free Ok ,[G]-module for each p. This is a weaker condition than Oy,
being a free Ok [G]-module.

Noether’s theorem gives a criterion for local freeness: Oy, is a locally free Ok [G]-
module if and only if L/K is at most tamely ramified (see Theorem 2.3.15). Since
Noether’s theorem provides a necessary and sufficient condition for O, to be locally
free over O [G], other techniques are required to study extensions that are wildly
ramified. One of these is to replace the integral group ring Ok[G] with a larger

subring of K[G], called the associated order of Oy, in K[G]:
Akie) = {2 € K[G]|z -z € O, for all x € Or}.

As before, we say that Op, is a locally free Agjg-module to mean that Op, is a
free Ag(q)p-module for each p. If Op is a locally free Ag(g-module then we can
obtain criteria for it to be free by using ideles, which allow us to collect together
detailed information about the structure of Op, for each p.

Returning to tamely ramified extensions, a natural class of extensions to study
are tamely ramified Kummer extensions L/K. Various authors have studied certain
families of these and obtained criteria for O to be a free Ok[G]-module. These
results all revolve around certain ideals of Ok, defined as follows: If L/K is a
Kummer extension of degree N and exponent m and aq, ..., a, are a set of integral
Kummer generators for L/K then we write a; = of* € Ok for each i. To ease

notation we denote a list of indices ji, ..., j, € N" by j (where N denotes the



CHAPTER 1. INTRODUCTION 9

natural numbers including zero) and write @/ as a shorthand for aJ'...aJ". We then

define the ideals associated to aQx to be the ideals
b = [T ot
p

Goémez-Ayala studies tamely ramified Kummer extensions L/K of prime degree
p in [GA94]. He shows that Oy, is a free Ok [G]-module if and only if there exists an
integral Kummer generator o for L/K such that the ideals b; associated to aOk

are principal with generators b; such that

—

o’
— =0 (mod pOy).
b

p—

<
Il
o

Furthermore, in this case the element

==
<. =
Il |
o —
SR

is a free generator of Of, as an Ok|[G]-module.

Ichimura studies the case in which L/K is a tamely ramified cyclic Kummer
extension of arbitrary degree in [Ich04] and a criterion for the freeness of Oy, over
Ok|G] in this case is given by Del Corso and Rossi in [DCR10].

The most general result in this area is also due to Del Corso and Rossi (see
Theorem 11 of [DCR13]). They show that if L/K is a tamely ramified Kummer
extension of degree N and exponent m then O is a free Ox[G]-module if and only
if there exists a set of integral Kummer generators «;, ..., a,. for L/K such that

the ideals b; associated to aOg are principal with generators b; such that
ol
g — =0 (mod NOyp).
5 b

Furthermore, in this case the element

1 o

N £ b

j
is a free generator of Of, as an Ok[G]-module.

Hopf-Galois theory generalises the situation described above. The group al-
gebra K[G] is an example of a K-Hopf algebra and the action of K[G] on L is
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an example of a Hopf-Galois structure on the extension. In general, a Hopf-Galois
structure on a finite extension of fields consists of a K-Hopf algebra H of dimension
[L : K] as a K-vector space and an action of H on L satisfying certain technical
conditions (see Definition 2.6.6). Hopf-Galois structures can be used to generalise
the concepts from Galois theory, such as the Galois correspondence, to extensions
that are inseparable or non-normal. A given extension may admit a number of
different Hopf-Galois structures which raises the possibility of making comparisons
between them. If H gives a Hopf-Galois structure on a finite (potentially non-
normal) extension of number fields L/K then we may define the associated order
of Oy, inside H
Ay ={h e Hh-xz € O foral z € O}

and study the structure of Oy, as an Ag-module.

This approach has been fruitfully applied to wildly ramified extensions of local
fields (see for example [Byo00], [Byo02] and [BCE18]). The application of these
ideas to global fields is less well developed. In [Trull], Truman uses Hopf-Galois
theory to study the structure of rings of algebraic integers in tamely ramified Kum-
mer extensions of number fields and in [GMR22] Gil-Munioz and Rio do the same
for both tamely and wildly ramified quartic extension of Q.

In [Tru20], Truman studies tamely ramified radical extensions of number fields
L/K of prime degree p in which K does not contain a primitive p!* root of unity.
This is a non-normal analogue of the situation considered by Gémez-Ayala. Exten-
sions of this form admit exactly one Hopf-Galois structure. Under the assumption
that the prime number p is unramified in K, Truman shows that Op is locally
free over its associated order in this Hopf-Galois structure and determines criteria
for it to be free. Interestingly, these criteria are identical to those obtained by
Gomez-Ayala for the Galois case.

In this thesis we generalise Truman’s results to two large families of non-normal
tamely ramified extensions of number fields: those of the form L = K (y/a1, ..., ¥/a,)
for some prime number p and ay, ..., a, € O and those of the form L = K( {/a) for

some odd square-free number m and a € Ok . Extensions of these forms potentially
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admit many Hopf-Galois structures, but we show that they admit a unique Hopf-
Galois structure with the additional property of being so-called almost classical.
We show that in both cases Oy is locally free over its associated order in this Hopf-
Galois structure and determine criteria for it to be free. In the same way that the
criteria in Truman’s paper are identical to those obtained by Gémez-Ayala for the
Galois case, our criteria are identical to those obtained by Del Corso and Rossi in
the Galois case.

In Chapter 2 we give formal statements of the definitions and results that we
shall use in what follows including ramification theory, completions, ideles and
locally free class groups and Hopf algebras and Hopf-Galois theory. As a worked
example of the theory in action we provide a new proof of a special case of the
result of Del Corso and Rossi, based upon a theorem of Bley and Johnston, that
makes use of the unique maximal order in K[G] in place of the associated order.
We also give an outline of the proof of Truman’s result for tamely ramified radical
extensions of prime degree which is based on many of the same ideas.

In Chapters 3 and 4 we study tamely ramified non-normal extensions of number
fields of the form L = K(y/ai,..., ¥/a,) for some prime number p and a4, ..., a, €
Ok. We show that extensions of this form admit a unique almost classical Hopf-
Galois structure and that if » = 2 then this is the only Hopf-Galois structure on
the extension. We then obtain explicit Ok ,-bases of O, for each prime ideal p of
Ofk. Using these, we show that O, is locally free over its associated order in the
unique almost classical Hopf-Galois structure on the extension. To obtain criteria
for O to be free over this associated order we use a result of Bley and Johnston,
which allows us to work with the maximal order in place of the associated order
and then use an idelic description of the locally free class group of this maximal
order. The criteria we obtain are identical to those obtained by Del Corso and
Rossi in the Galois case.

In Chapters 5 and 6 we conduct an analogous study of tamely ramified non-
normal extensions of number fields of the form L = K( {/a) for some odd square-

free number m and a € Og. Once again, we find that extensions of this form



CHAPTER 1. INTRODUCTION 12

admit a unique almost classical Hopf-Galois structure. Our approach is essentially
the same: using explicit Ok p-bases of Op, ,, for each prime ideal p of O we show
that Oy is locally free over its associated order in the almost classical Hopf-Galois
structure on the extension. Once again, we combine the result of Bley and Johnston
with idelic machinery to obtain criteria for Of, to be free over this associated order
and once again we find that these criteria are identical to those obtained by Del

Corso and Rossi in the Galois case.



Chapter 2

Background material

2.1 Algebraic number theory and ramification

Throughout this section we suppose that L/K is a finite extension of number

fields with rings of integers O and O respectively.

Definition 2.1.1. Let p be a prime ideal of O and P be a prime ideal of Of.
We say B lies above p if B|pOy.

Remark 2.1.2. Since Oy, is a Dedekind domain pOy, factorises uniquely into prime

ideals of Op.
A reference for the following is page 110 of [FT91].

Definition 2.1.3. Suppose the unique prime factorisation of pQOy is B .. By’
where each B; is distinct. The integer e; denotes the ramification index of B; over
p.

For each i, Or/B; is an extension of Ok /p, fi denotes the degree of this exten-

ston which s called the residue class degree.

Theorem 2.1.4. > e, f; =[L: K].

Proof. See pages 46 and 47 of [Neul3]. O
Corollary 2.1.5. In the case of Galois extensions we have ey = ... = e, = e and
fi = ... = fy = [ hence the previous result simplifies to efg = n.

13
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Definition 2.1.6. A prime ideal p is unramified in L if e; = 1. If g > 1, p splits
im L. If g=1 and e; =1, p is inert in L.

A prime ideal p is ramified in L if e; > 1 for some 1. Let p denote the residue
characteristic of p. The extension L/K is tamely ramified if ged(e;, p) = 1 for all
i. The extension L/K is wildly ramified if gcd(e;, p) > 1 for some i.

Remark 2.1.7. Henceforth we will say simply “tame” to mean at most tamely

ramified.

Proposition 2.1.8. Let K C F C L be field extensions. The extension L/K is
tame if and only if the extensions L/F and F/K are both tame.

Proof. See Corollary 7.8 of [Neul3]. O

Proposition 2.1.9. Let F1/K and F»/K be field extensions and let L be the com-
positum i.e. L = F1F,. The extension L/K is tame if and only if the extensions

Fi/K and Fy/K are both tame.
Proof. See Corollary 7.9 of [Neul3]. O

Proposition 2.1.10. Let L/K be a Galois extension. The extension L/K is tame

if and only if the trace map Tr : Op — Ok s surjective.
Proof. See Chapter I, Section 3, Corollary 2 of [Fro83]. ]

Proposition 2.1.11. Let F = K(¢) for ¢ some primitive pt* root of unity. We
have an equality of ideals (¢ — 1)P7*Op = pOp and F/K is tame.

Proof. See 1.15 in Section VI.1 on page 210 of [FT91]. O

2.2 Completions

For a general extension of number fields L/K, the ring of integers O need
not be a principal ideal domain, so O won’t necessarily have an integral basis
over Og. When we complete at a prime ideal p of Ok, the ring Ok, is a principal

ideal domain, and Oy, is a finitely generated torsion free Ok ,-module, so it does
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have an integral basis over Ok, (see 4.1 in Section 1.4 on page 88 of [FT91]). For

a € O we get an ideal aOk = (a). For each prime ideal p of Ok, set v,(a) to be

a

the exact power of p in the factorisation of aOf. A typical element of K is x = §

where a, b € O.

Definition 2.2.1. Define the valuation v, : K — ZU {00} by vy(x) = vy(a) —v,(b)

with x, a and b as defined above.
Remark 2.2.2. The valuation has the following properties.
1. vy(xy) = vp(x) + vp(y).
2. vp(x +y) = min(vy(x), vp(y))-
Using this valuation, we define an absolute value on K as follows.

Definition 2.2.3. We can now define the p-adic absolute value | - |, : K — Qx¢
by |x|, = p~ /@ for x € K with f defined as in Definition 2.1.5.

If we complete K with respect to the p-adic absolute value, we get a local field
K,. It V is a K-vector space we write V; for the K,-vector space K, ®x V. In
particular, we write L, = K, ®x L. Note, however, that L, will not be a field in
general. We have an isomorphism of K,-algebras L, = pr Ly where the product
is taken over the prime ideals of Oy lying above p, and each Ly is a local field

(see [FT91]). Inside K, we have its ring of integers Ok, which is a valuation ring

defined as
Definition 2.2.4. Ok, ={z € K, | v,(z) > 0} = {z € K, | |z], < 1}.

Ok, is a local ring, it has a unique maximal ideal p = {z € Ok y|vy(x) > 1}.
Ok, is a principal ideal domain since p = (m,) with wv,(m,) = 1. Just like for
number fields, Ok ,/p is a finite field of characteristic p, called the residue field ky
and p is called the residue characteristic.

Let K be a number field such that its ring of algebraic integers O is a Dedekind
domain and let V' be a finite dimensional vector space over K. An Og-lattice in

V' is a finitely generated Og-submodule M of V' that contains a K-basis of V. Let
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M and N be Og-lattices in an n dimensional vector space V. For each prime p,
M, and N, are free O y-modules of rank n. Let x1, ..., x, be an Ok ,-basis of M,
and let yi, ..., y, be an Ok p-basis of N,. Let V, denote the ambient vector space
Ve = V ®k K,. In this space, we can write y; = Z?:l cijx; with ¢;; € K, and
let C' = [¢;j]. Then [M, : N,|] = det(C) € K, and in particular, if M, = N,, then
(M, : Ny € Ok,

Theorem 2.2.5. There exists a unique fractional ideal I of K such that I, = [M,, :
Ny| for all p. Also note that vy(I) = v, ([My : Ny|) for all p.

Proof. See Chapter 2, Section 4 of [FT91]. O
Definition 2.2.6. We define the index [M : N] to be this fractional ideal I.

We now define the discriminant. Suppose V' has a symmetric non-degenerate
bilinear form b : V x V — K. For example, if V' is a number field, we can take the
bilinear form to be the trace pairing b(x,y) = Tr(xzy). Let M be an Og-lattice in
V. For each p, M, is a free Ok p-module of rank n. Define the discriminant of M,
(with respect to b) to be d(M,) = det(b(x;,z;)) € K, where the elements z; and z;
come from a basis of V. Note that the discriminant does not depend on the choice

of basis.

Theorem 2.2.7. There exists a unique fractional ideal 9(M) of K with the property
that v,(d(M)) = v,(d0(M,)) for all p.

Proof. See Chapter 3, Section 2 of [FT91].. ]
Definition 2.2.8. We define the discriminant (M) to be this fractional ideal.
Lemma 2.2.9. If M and N are lattices, then 9(N) = d(M)[M : N]2.

Proof. See Chapter 3, Section 2, result 2.4 of [FT91]. ]

We now focus on the Og-lattice O, and record some tools for finding local

integral bases of Or,, over Ok .
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Theorem 2.2.10. Let L/K denote a finite separable extension, let p be a prime
ideal of Ok and let P be a prime ideal of Oy, that lies above p (then Ly/K, is an

extension of local fields).
e The following conditions are equivalent

— Ly = K,(\) for A a root of some Eisenstein polynomial g(X).
— Ly/K, is totally ramified.

— Org = Okp[A] for a uniformising parameter X of L.

o [f the first condition above is satisfied, then X is a uniformising parameter

and deg(g) = [Ly : K;] and so g is irreducible in K,.

o the minimal polynomial over K, of a uniformising parameter of a totally

ramified separable extension Ly of K, is an Eisenstein polynomial over K,.
Proof. See Theorem 24 in Section II1.3 of [FT91]. O

Definition 2.2.11. Let L/K be a finite extension with intermediate fields Fy and
Fy. We say that Fy and Fy are linearly disjoint if any K-basis of F\ remains

linearly independent over F,.

Lemma 2.2.12. If F| and F5 are linearly disjoint, then Fy N Fy = K. If at least
one of the extensions Fi /K and Fy/K is Galois, then the converse holds.

Proof. See 2.13 in Section II1.2 on page 125 of [FT91]. O

Definition 2.2.13. Let L/K be a finite extension of number fields with intermedi-
ate fields Fy and Fy. We say that Fy and Fy are arithmetically disjoint if they are
linearly disjoint and 3(Op,) and 3(Op,) are coprime. Note that in general, these
discriminants are ideals, as defined in Definition 2.2.8 and in this case the bilinear

form is given by the trace.

Theorem 2.2.14. Let L/ K be a finite extension of number fields with intermediate
fields Fy and Fy. If Fy and Fs are arithmetically disjoint and L s equal to their

compositum F1Fy, then {zy|z € Op,,y € O} = Of.
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Proof. See 2.13 in Section II1.2 on page 125 of [FT91]. O
Remark 2.2.15. The previous theorem also applies locally.

Remark 2.2.16. If the extensions aren’t arithmetically disjoint, then {rylx €
(’)Fl,y € OFQ} ; OL.

2.3 (Galois module theory

Definition 2.3.1. Let R be a commutative ring with unity. An R-algebra is an
R-module A with a multiplication map p: AR A — A which is associative i.e. the

following diagram commutes

AARA MY A0 A

160 I

A A —" A

and a unit map ¢ : R — A which is unitary i.e. the following diagrams commute.

AR 245 A A

I
scalar multiplimtk‘ l
A

RA L AR A
b
scalar multiplication
A

Remark 2.3.2. In this thesis we will mainly consider the specific case of K-
algebras where K is a field. All of the K-algebras that we will consider have finite

dimension as K-vector spaces.

Example 2.3.3. Let K be a field and G be a finite group. The group algebra K[G]

is an example of a K-algebra.

Definition 2.3.4. Let K be a number field and let A be a K-algebra. An Og-order
in A is a subring A of A containing Ok such that A is finitely generated over Ok
and K @ A = A i.e. A contains a K-basis of A.



CHAPTER 2. BACKGROUND MATERIAL 19

Example 2.3.5. Og[G] is an Ok-order in K|[G].

Definition 2.3.6. An order is said to be maximal if it is not properly contained

i another order.

Theorem 2.3.7. Let K be a number field with ring of integers O and let A be a

K-algebra. Og-orders have the following properties.
1. Every order in A is contained in some maximal order.
2. The K-algebra A has at least one mazimal order.

3. If A is commutative, then A has a unique mazximal order M. Also, M 1is the

integral closure of Ok in A.
Proof. See Theorem 26.5, Corollary 26.6 and Proposition 26.10 of [CR81a]. ]

We will now discuss the normal basis theorem which can be viewed as a module

theoretic interpretation of Galois theory.

Definition 2.3.8. Let L/ K be a finite Galois extension of number fields with Galois
group G. A normal basis of L/K is a basis of the form {o(x)|oc € G}.

Theorem 2.3.9 (Normal Basis Theorem). For Galois extensions, it is always

possible to find a normal basis.
Proof. See Chapter VI, Section 13 of [Lan04]. ]

Remark 2.3.10. The existence of a normal basis is equivalent to saying that L
is a free K[G]-module of rank one and the Normal Basis Theorem says that for

Galois extensions, this is always the case.

Given an extension L/K of number fields a common problem in Galois module
theory is to attempt to determine an integral analogue of the normal basis theorem
i.e. whether Oy, is a free Ok [G]-module. A problem here is that Ok[G] often isn’t
large enough for this to be the case. This motivates the definition of the associated

order. The following definition and remark are based on Definition 24.3 of [CR81a).
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Definition 2.3.11. The largest subring of K|[G| for which Oy is a module is
Akiq) = {2 € K[G]|z-x € O for allx € Or}.
This is called the associated order of Op, in K|[G].

Remark 2.3.12. Ay is an order in K[G] because it is finitely generated and
projective as an Ox-module and it contains a basis of K[G] i.e. K ®o, Akia) =

KI[G].

Lemma 2.3.13. The associated order is the only order in K[G] over which Op,
can possibly be free.

Proof. See Chapter 3 of [Chi00]. O

Proposition 2.3.14. Ok[G] C Ak(q)-

Proof. Let x € Op, then g(x) € O for all g € G, since g(x) is a root of the minimal

polynomial of z over K. Hence if 2 = > _.c,9 € Ok|[G] (with ¢, € Ok for each

geG
g € G) then
zox = chg(x) € Oy,
geG
and so z € Agjg. Thus Og[G] C Axkq- O]

Theorem 2.3.15 (Noether). If L/K is a tame Galois extension with Galois group
G, then Oy, is a free Ok |G|-module (of rank one) for each p.

Proof. See Theorem 1.2 of [Thol0]. O

Definition 2.3.16. In this case, we say that Oy, is locally free over Ok|[G].

2.4 Ideles and Class Groups

Let K be a number field, A be a commutative K-algebra and A be an Og-order
in A. Recall (from Section 2.2) that if p is a prime of Ok we write A, = K, @ A
and Ay = Ok p ®o, A; then A, is an Ok p-order in A,. Also we define a A-lattice
to be a finitely generated projective Og-module which is also a A-module. If X is
a A-lattice then for each prime p of Ok we write X, = Ok, ®o, X, and then X,

is a Ap-lattice.
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Definition 2.4.1. We say that X is a locally free A-lattice if X, is a free Ay-module
for each p.

We say that two locally free A-lattices of rank one are stably isomorphic if
X @& A" 2 Y @ A* for some k > 0. Let [X] denote the stable isomorphism class
of X and let CI(A) denote the set of these classes. It can be shown (see Section
51 of [CR81b]) that X @ Y = A @ Z for some locally free A-lattice Z of rank one;
using this we define a binary operation on Cl(A) by [X] + [Y] = [Z] whenever
X @Y = A& Z. this binary operation gives a group structure on CI(A).

Definition 2.4.2. The set CI(A) with the binary operation described above is called

the locally free class group of A.

Theorem 2.4.3. Since A is commutative, a A-lattice X has trivial class in C1(A)

if and only if it is a free A-module.
Proof. See Theorem 24 in Section 51 of [CR81b]. O

Remark 2.4.4. In full generality X having trivial class is only a necessary con-
dition for it to be a free A-module (see Section 51 of [CR81b]). Since we are
specialising to cases where A is a commutative algebra, in our case this condition

15 also sufficient.

Next, we obtain a more concrete description of CI(A) and a method for describ-
ing the class of a locally free A-lattice in CI(A). This material is based on Section
49A of [CR81a].

Definition 2.4.5. For each prime ideal p of Ok, let a, € AS. An idele is an

infinite sequence of these elements a, indexed by the prime ideals p of Ok, written

as (ap)p-

Definition 2.4.6. The idele group of A is a subgroup of the direct product Hp AY,
defined as

J(A) = {((zp),g € HA;\ap € A, for all but finitely many p} .
P
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Remark 2.4.7. This definition appears to depend on the choice of order A, but it

can be shown to be independent of this choice.

Definition 2.4.8. The subgroup of unit ideles of A is defined as
UA) = TTA; = {(ap)ylay € A for all p}.
p

Definition 2.4.9. A principal idele of A is an idéle of the form (a), where a € A*.
The principal ideles of A form a subgroup of J(A) denoted by A*.

Theorem 2.4.10. With the notation established above, we have

CI(A) = %.

Proof. See Theorem 22 in Section 49 of [CR81a]. O

Remark 2.4.11. Note that in Theorem 2.4.10 since all groups involved are abelian,
all the subgroups are normal so the product of subgroups in the denominator is again

a subgroup and is normal, so the quotient is well defined.

In order to describe the class of a locally free A-lattice in Cl(A), we make an
additional assumption. Since X is a A-module, K ®p, X is a module over K ®¢, A
which is equal to A. We assume that K ®p, X is actually a free A-module of rank
one.

For example we can take A to be K[G], X to be Op and K ®¢p, O = L which
is a free K[G]-module of rank one by the normal basis theorem.

Let = be a free generator of K ®p, X as an A-module and for each p let x, be
a generator of X, as a Ay-module. Then for each p, there exists a unique element

a, € A, such that a, -z = x,.

Proposition 2.4.12. With the notation established above, the class of X in Cl(A)

corresponds to the class of the idéle (ay), in the quotient group

J(A)
AXU(A)’

Proof. See Theorem 49.22 of [CR81b]. O
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Definition 2.4.13. Let A be a commutative algebra. Then we denote its unique

maximal order by M.

Proposition 2.4.14. The class group of the mazximal order is isomorphic to a

product of class groups of finite extensions of the field K.

Proof. Suppose that A = [[;_, F;, where each F; is a finite extension of K. Then

the unique maximal order in A is M = [[/_; OF,. We have
AX o HF’7;><7
i=1

s = Tk

and
um) = [Juor)
CIM) = —AXJQS’?J)M)

~ 17 J(F)
- g FXU(OR,)

= ﬁ CI(F)
i=1

where CI(F;) denotes the ideal class group of F;. See also pages 359 and 360 of
[Neul3|. O

Corollary 2.4.15. Applying the isomorphism in the previous proposition, the idéle
(ap)y gets mapped to Hp pU (@) This allows us to obtain a tuple of ideals from an

idele.

We can often obtain criteria for an M-module to be free in terms of certain
ideals of the rings of integers O, being principal. In general the locally free class
group of an order A in A will not admit a decomposition of this form, but we have

the following result of Bley and Johnston.
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Theorem 2.4.16. Let X be a A-lattice and let
MX:{Z z-x|z€./\/l,x€X} CKX.
finite

Then X is a free A-module of rank one if and only if

o X is a locally free A-module of rank one

o MX is a free M-module with a generator lying in X

Proof. See Theorem 2.1 of [BJ0S]. O

Thus we can obtain criteria for a A-module X to be free by first obtaining
criteria for X to be a locally free A-module and then obtaining criteria for M X to
be a free M-module with a generator lying in X. As noted above, this second task

is facilitated by the decomposition of Cl(M) as a product of ideal class groups.

2.5 An example of GGalois module theory - Tamely
ramified Kummer extensions of prime power
degree

The aim of this section will be to reprove a particular case of the result of Del
Corso and Rossi using the result of Bley and Johnston (Theorem 2.4.16). We will
focus on certain tame Kummer extensions of prime-power degree. We first recall
the result of Del Corso and Rossi. If L/K is a tamely ramified Kummer extension
of degree N and exponent m then Oy, is a free Ok [G]-module if and only if there
exists a set of integral Kummer generators aj, ..., o, for L/K such that the ideals
b; associated to aOy are principal with generators b; such that

ol

— =0 (mod NOyp).
5 b

Furthermore, in this case the element

1
N 2.3,

| R

J

j=a

is a free generator of Of, as an Ok[G]-module.
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2.5.1 Setup

Let p be an odd prime number and let K be a number field containing a
primitive p* root of unity ¢. Let L/K be a Galois extension with G = Gal(L/K) =
Cy. By Kummer theory L = K(o,...,a,) with of € K for each 4, and G =

(01, ...,0.) where o;(o;) = Coy; and o0;(a;) = «; for i # j. For more details on

Kummer theory see [Rom05].

Definition 2.5.1 (Bold notation). Ifiy,...,i, € {0,...,p — 1} write i for the vector
of exponents (iy,...,i,) € Z". Then the notation o denotes oi'...ai” € L and @

denotes ay'...alr € K.

Remark 2.5.2. This notation is compatible with componentwise multiplication in
Z": ifi,5 € 2" then

(af)? = (ail...ai")jl---jf' —all.
We can write sums of the form Y, - where we again assume 0 < i, < p—1 for each

k. We can also use this notation in subscripts e.g. for orthogonal idempotents e;.

Remark 2.5.3. This notation will also be valid when we study extensions of square
free degree in Chapters 5 and 6, but in that case the natural ranges for the exponents

will be 0 < i < pp — 1 for each 1 <k <.

2.5.2 Properties of the group algebra

Proposition 2.5.4. We have K[G] = K?" via orthogonal idempotents.
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Proof. First fix k € {1,...,r} and for each i = 0,...,p — 1 define

-:—Zgw ol € K{o).

Then the ey ; are a basis of mutually orthogonal idempotents in K (o) so K (o) =
KP. Now given iy, ...,4, € {0,...,p — 1} define
€ = Hek,zk H ZC ik J ]
k=1
Then the ¢; are a basis of mutually orthogonal idempotents in K[G], so K|[G]| =
KP".
Corollary 2.5.5. The unique maximal order in K[G] is
M = OK<6.L'> = OI;{T
Proposition 2.5.6. The action of the e; on L is given by
. o ifi=j
ei(o’) =
0 otherwise.
Proof. We have
p—1 1 p—1
TS
=0 P 520
p—1 1 p—1
LY i
=0 P 520
= 5,‘7]'0‘7..
[

2.5.3 Ramification

We ensure that the extension is tame in two steps. Firstly we determine con-
ditions for a degree p subextension to be tame and secondly we apply Proposition

2.1.9 to ensure that the full extension is tame.
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Lemma 2.5.7. An extension of the form K(«a)/K with o & K and o = a € K is

tame if and only if a can be chosen to satisfy a =1 (mod (¢ — 1)?POk).

Proof. Since ¢ € K and o ¢ K, the polynomial 2 — « is irreducible over K and is
therefore the minimal polynomial of « over K. Hence K («)/K has degree p. Since
K(a)/K is Galois, each prime ideal p of Ok factorises in K (a) as (B;...B,)¢ with
elp. Therefore K(a)/K is tame if and only if each prime ideal p lying above p is
unramified in K («). By Theorem 119 of [HGKS]1] this occurs if a can be chosen to
satisfy @ = 1 (mod pP*»€~1) for each p lying above p. By the Chinese remainder
theorem, this is equivalent to requiring a =1 (mod ({ — 1)?Ok). O

Lemma 2.5.8. The extension L/K is tame if and only if all a; can be chosen to

satisfy a; =1 (mod (¢ — 1)POk).

Proof. The field L is the compositum of the fields K(«;) for each i. Hence applying
Proposition 2.1.9, L/K is tame if and only if K(a;)/K is tame for each i. By the
previous lemma this occurs if and only if all a; can be chosen to satisfy a; = 1

(mod (¢ —1)"Ok). O

Henceforth we will assume that these congruences hold.

2.5.4 Local integral bases for p { pOy

Definition 2.5.9. For x € K* and p a prime of Ok define ry(x) by

Remark 2.5.10. This notation will also be valid when we study extensions of
square free degree m in Chapters 5 and 6, but in that case the denominator in the

above definition will be m.

Proposition 2.5.11. Suppose p { pOk. Then an Ok y-basis of O (ay is given by

B= O‘( Si=0,.p—1¢.
nga
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Proof. By Theorem 118 of [HGKS81], p is unramified in K («) if p|v,(a) and totally
ramified in K(«) if p { vy(a). Note that each element of B is integral over Ok

since (—2-)P = —% _ and prp(a’) < vy(a’). First suppose that plvy(a). Then

rp(a)) —prp(a)

CE
vy(a) = pry(a) and 1y(a’) = iry(a) for each i. Using the trace formulation of the

discriminant we find that

p 0 0

0 O a
3(B) = m PP @ P

0 ap ... 0O

— ppap—lﬂ_p—P(p—l)"“P(a)

=p’
which is a unit of Ok . Therefore B is an Ok p-basis of O ), in this case. Now
suppose that p t vy(a). Then p is totally ramified in K(«a), say pOg () = P*. We

have vy (o) = pup(a) and also vy (o) = vp(a) = pvy(a), so vp(a) = vy(a). Hence

for each 2 =0, ...,p — 1 we have

This expression is the principal remainder in the division of v,(a’) by p. Since
p 1 vy(a') these remainders cover all residues modulo p as i varies. Hence B contains
an element of each PB-valuation 0, ..., p—1 and so by Theorem 2.2.10 B is an O p-

basis of Ok (a),p- O

Proposition 2.5.12. Suppose that p is a prime ideal of Ok that does not lie above
p. Then an Ok y-basis of Or, is given by

@ 0<i<p—1foralky;.
ﬂ.’“p(a')
p

Proof. If p|v,(ay) for all k then p is unramified in K () for each k, so the extensions

K(ay)/K are pairwise arithmetically disjoint. Therefore in this case (applying the



CHAPTER 2. BACKGROUND MATERIAL 29

previous proposition and Theorem 2.2.14) an Ok, basis of Op, is given by

ail oz“
L — L 0<iy<p-—1forallk
W;P(% ) 7-‘-;9(0”" )

Since 7,(a}t) = %‘f;}) for each k, we see that ry(a}) + ... + ry(a’r) = rp(al...a’r)
giving the description in the statement of the proposition. If p { vy(ax) for some k
then without loss of generality suppose that p { vy(aq). For each k = 2, ..., r choose
ni € {0,...,p — 1} such that v,(af*ax) = 0 (mod p). Then L is the compositum
of the fields K(a1), K(aj?as), ..., K(a!"a,) and these are pairwise arithmetically
disjoint as extensions of K. By the first part of the proof an Ok y-basis of Op is

given by

o/f (a?an)... (] a,)

i1, n . n ) IOSikSp—lforallk
;p(all (a7%a2)2...(a"ar)ir)
Ckil+n2i2+m+nriT0/2...ai" ‘

= ! 2T |0 <4, <p—1forallk

i1 tngint-.tnrir _ig i
rp(ay ay’...a;")

p

o
= (ai)|0§z’k§p—1forallk

Tp
Tp

To explain the last equality above in more detail, we first note that since v,(a;) is
the only term which is not congruent to 0 modulo p, we do not get a “carry” in
the floor function and we can combine the exponents of 7, as expected. Now we

must be able to reach a typical element,

rp(ajlt...

{Loii)mgikgp—lforalllgkﬁr}
P

We can do this by first choosing each i, to be the unique element in {0,....,p — 1}
such that nyi; = s (mod p) for 2 < k < r and finally choosing 7; to be the unique
element in {0, ...,p— 1} such that >, ;4 = s; (mod p). By doing this, we extract

a unit power of each a; but since these are in K already, this does not affect the

extension. We can relabel the indices to rewrite the integral basis in terms of the
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original elements and get a basis of the following form.
ot ,
{—i|0§zk§p—1f0raﬂlgl{:§r}
7.‘.7')3 (a*)

p

This completes the proof. ]

2.5.5 Local integral bases for p|pOx

Proposition 2.5.13. Suppose that p|pOk. Then an Ok p-basis of O (a)p s given

B:{(?:i)nﬁ:Qmm—l}.

Proof. First note that p is unramified in K («) since K(«)/K is tamely ramified.

by

Next we show that ‘C“T’ll is integral. If v = % then

(—1lz+1l=a

~(((-Dr+17=a

(=12’ =a

Since a = 1 (mod (¢ — 1)?), this is a monic polynomial in z with coeffcients in
Okp. Therefore z is integral and it follows that the elements of B are integral.
We have 3(B) = ([[72(¢ — 1)7)%0(B’) where B’ = {(a — 1)i|i = 0,...,p — 1}
and 9(B') = 0(1, v, ...,aP1) = (—=1)"z pPa’~". Hence up to units of O, we have
2(B) = (€ —1)"2Z%0 ipp = (¢ — 1)PP~DpP and since (¢ — 1)? and p differ by a unit

of Ok, this discriminant is trivial. Therefore B is an Ok y-basis of Ok (qa)p- O
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Proposition 2.5.14. Suppose that p is a prime ideal of Ok that lies above p. Then

an Ok p-basis of O, is given by

{H <02k__11>% 0<i,<p—1for allk} .

k=1

Proof. In this case p is unramified in K (ay)/K for each k, so these extensions are
pairwise arithmetically disjoint at p. The result now follows from the previous

proposition and Theorem 2.2.14. O

2.5.6 Local generators

By Noether’s theorem, Oy, is a locally free Ok [G]-module. We seek explicit

generators of Or , over Ok ,G for each p.

Proposition 2.5.15. Suppose that p 1 pOf. Then a free generator of Op, as an

Ok ,G-module is

1 ot
- ) @)
i

.
Ty
Proof. In this case we have p € le(jp, so each idempotent e; lies in Ok G, so
Ok G = M, = Ok (e;). For each i we have
1 o

pr ﬂ.;’p (a%)

ei':rp:

so the set {e; - 7,|0 < i, < p—1 for all k} forms an Ok y-basis of O, (note that
p" € Ok, and compare wth the basis from Proposition 2.5.12). Hence w; is a free

generator of Or, as an Ok ,-module. O

Proposition 2.5.16. Suppose that p|pOk. Then a free generator of Op, as an

Ok pG-module is
1 + _
T, = Z?1_[(1+ak—|—...—1—cyi h.
k=1

We will discuss some preliminary p-group theory before proving this proposition.
We note that the theory we will now discuss only requires the assumption that G is a
p-group. For prime ideals p|pOf, the orthogonal idempotents are not available (% =4

Ok, 50 € & Ok p[G]), so the argument we used to prove the previous proposition
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cannot be applied. Since the Galois group of this extension is a p-group, this gives
the group ring Ok ,G some special properties which can be used as an alternative
method to obtain a local generator of Oy, , as an Ok ,-module. Since p is a maximal
ideal of O, the quotient Ok ,/p is a finite field of characteristic p. In fact p is
the unique maximal ideal of Ok, so Ok, is a local ring. This allows us to use

Nakayama’s Lemma.

Lemma 2.5.17 (Nakayama’s Lemma). If M is a finitely generated Ok ,-module
and my, ..., my, generate M/mM (where 7 is a uniformiser) as an O ,/p-module,

then they generate M over Of,.
Proof. See Lemma 4.3 on page 425 of [Lan04]. O

Here Ok, /p is a field, so M/mM is a vector space. In our case, M = Op, and

Orp = Ok p(21, ..., x,) for some O, basis 1, ..., .

M = {Z Cil'i’Ci € OKJJ}

i=1
and

oM = {Z C,L'l'i’Ci ep= WOK’p}
=1

SO

M/7M = > ciwile; € Ok y/p}

i=1

Hence an integral basis of Op,, over Ok, becomes a basis of Oy, , /7O, over Ok ,,/p

which is a field. Similarly, O ,[G]/7Ok ,[G] is the set

OK,p[G]/WOK,p[G} = {Z cioilei € O p/p} = OK,p/p[G] = kp[G}

i=1
and since k, is a field, this set (Ok,/p)[G] is a group algebra. For this particular
extension, k,[G] is a group algebra of a group of order p" over a field of characteristic

p. This gives the group algebra some nice properties, one of which is the following.

Proposition 2.5.18. The group algebra k,[G] has a unique minimal (left) ideal,
generated by § =>""_| 0;.

Proof. See Proposition 6 on page 3816 of [Tho08|. ]
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Another property of the group algebra is the following, taken from Proposition
5.1 on page 7 of [Joh15].

Proposition 2.5.19. If © € O,/7Op, is such that 0 - x # 0 in k, (i.e. 6 -
r ¢ 70kyp) i.e. Tr(x) € Og,, then x is a free generator of Op,/mOLy, as a

ky|G]-module. And hence by Nakayama’s lemma x is a free generator of Oy, over

Ok ,|G].

Proof. We are looking for x € Oy, , /7Oy, such that Op, /7O, = k,[G] - . Given
x, we get a linear map f : ky[G] - * — O, /7O, given by f(z) = z - . We want
to choose = such that f is bijective. Since the domain and codomain are vector
spaces of the same dimension, f is bijective if and only if it is injective if and only
if ker(f) = {0}. In addition, note that ker(f) is a (left) ideal since if f(z) = 0 and
y € ky|G], then f(yz) =yz-x =y (z-x) = 0. So ker(f) # {0} if and only if
0 € ker(f) if and only if - x = 0 in k,. Therefore if we choose z € Op,, such that
0-x € Ok, then 6 -z # 0 in k, and so x is a free generator of O, /7O, as a

ky[G]-module. O

We will now complete the proof of Proposition 2.5.16 by calculating the trace

of the element z, and showing that z, € Op,,.

p—1

Proof of Proposition 2.5.16. Proposition 2.5.14 implies that % € Op, for
each k. Using the fact that (*~') = (—1)" (mod p), we have %(14—0%—1—...—1—04?1) €
Oy, for each k, hence their product is in Op, and z, € Oy .

Now note that the trace of o is zero unless j = 0 in which case it is p". This

implies that z, has trace 1 and then the result follows from Proposition 2.5.19. [

2.5.7 Using idelic theory to move from local to global free-

ness

Having obtained a complete set of local information in the previous section, in

this section, we apply Theorem 2.4.16 to determine criteria for global freeness.
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Proposition 2.5.20. The class of MOy, in C1I(M) corresponds to the class of the
ideéle (zp), where
€
Zp =y —.
; ﬂ.;p(ﬂ )
Proof. Let x = # [T (14 ap 4 ... + a2 ") € Op. Then x generates L as a free
K[G]-module. For each prime p of Ok, let x, be the free generator of O, as an

Ok p-module found in Propositions 2.5.15 and 2.5.16. That is

Il U+ ae+ . +ah™)  if ppOk
(L‘p —

i .
z% > :(a,-) otherwise
s
P

For each p, the element 2, € K,G is defined by 2,-x = x,. It is now straightforward

to see that
€
D=2
i Tp
which gives the idéle (z,), in the statement of the proposition. ]

Now we use the isomorphism from Proposition 2.4.14

J(KIG])

—K[G]X[U(M) = Cl(K)™

to interpret the class of (2,), as a p"-tuple of classes of fractional ideals of K.

Proposition 2.5.21. The idéle (z,), corresponding to the class of MOy, in C1(M)

corresponds to the p"-tuple of classes of fractional ideals a{l, where

a; = Hp%(ai)'
p

Proof. Recall from Proposition 2.4.14 and Corollary 2.4.15 that to obtain the tuple
of ideal classes corresponding to an idele (z,), we write 2, = >, ¢; ye; with ¢;, € K,
for all 2. Then the idele (2,), is mapped to the p"-tuple of classes of fractional ideals

(¢;), where

G = Hp”b(ci,p)‘
p
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Applying this to the ideéle (z,), corresponding to the class of MO, in CI(M)

(constructed in the previous proposition) we see that

1
(a%)

Gip = T
P

for all i and p. Hence (2,), corresponds to the p"-tuple of ideal classes (a; ') where

ai — Hprp(ai)
b
for all 2. O

Definition 2.5.22. The ideals a; are called the ideals associated to aQOk.

Corollary 2.5.23. The M-module MOy, is free if and only if the ideals associated

to aQgk are principal for all t.

Proposition 2.5.24. The M-module MOy, has a free generator lying in Oy if

and only if the ideals b; are principal with generators b; such that
1 ol
— — e Or.
72
Proof. By the previous proposition MOy is a free M-module if and only if each

ideal b; is principal. Suppose that this is the case and write b; = ¢;Og for some

¢; € Ok. Then a free generator for MOy, as an M-module is
1 ot
y=—> —.
P ; Ci
The set of free generators of MOy, as an M-module is precisely the set {z - y|z €
M*}. Since M = OF via orthogonal idempotents and ¢; -ad = &; jod | we see that

an element 3y’ € L is a free generator for MOy as an M-module if and only if it

has the form

,_i uiai
D Dl

P
for some u; € OF. Therefore MOy, has a free generator lying in O, if and only
if there exist elements u; € O such that the corresponding element 3’ lies in Op.
Writing b; = u; L¢; for each 4 this is equivalent to the existence of elements b; as in

the statement of the proposition. ]
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By combining the results of this section, we obtain a criterion for Op to be a

free Ok [G]-module.

Theorem 2.5.25. Let p be an odd prime number and let K be a number field
containing a primitive p* root of unity (. Let L/K be a Galois extension with
G = Gal(L/K) = C]. Let Ok and Oy be the rings of algebraic integers of K
and L respectively. Then Op is a free Og[G]-module if and only if there exist
B,y ..., Br € Op such that

1. L=K(,...,5)
2. b = B € Ok for each i

3. The ideals b; = Hp pTP(bi) are principal with generators c¢; such that y =

Furthermore in this case the element y is a free generator of O as an Ok[G]-

module.

Proof. 1f Oy is a free O [G]-module then by Theorem 2.4.16 we have MOp = M-z
for some x € Op. Therefore by the previous proposition the ideals Hp pTP(“i) are

principal for all ¢ with generators b; satisfying

1 %

—Y — €0y

P b
Therefore the elements 3; = «; for each ¢ satisfy 1., 2. and 3. Conversely suppose
that for each 1 < ¢ < r the elements ; satisfy 1., 2. and 3. Then we can write

B = alc for some I € 7" with p { I; for each i and some ¢ € (K*)". Definet € 7"

by t;l; =1 (mod p) for each i. Then for each j € Z" we have

a =c7?b
= a't = ¢ "

= ot = ¢yt
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Now given n € Z" let m denote the least positive residues of the elements of n
modulo p, so that

n

n=pl—|+n.

p

Then we have
ot — o—ritpit
. a5 — o LT prityp T it

— adaP\ 51 grl ) — LS it it

g = PP 2 Pl 3 Tt it L)

- .__.__ @
— ad = ptePitg Py ]

By our hypotheses the ideals b; associated to b0y are principal with generators
x; say. From the above, we see that the ideals a; associated to aOk are principal
with generators

|t
yj:mj—tc ’ta LPJ.

Moreover, there is an equality of sets

G- 5

S0
1 J 1 i
Ly 1y B o,
A

and so Of, is a free Ok [G]-module. O

Note that as expected, the criterion that we obtained for Oy, to be a free Ok [G]-
module is identical to that obtained by Del Corso and Rossi in Theorem 11 of
[DCR13].

2.6 Hopf algebras and Hopf-Galois structures

This section will introduce Hopf algebras which are the appropriate objects to

use to generalise classical Galois theory.
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Definition 2.6.1. Let R be a commutative ring with unity. An R-coagebra is an
R-module A with a comultiplication map A : A — A® A which is coassociative i.e.

the following diagram commutes.

A—2 L AQA

N Je

AA 222 A A® A

and a counit map € : A — R which is counitary i.e. the following diagrams com-

mute.
A2 A A

1
scalar multiplica% l ®e

A®R

A2 A0 A

1
scalar multipli ca;bx l€®

R® A
Definition 2.6.2. An R-module A is an R-bialgebra if it is both an R-algebra

and an R-coalgebra and the multiplication and comultiplication maps satisfy the

compatibility condition given by the following commutative diagram.

AgA—1" A 2 LA®A
A®Aj Tu@u
AQARARA—2 _AQAQARQA

where T is the switch map defined by T(x ® y) =y @ x for all z, y € A.

Definition 2.6.3. An R-Hopf algebra, H, is an R-bialgebra with an R-module
homomorphism s : H — H called the antipode map which is both an R-algebra and

an R-coalgebra antihomomorphism and also satisfies the antipode property
p(l®s)A = p(s @ 1)A = te.

Definition 2.6.4. Sweedler notation s a shorthand for representing the comulti-

plication of an element h € H as a sum of simple tensors. It is written as

A(h) =) ha) & he).
)
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Example 2.6.5. Let R be a commutative ring with unity and let G be a finite
group. The group ring RG is an example of a Hopf algebra. For o € G the maps
are defined as A(o) =0 ® 0, €(0) =1 and s(o) = o~ !.

Definition 2.6.6. Let R be a commutative ring with unity. Let H be an R-Hopf

algebra and let S be an R-algebra such that

1. S is an H-module

2. h-1=¢€(h) forallh € H

8. h(st) =3 4y (hay s)(he) - t) forall s, t € L
then S is an H-module algebra.

Definition 2.6.7. Let L/K be a finite extension of fields and let H be a finite
cocommutative K-Hopf algebra. L is an H-Galois extension of K, or alternatively
H gives a Hopf-Galois structure on the extension L/ K, if L is an H-module algebra

and the K-linear map

j:L®H — Endg(L)

defined by
js®@h)(t) =s(h-t)

forh e H, s, t € L is bijective.

Remark 2.6.8. The previous concept can be defined for extensions of commutative
rings however in this thesis we shall only be concerned will applying it to finite
extensions of fields. Also in the previous concept, it is implicit that K is viewed as

a trivial H-module i.e. the action of H on K is via the counit map e.

All the field extensions that we will consider in this thesis will be finite and
separable. The Hopf-Galois structures on such an extension are classified by a
theorem of Greither and Pareigis. Before we can state the theorem we fix some
notation. Assume that L/K is a finite separable extension of fields with Galois

closure E. Let G = Gal(E/K), let G' = Gal(E/L).
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Definition 2.6.9. We define X to be the left coset space of G’ in G, G/G'. FEz-
plicity X = {zG'|z € G}.

We write T for the coset G’ and Perm(X) for the group of permutations on

the set X.

Definition 2.6.10. The left translation map A : G — Perm(X) is defined by
Mg)(T) =g for g € G and T € Perm(X).

Definition 2.6.11. A subgroup N < Perm(X) is called a regular subgroup if it

satisfies any two of the following three properties.
1. N has the same order as X.

2. N acts transitively on X (i.e. for all T and 7y € X, there exists n € N such
that nTt = 7).

3. For all cosets T € X, Staby(T) = {1}.
Lemma 2.6.12. Any two of the above conditions imply the third.

Proof. The proof of this lemma consists of applications of the Orbit-Stabiliser the-
orem.

Firstly, suppose that |[N| = |X| and that N acts transitively on X. Now
assume that there is T € X with Staby(Z) # {1}. Since by definition we always
have 1 € Staby (), we must have | Staby(Z)| > 1. Since |[N| = |X| and the group
action is well defined, there is now some § ¢ Orby (7). This contradicts N acting
transitively on X hence our assumption that there is T € X with Staby(Z) # {1}
is false and that Staby(Z) = {1} for all 7 € X.

Secondly, suppose that |N| = |X| and that Staby(z) = {1} for all T € X.
Now assume that N does not act transitively on X. Then there are 7, § € X
such that ¥ € Orby(T). Since |N| = |X]|, there is an element Z # T € X and

w=vlp=1€N,son=v

distinct n, v € N such that Z = nz = vz. Then n~
which contradicts n and v being distinct hence our assumption is false and N acts

transitively on X.
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Thirdly, suppose that N acts transitively on X and that Staby(z) = {1} for
all T € X. Choose T € X. Since N acts transitively on X, Orby(Z) = X and we
have | Orby(Z)| = | X|. Since Staby(Z) = {1} we have |Staby(7Z)| = 1. Now if we
multiply these together as numbers, we get | Orby(Z)|| Staby (Z) = | X/, also the
Orbit-Stabiliser theorem tells us that | Orby(Z)|| Staby (Z) = ||, hence we must
have |[N| = | X]. O

Definition 2.6.13. A subgroup N of Perm(X) is normalised by A(G) if \(g)n\(g7 ) €
N forallge G, n € N.

Theorem 2.6.14 (Greither-Pareigis Theorem). There is a bijection between the

Hopf-Galois structures on L/K and regular subgroups of Perm(X) that are nor-
malised by A\(G).

Proof. See Theorem 6.8 on page 52 of [Chi00]. O

To obtain the Hopf-Galois structure from the subgroup of Perm(X) we perform
Galois descent on the group algebra E[N]. Let G act on E[N] by acting on E
as Galois automorphisms and acting on N by the the conjugation action 97 =
A(g)nA(g)~t. Explicitly, the action of G on E[N] is given by

93 e = glen)™n="Y_ glea)Ag)nA(g) ",

neN neN neN
where ¢, € E. This gives a semi-linear action of G' on the E-Hopf algebra E[N]
and by Galois descent, the fixed ring E[N]¢ is a K-Hopf algebra of dimension | N]|.
Now we define an action of E[N]% on L by

(Z Cnn)-t = Z Cnn_l[lG’G/Kt)

neN neN

where (3, .y ) € E[N]¢ t € L and n7'[1¢G] = oG’ for some o € G. With this
action, the Hopf algebra E[N]¢ gives a Hopf-Galois structure of L/K.

Definition 2.6.15. The group G’ has a normal complement S in G if there exists
some normal subgroup S < G such that we can write G = SG’ with S N G' = {e}.
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Definition 2.6.16. An extension is almost classically Galois if the group G’ has a

normal complement S in G. For other equivalent conditions see Definition 4.2 of

[GP8T].
In this case A(S) € A(G) C Perm(X).
Proposition 2.6.17. The subgroup A(S) is reqular on X and normalised by A(G).

Proof. Since S is normal in G, we have A\(g)A(s)A(g)~' € A(S) for all g € G and
s € S hence A(S) is normalised by A(G). Since we can write G = SG' with
SNG" ={e}, we have |S| = % = | X]. Recall that the map A : G — Perm(X) is
given by A(g)[zG'] = gzG’. Since S is a normal complement of G’, the elements of
S form a set of coset representatives for G’ in G, so we can write X = {zG’|z € S}.
Now for s € S look at A(s)[eG'] = seG' = sG’'. As s varies, we reach all of the
cosets in X, so as sets {\(s)[eG]|s € S} = {sG'|S € S} = X and we conclude that
A(S) is transitive on X. For completeness we will also show that the stabiliser of
every element is trivial. Let G’ € X, and s € S. Then \(s)[zG’] = G’ if and only
if s1G" = xG" if and only if 2 tsxG' = G' if and only if x7'sz € G’. But because
S is a normal subgroup of G, we have 27 'sz € S, and we get \(s)[zG’] = G’ if

and only if x7'sz € SN G’ = {e} if and only if s = e. O

In Section 1 of [Koh98] Kohl discusses almost classical Hopf-Galois structures

defined as follows.

Definition 2.6.18. A Hopf-Galois structure on a separable extension LK is called
an almost classical Hopf-Galois structure if the corresponding regular subgroup N
of Perm(X) is the opposite of a subgroup of the form A(S), with S a normal com-
plement to G' in G. (That is N is the centraliser in Perm(X) of A(S).)

Note that if L /K admits an almost classical Hopf-Galois structure then G’ has a
normal complement in G, so L/K is necessarily an almost classically Galois exten-
sion. However, not every Hopf-Galois structure admitted by an almost classically

Galois extension is an almost classical Hopf-Galois structure.
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Remark 2.6.19. In this thesis we will consider almost classically Galois extensions
with the additional property that each normal complement S of G' in G is abelian.
In this case the subgroup \(S) is equal to its own opposite in Perm(X), and so
we can characterise almost classical Hopf-Galois structures as those for which the
corresponding reqular subgroup N of Perm(X) has the form A(S) with S a normal

complement to G’ in G.

Definition 2.6.20. The type of a Hopf-Galois structure is the isomorphism class
of the corresponding group N .

Studying regular subgroups of X directly can be difficult when X is large.
Byott’s translation theorem addresses this problem by instead working with the

holomorph of N. We will now see that this is often a much smaller group.

Definition 2.6.21. The holomorph of N is the normaliser in Perm(N) of the

image of the left reqular representation of N, i.e. Hol(IN) = Normperm(ny A(V).

Proposition 2.6.22. Concretely, the holomorph can be described as the semidirect
product Hol(N) = p(N) x Aut(N), where p is the right reqular representation. As
a set,

Hol(N) = {p(n)6] € N,0 € Aut(N)},
with multiplication given by
p(mOp()8 = p(n)p(6(n)08" = p(nd(n))06".
Proof. See Proposition 7.2 of [Chi00]. O

Remark 2.6.23. When considering the holomorph, we view N as an abstract group

rather than a subgroup of Perm(X).

An important consequence of the fact that Hol(/V) is a semidirect product is
that | Hol(N)| = |p(N)|| Aut(N)|. This is usually much smaller than | Perm(N)].

We can now state Byott’s Translation Theorem.

Theorem 2.6.24 (Byott’s Translation Theorem). There is a bijection between

N = {regular embeddings o : N — Perm(X)}
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and
G = {embeddings 3 : G — Perm(N) such that f(G") = Stabg)(en)}.

Furthermore, if a corresponds to 5 and o/ corresponds to f', then a(N) = o/ (N)
if and only if 3/ = vBy~! for some v € Aut(N) (explicitly this means B'(c)[n] =
vB(a)y L] for alln € N) and a(N) is normalised by \(G) if and only if B(G) C
Hol(N).

O

Proof. See Theorem 7.3 of [Chi00].

2.7 Hopf-Galois module theory

In order to study the rings of algebraic integers in non-normal extensions we
wish to study Oj, relative to a Hopf algebra H. We have a Hopf-Galois analgoue

of the normal basis theorem.

Theorem 2.7.1. If H is a Hopf algebra giving a Hopf-Galois structure on a finite
extension of fields L/ K, then L is a free H-module of rank one.

Proof. See Theorem 2.16 of [Chi00]. O

We explicitly construct the largest subring of H over which Oy, is a module in

the following way.

Definition 2.7.2. The associated order of O, in H is defined as
Ay :={he€ Hlh-x € Oy for allz € OL}.

This is a very natural generalisation of the corresponding definition for K[G].
In the context of Greither-Pareigis theory, in which H = E[N], the following

result relates the associated order to the fixed ring Og[N]¢.
Proposition 2.7.3. Og[N]¢ C Ay.

Proof. See Proposition 2.5 of [Trull]. O
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Recall the material on completions (Section 2.2). This allows us to study Apg,
for each prime ideal p of Ok rather than studying Apg directly. The following result
determines the associated order and freeness for primes which do not divide the

degree of the extension.

Proposition 2.7.4. Let L/K be a finite extension of number fields with Galois
closure E and let G = Gal(E/K). Suppose that L/K is H-Galois for some com-
mutative Hopf algebra H = E[N|®. Suppose that p is a prime of Ok lying above a
prime number pt [L : K|. Then Ap, = Opy[N]% and O, is a free Ay y-module.

Proof. See Theorem 5.8 of [Trull]. O

The natural approach to determining the associated order is to first describe
the structure of the associated order Ap, as a ring, then determine whether Oy,
is a free App-module. The following proposition combines these, allowing us to do
these “all in one” and will be useful for determining the associated order for prime

ideals which lie above the degree of the extension.

Theorem 2.7.5 (All in one approach). Let L/K be a finite extension of number
fields of degree n, let H be a Hopf algebra giving a Hopf-Galois structure on LK
and let Ay denote the associated order of Op in H. Let p be a prime ideal of O
and let x1, ..., x, be an Ok p-basis of O ,. Suppose that there exists x € O, and
elements ay, ..., a, € Agy such that a;, - x = x; for each i. Then a4, ..., a, form

an Ok p-basis of Ap, and Op, is a free Apy-module.

Proof. First we show that a, ..., a, form a K,-basis of H, and that z is a free

generator of L, as an Hy,-module. Suppose that cia; + ... + cpa, = 0 for some

¢; € K. Then

(cra1 + ... + cpay) -z =0
= ci(ay-x)+ ...+ cp(a,-x) =0
=T+ ...+, =0

=>c=..=c¢,=0
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since 1, ..., &, form a K,-basis of L,. Hence a4, ..., a, are linearly independent
over K,. Since H, has dimension n over K, these elements form a K,-basis of H,.

Now given y € L, there exist unique dy, ..., d,, € K, such that
y=dyxy+ ...+ dyx,
=dy(ar - )+ ... +dp(ay - x)
= (dyay + ... + dpay,) - @
Thus y = h - x for some unique h € H, and so z is a free generator of L, as an
Hp-module. Now let a € Apy,. Then a -z € Op,, so there exist unique ¢, ...,
cn € Ok, such that
a.r =C1x1+ ... +Cc Ty
=ci(ay - x) + ... +cpla, - x)
= (a1 + ... + cpay) - x
Since z is a free generator of L, as an Hy-module, this implies that a = cia; + ... +
Cnay,. Hence aq, ..., a, form an Ok, basis for Ap,. Finally let y € Op,. Then
there exist unique dy, ..., d, € Ok, such that
y=dyxy+ ...+ dyx,
=di(ar - )+ ... +dp(ay - x)
= (d1a1 + ...+ dnan) - T

Thus y = a - « for a unique element a € Ay, and so z is a free generator of Or,

as an Apg y-module. O

2.8 An example of Hopf-Galois module theory -
Tamely ramified radical extensions of prime
degree

This section will summarise the approach and results of Truman’s 2020 paper

“Hopf-Galois module structure of tamely ramified radical extensions of prime de-
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gree” | [Tru20]. We will apply the same strategy to extensions of prime power and
square free degree later. The motivation of Truman’s paper is to use Hopf-Galois
theory to study tame radical extensions of prime degree and obtain an analogue
of Gémez Ayala’s criterion for freeness. A field diagram for the class of extensions

studied by Truman is the following:

Galois, degree p —/ Yﬂms degree p
not Galois, degrek Alms degree p — 1

An important hypothesis used in [Tru20] is that the prime number p is unram-

ified in K. Consequences of this assumption are the following.
Lemma 2.8.1. Let F' = K(() and suppose that p is unramified in K. Then
1. The extension F/K has degree p — 1
2. Each prime ideal p of Ok lying above p is totally ramified in F/K
3. The set {1,(,...,(P2} is an integral basis of F over K
Proof. See Lemma 3.1 of [Tru20]. O

Note also that F'/K is tamely ramified since it is a Galois extension of degree
p — 1 and it is ramified only at prime ideals lying above pOg. The following

proposition gives a criterion for the extension to be tame.

Proposition 2.8.2. The extension L/K is tame if and only if there ezists o € Op,
such that

1. L =K(«)
2. o? =1 (mod p*Ok)

Proof. See Proposition 3.3 of [Tru20]. O
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Compare these criteria to those required in the Galois case where we had o = 1
(mod (¢ —1)?Ok), here ¢ ¢ K so we require a slightly stronger condition. In order

to assist in determining local intergal bases for the extension we first state a lemma.

Lemma 2.8.3. In the extension K(a)/K, prime ideals that do not lie above pOg

are either unramified or totally ramified.
Proof. See Proposition 3.4 of [Tru20] O

The following propositions give local integral bases at prime ideals which do

not and do lie above p respectively.

Proposition 2.8.4. Let p be a prime ideal of O that does not lie above p and let

mp be a uniformiser of K,. An integral basis of Or, over O, is given by

J
Y j=0,1,..,p—1%.
ﬂ.Tp(aJ)
p

Proof. See Proposition 3.4 of [Tru20]. O

Proposition 2.8.5. Let p be a prime ideal of O that lies above p. An integral

basis of O, over Ok, is given by

1

{1, .., a2 —(1+a+..+ ozp_l)} )
p

Proof. See Proposition 3.5 of [Tru20]. O

Section 4 of [Tru20] studies the Hopf-Galois structure admitted by the extension

and its properties.
Proposition 2.8.6. The extension L/K admits exactly one Hopf-Galois structure.
Proof. See Proposition 4.1 of [Tru20] O

Remark 2.8.7. Although it is not explicitly mentioned in [Tru20], this Hopf-Galois

structure s almost classical.

Remark 2.8.8. Proposition 4.2 of [Tru20] determines the reqular subgroup of
Perm(X) that corresponds to this Hopf-Galois structure.
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Proposition 2.8.9. We have H = K? as K-algebras.
Proof. See Proposition 4.3 of [Tru20]. O

Proposition 2.8.10. Fori, j = 0,1,...,p — 1 we have e; - o = §; ;07 (where the

idempotents e; are analogous to the ey ; defined earlier).

Proof. See Proposition 4.4 of [Tru20]. ]

The following result shows that Op, is a locally free Ag-module, that Ay =

Og[N]¢ and gives explicit generators.

Theorem 2.8.11. We have Ag = Og[N|® and Oy, is a locally free Ag-module.
For each prime ideal p of O a free generator of O, as an Agy-module is given
by

> 2j=0 a’ if plpOx

=NET X otherwise.

Proof. See Theorem 5.1 of [Tru20]. O



Chapter 3

A family of non-normal extensions
of prime power degree - Field

theory and Hopf-Galois structures

3.1 Setup for a non-normal extension of degree

T

p

Let p be an odd prime, let K be a number field such that p is unramified in K
and let ¢ be a primitive p'* root of unity. Let L = K(ay, ..., a,.) where of = a; € K,
note that «; € K so that [K(«;) : K| = p. Then the extension L/K is separable.
We will assume that [L : K] =p".

Proposition 3.1.1. The Galois closure of L/K is E = L(().

Proof. By adjoining ¢ to form the field £ = L(() the extension E/K is Galois
because the minimal polynomial of each «a; (for 0 < i < r) is 2P — a; € K|x]
which has roots (7a; for 5 = 0,...,p — 1. Hence E is the splitting field over K of
the product of these r polynomials, [[;_, (2" — a;). On the other hand, the Galois
closure must contain ¢ because all roots of the minimal polynomials of all «; over

K must lie in the Galois closure, so the Galois closure is indeed £ = L((). O
Lemma 3.1.2. The extension K(()/K has degree p — 1.

90



CHAPTER 3. FIELD THEORY AND HOPF-GALOIS STRUCTURES 51

Proof. Since p is unramified in K, the polynomial P~! + ... + 2 + 1 is irreducible

over K and is therefore the minimal polyomial of ( over K. See also Lemma 3.1

of [Tru20]. O

Note that [E : K| = p"(p — 1) since E is the compositum of F' = K(¢) and L
and their degrees [F': K| =p— 1 and [L : K] = p" are coprime. The Galois group
of E/K is G = (03, ...,0,,T) where

oi(a;) = Cay, 0i(a;) = aj for j # 4, 0;(¢) = ¢ for all 1,

7(a;) = o for all i and 7(¢) = ¢¢ where d is a primitive root modulo p.

This has relations
0,0, = ojo; for all ¢ and j and 70; = O’ZdT for all ¢

hence

(o1,...,00) = C) and G = (071, ..., 0,) X (T).

Note that "= Gal(E/L) = (r) with order p — 1. Hence |X| = % = p", where X
is the left coset space G/T. In the next section, we will discuss the possibilities for

N.
E= L(Cm)
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3.2 The almost classical Hopf-Galois structure
for the extension of degree p"

Proposition 3.2.1. The eztension L/ K has a unique almost classical Hopf-Galois

structure.

Proof. In the notation of the Greither-Pareigis theorem (Theorem 2.6.14) we have
T = (7). Let S = (01,...,0,) = O] be the unique Sylow p-subgroup of G. Then
because S is the unique Sylow p-subgroup of G, it is normal in G' and we have
S <G, ST =G and SNT = {e}. Since S is the unique Sylow p-subgroup of G,
the extension has a unique almost classical Hopf-Galois structure (given by A(S))

as claimed. O

Remark 3.2.2. Note that the normal complement S is abelian as promised in

Chapter 2.

We will construct the embedding S which gives rise to the unique almost clas-
sical Hopf-Galois structure. Let N = C) = (n1,...,7,), let 6 € Aut(N) be defined
by 0(n;) = nd for all  and let 8 : G — Hol(N) = N x Aut(N) be defined by
B(o;) = (n;, 1) for all i and (1) = (1,0). In order to verify that this map g is a

suitable embedding, there are various checks that we have to perform.
Proposition 3.2.3. The map (B as defined above is a suitable embedding.

Proof. To show that 3(c;) has order p for all 4, note that 5(o;) = (n;,1) and since
1; is one of the generators of C7, it has order p. To show that 3(7) has order p — 1,
note that 67(n;) = n? and since d is a primitive root modulo p this implies that

B(1) has order p — 1. To show that 8 respects the relations that define G, we have
B(Uio'j) = 6(01)5(03) = (7727 1)(”]7 1) = (771‘773'7 1)7

B(ojoi) = B(oj)B(ai) = (n;, 1) (i, 1) = (nymi, 1),
B(roy) = B(1)B(03) = (1,0)(n:, 1) = (1, 6),
Bloir) = Bleh)B(r) = (nf, 1)(1,0) = (anf, 0).



CHAPTER 3. FIELD THEORY AND HOPF-GALOIS STRUCTURES 23

To show that 8 has a trivial kernel, note that S(eq) = (1,1). To show that no
other element of G is contained in the kernel, note that 3(o;) = (n;, 1) for all i and
since n; has order p for all 7, no combination of the elements o; can be mapped to
the identity. Similarly, since 5(7) = (1,0) and 6 has order p — 1, no power of T
can be mapped to the identity. To show that S((7)) is the stabiliser of ey, since
BU(1))]en] = (1,(0))[en] = en, en is stabilised by S((r)), to show that no other
element is contained in the stabiliser, note that 8(o;)[en] = (n;, 1)[en] = n; for all

i. Hence f is a suitable embedding of G into Hol(N) as claimed. O

Proposition 3.2.4. Fori=1,...,r, let o, € Perm(X) be defined by n(o}*...00") =

ol ..ol olr. Then N' = (1, ...,nL.) is the regular subgroup of Perm(X) that

corresponds to the unique almost classical Hopf-Galois structure on L/K.

Proof. Recall that by construction the map a(n) is given by b= Ay (n)b for some
n € N. In this case the map b is given by b(g) = f(g)en. Hence if we write n =

nit..mi and consider a typical element of G ¢J'...a7 7% we have a(n)[o]"...0l7] =
b A (blod' .ot = b AN () () = 0N ) = o oy =
0 i (0dt . olr). Hence o N) = {n/i"|]l <n <r,0<i<p—1} =N O

The following remark is a consequence of Proposition 3.2.1.

Remark 3.2.5. In other words, we have a(N) = Ag({01,...,0.)) as a subgroup of
Perm(X). This is the image of the unique Sylow p-subgroup S of G under the map
A hence this will give rise to the unique almost classical Hopf-Galois structure on

the extension.

3.3 Hopf-Galois structures when r = 2

In this section, our main aim is to prove the following proposition.

Proposition 3.3.1. The unique almost classical Hopf-Galois structure is the only

Hopf-Galois structure on the extension in the case where r = 2.
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Our strategy for the proof will be firstly to show that there are no suitable
embeddings when N = C).. We then proceed to show that all suitable embeddings

when N = €, x (), fall under one equivalence class.

Proposition 3.3.2. There are no suitable embeddings § : G < Hol(N) in the case
where N = Clp.

We will prove this proposition in stages. Recall that by “suitable” we mean the
condition that 3({r)) = Stabg)(en) from the translation theorem. The reason
there are no suitable subgroups is connected to the structure of the subgroups of
the Sylow p-subgroup of Hol(N).

If there were such an embedding, then S({o1,02)) would be a subgroup of
Hol(N) isomorphic to C), x C,,. In fact since C), x C}, has order p?, it would have to
be contained in the unique Sylow p-subgroup of Hol(V), which is N x T', where T'
is the unique subgroup of Aut(N) of order p. Note that Aut(/N) is a cyclic group

here, so it has a unique subgroup of each order dividing its order.

Proposition 3.3.3. N x T has a unique subgroup isomorphic to C, x C,, but this

is not suitable (i.e, it does not satisfy the conditions of the translation theorem,).

We will prove this proposition in stages. The generators of T" are the auto-
morphisms of N that have order p, since because T has order p as a subgroup,
any non-identity element of T" will be a generator. The automorphisms of N are

precisely the homomorphisms defined by 1 +— " with ged(r, p?) = 1.
Proposition 3.3.4. Define 0 € Aut(N) by 0(n) = nP™'. Then 6 has order p.

Proof. If we consider 2, we have 6%(n) = (nPt!) = n@th® = pp*+2+1 — p2p+1
If we proceed inductively, we get 0%(n) = n**** so 0*(n) = n if and only if k = 0
(mod p) so 6 has order p. O

Now, we can write the Sylow p-subgroup N xT" as (1) x () with typical elements
written as ordered pairs (n%, 0%), withi =0,...,p? =1 and k = 0, ...,p — 1. We wish
to determine more information about the orders of the elements in this subgroup.

First, note that the element (n?,1) has order p.
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Proposition 3.3.5. The subgroup generated by (n*,1) is precisely the centre of
N xT.

Proof. Let (°,0%) be a typical element of N x T" and let (’?,1) be a typical
element of the subgroup. Then (77, 1)(n,0%) = (9/Pni,0%) = (P, 6%) and
(nt, 0%) (P, 1) = (gin?®+D" 9) = (nitir %), To verify that no other elements
of the group are in the centre, since the centre of a non-abelian group of order p3
has order p and since the subgroup generated by (1", 1) has order p, it is precisely
the centre. [

Now, note that (1,6) also has order p and because the element (n?,1) is in the
centre, it commutes with all other elements. Hence ((n?,1),(1,0)) = C, x C,. We
have two elements of order p and they commute with each other and they generate
different subgroups of N x T' so the group that they generate is isomorphic to
C, x Cp. Hence we have found an example of a subgroup of N 7' that is isomorphic
to C, xC,. To show that this is unique, we will show that there are no more elements
of order p. Recall that the elements of the semidirect product N x T are of the
form (n%,0%), with i = 0,...,p> — 1 and k = 0,...,p — 1. The elements that we have
not accounted for are those of the form (n?, %), with i = 0,....,p> — 1, p { i and

k=0,...p—1

Proposition 3.3.6. These elements all have order p*>. Hence they each generate

some cyclic subgroup of order p*.

Proof. We will first prove the case k = 1 by considering the element x = (n°,0).
We have

2? =", 0)(n',0) = ('’ P, 6%), ® = (', 0)(n'n’**V,6%) = (i’ PHIpPTI 6%

and so on. Inductively, we get

D +HEHD )Y gry (i gy

r

"= (n
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Since 1 has order p?, if we study the exponent modulo p?, we get

zé((er ) —1)= %(P + (1)]07“1 e (r i 2>p2 ' (T i 1)p)
ﬂ(ﬁ“*"* <ri2>p+ (Tﬁl))

) (r(r - 1)ij r) =0 (modp?) ifr=0 (modp?).

2 £0 (mod p*) otherwise.

Hence 2" = (1,1) if and only if 7 = 0 (mod p?) so x has order p*>. We will now
generalise this argument by considering the other cases. Now let x = (n,0%) €

N x T be such that p{i and k # 1. Then
= (1", 6") (", 0%) = (n'n™* V), 6%%),
(77 ek)( i, ik(p+1) 921:) (ninik(pﬂ)ni(k(pﬂ 93k>
and so on. Inductively, we get

. . (k(p+1)"—1
ro__ i+...+i(k(p+1)) rk 1 —=—— prk
o = (TR k) — (g RGE=T 0,

We now aim to study the exponent of 7 modulo p?. To do this, we write B =

s (1) -1

)T Then multiplying up gives

Bkp+k—1)=i(k"(p" + ...+ (r i 1>p—|— 1) —1),

taking congruences modulo p? gives

Bkp+k—1)= i(k‘r(r(T; 1)p +1) = 1) (mod p?)

and dividing out gives

ik (N p +1) — 1)
kp+k—1

B = (mod p?).

Now we need to determine when B = 0 (mod p?). Since B is a fraction, this
happens if and only if the numerator is congruent to zero modulo p?, i.e. if and
only if z(kr(r Uy + 1) — 1) = 0 (mod p?). Since we assumed that p { i, this
happens if and only if (kr(r Uy 4+ 1) — 1) = 0 (mod p?), which happens if and
only if 7 = 0 (mod p?). Hence, we again conclude that " = (1,1) if and only if

r =0 (mod p?) so x has order p*. O
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Combining Propositions 3.3.4 to 3.3.6 we can now prove Proposition 3.3.3.

Proof of Proposition 3.3.3. We have shown that the subgroup A := ((n?, 1), (1,0))
is the unique subgroup of Hol(V) isomorphic to C), x C,,. Hence, if 5 : G < Hol(N)
is an embedding, then §({o1,02)) = A. But then some element of (o1, 03) is mapped
to (1,0) € A and this element stabilises ey because (1,0)[en]| = enflen] = ey since
6 € Aut(N). Hence Stabg)(en) 2 B({7)). The translation theorem says that the
stabiliser of the identity should be precisely the image of T" under 3, but here we
get a set that is too large because some combination of o; and oy gets mapped
to (1,0) and this stabilises the identity ey. Therefore this § is not a suitable
embedding. ]

Combining all of the above, we can now prove Proposition 3.3.2.

Proof of Proposition 3.3.2. If 5 is any embedding of G into Hol(V), then 3({o1, 02))
A so (o4, 09), the unique Sylow p-subgroup of G, is mapped to this unique subgroup
A which is the only elementary abelian subgroup of order p? in the holomorph. If
this is this case, then the embedding 3 is not suitable to be used in the translation
theorem. We conclude that there are no suitable embeddings of G into Hol(V)

when N is cyclic of order p?. O

We now return to the case in which N = C, x €, and show that any suitable
embedding of G into Hol(V) is equivalent to the one we found in Proposition 3.2.3.
If 5 : G < Hol(N) is a suitable embedding, then 7' := §({(0y1,02) = C, x C,, is
a subgroup of Hol(NN) and is regular on N because Stabgg)(en) = B((7)), so by
the Orbit-Stabiliser theorem, §(G).ey = N and so T is transitive on N. Since T
also has the same order as N, it is a regular subgroup of Hol(N) isomorphic to
C, x C,. Since the order of T" is a power of the prime p, it must be contained
in some Sylow p-subgroup of Hol(NV). Note that Aut(N) = GLy(Z,) (where Z,
denotes the field of p elements) and | Aut(N)| = p(p — 1)*(p + 1). It can be useful
to identify Aut(N) with GLy(Z,) to make explicit calculations easier. The group
Aut(N) does not have a unique Sylow p-subgroup in this case. One example of

a Sylow p-subgroup is the group S := (z,y,7) where n(z) = z and 7(y) = zy.
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Our first aim is to determine equivalence classes of suitable embeddings 8 such
that 7" C S. One example is the particular embedding 5 which we defined in
Proposition 3.2.3. Henceforth we will refer to this particular embedding as Sy. In
order to understand if there are any other embeddings, we will try to describe all

subgroups of the particular Sylow p-subgroup S that are isomorphic to C, x C,,.

Proposition 3.3.7. The subgroups of S that are isomorphic to C, x C, are T}, :=
{(z,1), (y, 7)) for k = 0,....p — 1 and T, := {(z,1),(1,7)). FEach of the Ty is

reqular but T, is not.

Proof. Firstly, we seek elements of S of order p. If we consider a typical element

of S, s = (z'y’, 7*), we have

2 i,.kj

s = (a'y, 7) @'y’ 7*) = (a"y 2’2yl ) ),

— (ZEkaL’szQJ,TF
3 kj 2 25 _2kN(.i j _k kj. 2 2j i 2kj. j 3k 3kj 3i 3] _3k
s® = (e¥x%y ) (2'y?, 7)) = (VT yT ety wot) = (et y moh).

Inductively, we get

. r(r—1), . . . ..
(z'y?, 7" = (2™ 2 : Figriyrd 7% where 0 < i,j,k <p—1and r € Z.

Hence, every element of S except for the identity element has order p.

Now consider subgroups generated by elements of order p,
Sy = ((z'y?,7%)) and Sy := ((z"y”", 7K)).

For these to yield a subgroup isomorphic to C, x (), we need the generators to
commute but because these groups have order p, every element except for the
identity is a generator, so we need all elements in S; to commute with all elements
in Ss.

If J'=0and J # 0 (the reverse is similar), then we can write S as {(z!", 75))
and we can rewrite S; as ((x'y, 7*)) by taking a suitable power of the generator such
that the exponent of y is congruent to 1 modulo p. Then, considering multiplication

of the generators, we have on the one hand

((ay, 7)) = (@4, 7
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and on the other hand
(1‘1/77TK/)(:Eiy,7Tk) — (l‘prK,y,Wk—i_K,),

These agree if and only if K’ = 0, so in this case we have S, = ((z!',1)) which
is equal to Z(S) if I’ # 0 and by taking a power of the generator, we can rewrite
Sy = {(z,1)). Then S; and S, generate ((z,1), (z'y,7%)) and by using suitable
negative powers of the first element, we can remove the z* factor from the second
element and hence rewrite the subgroup as {((z, 1), (y, 7)) = Tj.

Now if J # 0 and J' # 0 we rescale by taking powers of the generators so that
the exponent of y is congruent to 1 modulo p in both cases. This allows us to
rewrite the subgroups as S; = ((z'y, 7)) and Sy = ((z”y, 7™*")). Then, considering
multiplication of the generators, we have on the one hand

!

(:Eiy, ﬂk)(ﬂji,y, 7Tk: ) _ (xz‘—i—z”xlky27 7Tk:+k:’)

and on the other hand

(xiJri’xk’yQ 7Tk+kl).

(z"y, ) (z"y, %) =

Y

These agree if and only if & = £/, so in this case our subgroups of order p are
((x'y, 7)) and ((z"y, ")) so if we assume that i # i, these generate the sub-
group S, = {(a'y, 7*), (z7y, 7*)) = C, x C,. Now notice that we can write the
second generator as (z% %, 1)(z'y, 7*) so this implies that (2%, 1) € S,, so since
we assumed that ¢ # ¢/, we can take a power of this element to get that (z,1) € S,
which means that S, = ((z, 1), (x'y, 7%)) and as before we can use suitable negative
powers of the first element, we can remove the z* factor from the second element
and hence rewrite the subgroup as {(z, 1), (y, 7)) = Tj.

Now if J = J' = 0, then we have S; = ((z!,7%)) and S, = (2, 7X")). Then,
considering multiplication of the generators, we have on the one hand

(!, 7Y (@0 7K = (2T R

and on the other hand

(331,, WKI)(.II, 7rK) = (xHI/, 7rK+KI).
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These generators commute regardless of the values of I, I’) K and K’. Hence S
and S, generate the subgroup ((x!,7%), (2, 7%")). Now note that we can take

powers of the generators in the following way to obtain
(!, w) (@ )RV < (1) € (o 75, (o 5,
(!, 7) T (@ ) YIRTIO = (1,7) € (@ 7). (@7, 7)),

Hence we see that S; and Sy generate the subgroup ((x,1), (1,7)) = T%.
Note that if I = I’ = 0, then we have S; = {(y/,7%)) and S, = ((y”", 7X")).

Then, considering multiplication of the generators, we have on the one hand
(y?, 75V (y” 7K = (KT T+

and on the other hand
(7 7YV 7)) = (2K Ty K

These agree if and only if KJ' = K'J but if this is the case then (y’/,7%) €
((y”",75")) so these elements only generate a subgroup of order p which is not
what we require.

Above we have shown that the subgroups 7}, are isomorphic to C, x C,. This
implies that they have the required order to be regular. To complete the proof that
they are regular, we let the subgroups act on the identity. A typical element of

Ty is (x,1)%(y, 7*)° = (x“*kb(b;)yb,ﬂk). If we let this act on the identity, we have

b(b—1) a+k 2=
(x5 7R en] = o) 2" 05, As a and b vary we reach the whole of (o1, 75)

so the subgroups 7}, are transitive and hence regular as claimed.

To show that T, the last subgroup mentioned in the proposition is not regular, if
f : G — Hol(N) is an embedding such that 5((o,09)) = ((x,1), (1, 7)), then some
element of (01, 09) is mapped to (1,7) € ((x,1), (1, 7)) and this element stabilises
en because (1,7)[en] = enymlen] = en since 7 € Aut(N). Hence Stabga)(en) 2
B({1)). The translation theorem says that the stabiliser of the identity should be
precisely the image of T" under [, but here we get a set that is too large because
some combination of o and oy gets mapped to (1, 7) and this stabilises the identity

en. so this  is not a suitable embedding. ]
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Proposition 3.3.8. If 5({01,02)) is a reqular subgroup of S, then [ is equivalent

to Bo.

Proof. In this case 8((01,02)) = T}, for some k and we have 8(G) = {(z, 1), (y, ), (1, ¢))
with ¢ € Aut(N) satisfying (1, ¢)(x,1) = (2¢,¢) and (1, ¢)(y,7") = (y,7*¢)? €
Hol(N). This is because in G, we have 7oy = o7 and 70y = 097 so 7 behaves
“uniformly” on the subgroup i.e. 7o = o7 for all o € (01, 0,). Hence ¢(z) = x¢.

To find ¢(y), we need to find the “N-component” of h? where h = (y, %) € Hol(N).
We have

h? = (y,7)(y,7") = (y°a*, 7%),
W= (y, 7") (y%a", %) = (yay?a® = (P2, 1)
and
h4 — <y,7rk:)(y3$3k:’ 7T3k) — <y$3kzy3$3k:’ 7T4k) — (y4x6k, 7T4k).

Inductively, we get

Y

pd — (ydx kd(d—1) ’ Wkd)

kd(d—1)

hence ¢(y) is given by the “N-component” of this, which is ¢(y) = 2~ 2 y?. Since

some power of ¢ is the image of 7, ¢ should have order p — 1. We now calculate
¢ for some r. We have ¢ (z) = 2% and ¢"(y) = 24 =5 ~y?". If k = 0, then ¢ has
order p — 1 but in fact ¢ = 6 in this case. If k # 0 then ¢" is equal to the identity.
p — 1|r (to ensure that the multiplier " =1 (mod p)) and p|r (to ensure that the
top right entry of the matrix is zero) which is if and only if p(p — 1)|r. Hence in
this case, ¢ does not have order p — 1. Hence if £ is an embedding that satisfies
B((c1,02)) C S, then in fact 3(G) = (x,y,0) so f(o1) = x'y’ for some i and j,
B(oy) = 2y for some 7' and j' and B(7) = 0" with ged(t,p — 1) = 1. Using the

relations in the group, we have that
B(ror) = B(r)B(o1) = (1,0)(a'y’, 1) = (a"y"*. 0),

Blofr) = B(o})B(7) = (a"y*, 1)(1,0) = («"y", 6).
Since these elements are both equal, this forces t = 1 (where ¢ is as previously

defined). O



CHAPTER 3. FIELD THEORY AND HOPF-GALOIS STRUCTURES 62

Proposition 3.3.9. Let v : N — N be defined by v(z) = 2'y? and y(y) = 27y’
Then v is such that 8 = vByy~!.

Proof. First, to verify that v € Aut(N), note that v € Aut(N) if and only if
ij # 4'j. If ij' = i'j, then Im(y) & N so v~! would not be well defined. To
show that v satisfies 8(g) = (1,7)Bo(g)(1,~71) for all g € G, it is sufficient to
check this for the generators of G, o1, 0 and 7, because the maps § and [, are

homomorphisms. Hence, we have

(Ly)Bo(o1)(L,y7h) = (1,9)(x, 1)(1,77") = (v(2), 1) = 2’y = B(oy).

similarly

(L,7)Bo(o2)(L,y™ ") = (L, D(1,7) = (v(y), 1) = 2"y = B(o2)

and finally

(L,9)Bo(r) (A7) = (LML 01,71 = (1,9077) = (1,0) = B(7)
where the penultimate equality follows from the fact that 6 € Z(Aut(N)). O

We conclude that there is one equivalence class of embeddings satisfying 3({o1, 02)) C

S. It remains to understand how this interacts with conjugating S. More generally

if 3 is any suitable embedding, then 3({oy,02)) C hSh™! for some h € Hol(N).

Proposition 3.3.10. The conjugate subgroups of S can be written as (1,1)S(1,471)
for some 1 € Aut(N).

Proof. Let P = (m) be the Sylow p-subgroup of Aut(/N) discussed previously.
Then Sylow theory tells us that the other Sylow p-subgroups of Aut(/N) are given
by ¥ Py~! for some elements ¢ € Aut(N). If we now consider “lifting” this to
Hol(N) (by considering Hol(N) as N x Aut(/N)) we see that only the “Aut(N)-
component” changes when we conjugate the subgroup and the “N-component”
remains fixed i.e. we have that S = N x P and hSh™! = N x ¢)Py~! so the
elements h which conjugate S are precisely the elements (1,1) where 1 are the

elements which conjugate P. ]
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Corollary 3.3.11. If 8 : G — Hol(N) is any embedding, then [ is equivalent to
Bo.

Proof. Here we are concerned with embeddings such that Im(3) C hSh™!, where
hSh™! is a conjugate Sylow p-subgroup of S (the case 8({(o1,02)) C S was dealt
with in Proposition 3.3.8). If Im(8) C hSh™!, then using the previous proposition,
we can write h = (1,v) for some ¢» € Aut(N). Now conjugating by h~! ensures
that Im(y~'8v) C S and we can now apply the arguments in Proposition 3.3.8 to
show that [ is equivalent to f,. O

In conclusion, we have now completed the proof of Proposition 3.2.1 having
successfully shown that the unique almost classical Hopf-Galois structure is the

only Hopf-Galois structure on the extension in the case where r = 2.

3.4 Properties of the almost classical Hopf-Galois
structure

We now return to the case in which L = K(ay, ...,a,) and study the unique
almost classical Hopf-Galois structure on L/K, corresponding to the regular sub-

group N = A\(5) of Perm(X).
Proposition 3.4.1. We have H = K?" as K-algebras.

Proof. Since ( € E, the group algebra E[N] has a basis of mutually orthogonal

idempotents given by
r p—1

€ = ;% | | DN

k=1 n=0
for 0 <ip <p—1so E[\(S)] & E?" as E-algebras. We now study the action of G

on A(S). We have

7{(Moy)) = Mo Mo)Mo; ') = AMoiojo; ') = Moy)

)

for all 7 and 5 and

T(A(g7)) = MOATHAT™) = Aro;77") = A(oy)?
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for all 7. This implies that each idempotent e; is fixed by each element of G and so
lies in E[\(S)]¢ = H. Therefore H has a K-basis consisting of mutually orthogonal
idempotents and so H = K?" as K-algebras. O

Corollary 3.4.2. The Greither-Pareigis theorem implies that the action of H on
L s given by

r p—1 r p—1 r p—1
1D iy -2=11D  cm™Telz) = [[ D cinoin(2)
n=1 i=0 n=1 i=0 n=1 =0
for all z € L.
Proof. This is a consequence of Theorem 2.6.14. [

Proposition 3.4.3. The orthogonal idempotents detect the elements of L in the

following way.

. 1t . ol if iy = j for all k.
aled) = 11D crotad) =
P Zin=o 0 otherwise

Proof. This is a consequence of Proposition 3.4.1 and Corollary 3.4.2. Also note
that the proof of this is similar to the proof of Proposition 2.5.6. [



Chapter 4

A family of non-normal extensions
of prime power degree -

Ramification and rings of integers

4.1 Ramification

Recall that K is a number field in which p is unramified, and L is a degree p”
extension of K of the form L = K(ay,...,«,) with a; = of € K for each i =1, ...,

r.

Proposition 4.1.1. The extension L/K is tame if and only if the elements a; can

be chosen to satisfy a; =1 (mod p*Of) for each i.

Proof. To ensure that L/K is tame, applying Proposition 2.1.9 (which states that a
compositum of extensions is tame if and only if each of the subextensions is tame),
then applying Proposition 2.8.2 (which states that K(«;)/K is tame if and only
if a; can be chosen to satisfy a; = 1 (mod p*Of)) we get that it is necessary and

sufficient to assume that a; = 1 (mod p?Of) for all i. O

Henceforth we will assume that these congruences hold.

65
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4.2 Local integral bases for p { pOy

Proposition 4.2.1. For p { pa;,Of for all i an Ok y-basis of Op is

i
ai 0<ix<p—1forall<k<rs;.
ﬂ.;"p(a)

Proof. In this case p is unramified in each of the subextensions so we can apply
arithmetic disjointness and induction to combine copies of the local integral basis
from Proposition 2.8.4 and obtain the result. Note that in this case we have
rp(a’) = 0 but writing the integral basis in this form allows for a more unified

description of the integral bases for different prime ideals p. ]
We are now left with the case p 1 pOg and pla;O for some 1.

Proposition 4.2.2. For p { pOk and p|a;Ok for some i an Ok y-basis of Op, is
given by

i
ai 0<ix<p—1forall<k<r
7T;p(ﬂl)

Proof. First suppose that p|v,(a;) for all <. Then p is unramified in K (o) for all

and an Ok ,-basis of Op; is given by the set of products

i1 i
aft..alr

Tp (ail ) ﬂ_T’p (ay

.r)\()gikgp—lforlgkgr
Ty . Tl

. i
In this case r,(a)}) = % for each k so we may combine the exponents obtaining

of
0<ip<p—1lforalll <k<r

Tp (ai )
Tp

Now suppose that p { v,(a;) for some i. Without loss of generality suppose that
p{ vy(ar). Then there exist ng, ..., n, € {0, ..., p — 1} such that v,(aj?a;) = 0 for
i =2, .., 7. We can write L as the compositum of the fields K (o), K(aj?a2), ...,
K(aj"a,) and these fields are arithmetically disjoint at p so an Ok y-basis of Op,,

is given by
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We can simplify as before obtaining an O p-basis of Op,, of the form

{ a |0§ik§p—1f0ra111§k§r}

rp(at)
Ty

More specifically, we first note that since vy(ay) is the only term which is not
congruent to 0 modulo p, we do not get a “carry” in the floor function and we can
combine the exponents of 7, as expected. Now we must be able to reach a typical

element,

(@ at)

S1 Sr
{M‘Ogikgp—lforaﬂlfkgr}
p

We can do this by first choosing each i, to be the unique element in {0, ...,p — 1}
such that ngiy = s, (mod p) for 2 < k < r and finally choosing ¢; to be the unique
element in {0, ...,p—1} such that Y, _, iy = s; (mod p). By doing this, we extract
a unit power of each a; but since these are in K already, this does not affect the
extension. We can relabel the indices to rewrite the integral basis in terms of the

original elements and get a basis of the following form.

i
a,- 0<ip<p—1foralll<k<r
ﬂ;p(a)

4.3 Local integral bases for p|pOy

To get an O - basis of Or, we find an Ok p-basis of Op, and take traces
from E, to L,. Recall that since E/L is tame, the trace map from Op to Oy, is
surjective (see Proposition 2.1.10). Since an O - basis of Op, and an O ,-basis
of Op,p has p"(p—1) elements, when we have taken traces of our basis of O, it will
certainly span Op,, but there will be too many elements so we must resolve linear
dependencies. Consequences of p being unramified in K are that [F: K] =p—1
and that there is a unique prime ideal 8 lying above p (see Lemma 2.8.1 which is
based on Lemma 3.1 of [Tru20]). Note that here we are using B to refer to a prime

ideal of F' (rather than L) lying over p. By the Galois case, an Opyp-basis of Og g
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is given by

r L 1.

{H(Oé 1)]1'Ogjigp—lforalllgigr}.

i=1

(Since E/F' is Galois, the subextensions F'(«;) are actually arithmetically disjoint
at B for all 4.) Recall that since pOr = (1 — {)P"'OF (see Proposition 2.1.11), we

can rewrite the O ,-basis of Op, as

T C 1) .
{Hu(l—g)w—ﬁgﬂogﬁgp—1foraulgz'gr,ogk:gp—Q}.
p

=1

Proposition 4.3.1. An Ok ,-basis of O, is given by the following elements,

f[a?’ forijmp—l
=1 =1

74‘_ oy — 1 Ji - .
Hz_l(pQ ) forp—1< Zji <r(p—1)
i=1

1 j j
(a1 + .ol )ll+ap+.+af)  forji+.tj,=r(p—1)

'a

where Q) is a function of J1, ..., Jr obtained by using the Fuclidean division algorithm

towrite 1 + ... +j,=Qp—1)+ Rwith0 < R<p—1.

Proof. In this proof we will write Tr as a shorthand for Trg,,. We wish to calculate

TI‘( szl (O;)Z B 1>JZ

(1= P h

Since HT:1(+1)] € L, we can simplify the trace as follows.

H;l((); — 1) Tr((1 — Or(p—l)—Zf:1 ngk)

Using binomial expansion and linearity of the trace, this becomes the following.

r i r(p—1)—>27_1 i r i B r .
Hi:l(ai _ 1) Z ( (p 1) . Zz:l jl) (_1)n Tr(ck—i—n)

p

n=0
An Opgp- basis of Og g consists of elements of the form

H;:l(ai —1)7
(¢ — D)=
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We can use the Euclidean division algorithm to write j; + ...+ j, = Q(p—1) + R
with 0 < R < p— 1. This allows us to rewrite the Opgq- basis of Op g (up to units

of Opy) as '
I[ioy (o — 1)

p@+1 (1=

To get an Ok p-basis of Og,, we observe that an Ok ,-basis of Opgyp is given by

{1,¢,...,¢P"?} (see Lemma 3.1 of [Tru20]). Hence an Ok p-basis of Op,, is given by

{ [ (i — 1)

pQ+1

(1—4)”‘1‘R<’“\1§¢§r,0§j§p—1,0§k§p—2}.

As we expected, there are p"(p — 1) elements here. We now proceed to take traces.

First suppose that j; + ... + j. < r(p — 1). In this case we obtain the following.

r a; — 1 Ji L
Tr(Hzl}()Q—H ) (1 . C)p Rck)

Since % € L, we can simplify the trace as follows

Hi:lz(?gil_ 1) Tr((1— ¢)P 1 F¢k)

Using binomial expansion and linearity of the trace, this becomes the following

[T (0 — 1) ZR <p “1-R

T

n=0

Evaluating the trace, this becomes

H;l; o T (p ; 1—; R> (1P Fp — plZOR (p - ,1n_ R) (—1)")
= (_1)p—k (p —1- R) H;Zl(ai B 1)]'1- n=

p—k p?

Since (—1)P~* (” ;l_;R) € Ok, the span of these traces is equal to the span of

Ha{" for Zj2-<p—1
i=1 =1
[l (e — 1)

pe

forp—1< 3 ji<rlp—1)

=1
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Now we consider the case j; = p — 1 for all 7. For any 0 < k < p — 2, we have

r _ (p=DIT_ (a=1P7' ey
Tr (Hi:l(ai - 1)17 1ck> plT lf k =0

T
" (a;—1)PL .
p —% otherwise

Therefore Hg:l(+_l)p_l € O, and using the fact that (*~') = (—=1)" (mod p), we

have
r p—1

%HZ&? € Op,.

i=1 n=0
To prove linear independence, since we end up with p” elements if they span Op,

over Ok then they span L, over K,, so by a dimension argument they form a basis
of L, over K, so they must be linearly independent over K, hence over Ok ,. We

conclude that the set in the proposition is indeed an Ok ,-basis of Oy . O

4.4 Associated order and local generators

The aim of this section is to prove the following theorem

Theorem 4.4.1. The ring of integers Oy, is locally free over Ay in the unique

almost classical Hopf-Galois structure.

The proof of this theorem will take the form of a sequence of propositions. Recall
the information on orders from the background chapter, in particular Theorem 2.3.7
which gives some properties of maximal orders. We will study the associated order
by relating it to the fixed points of the group ring Og[N]®. In fact, we will show
that Ay = Op[N]“. Recall from Proposition 2.7.3 that Og[N]¢ C Ay.

Proposition 4.4.2. If p { pOx, then each ¢; € Opy[N]¢ so Op,[N|9 = Ay, =

M, and Oy, is a free App-module.
Proof. See Proposition 2.7.4 which is based on Theorem 5.8 of [Trull]. O
To determine the associated order for prime ideals p|pOk, we will use the “all

in one” approach (recall Theorem 2.7.5). We will denote the elements of the Ok -

basis of O, by x;. That is,

' T
for Zji <p—1, we have x; = Hafi,
i=1

=1
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[[ioy (i — 1)’

pe

Y

forp—1§2j1-<r(p—1) we have z; =
i=1

g 1
for D i = rlp = 1) we have rp1 = i oA (I a4 a7,
=1

Proposition 4.4.3. For p|pOx we have Ay, = Op,[N]|9 and O, is a free App-

module.

Proof. Firstly, we will take
1 _
T=Tpq = F(l +ar4 .+ I+ +..+ah)

as a candidate generator. To check that x generates L as an H-module, note that
ej - x = ad and this sets spans L. To simplify notation, we will write Q(>" j;) for
Q(j1 + ... + jr) and later we will write Q(>_ I1.) for Q(I; + ... +1,). Recall that we

can use the element x to define elements a; € H, by the rule a; - x = ;. Explicitly

a; = p'ej for iji <p-1
Q) ZIZOII( ) Yi e, forp—lézlji<7“(p_1)

aj =1 for Zji:r(p—l).
i=1

To determine whether a; € Az, we will study the fixed group ring Og,[N]9. We
have H = E[N]¢ where N = \(S). Inside H we have the order Og[N]¥. We know
that Op[N]¢ C Ay or equivalently O[N] C Ay, for all prime ideals p.

For p|pOk, we have written down elements a; € H, such that a; - z = ;. We
aim to determine whether these elements have integral coefficients i.e. whether the
coefficient of A(a?) is in Op,, for each i. If so(i. e. if aj € Opy[N]C), then this is
sufficient to show that a; € Ag, and we get Ay = Op[N] (globally).

It is straightforward to see that a; € Og,[N]¢ for Y.j < p—1and Y j =
r(p — 1). Now note that for p —1 <> j <r(p—1) we have

= ST

m=1nnm,=0 i=1
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Substituting in the expression for the orthogonal idempotent, we get
r r p—1 r
w3 S () e ST
m=1 n,,=0 i=1 s=0 k=1
We can rewrite this expression using the bold notation to obtain
—Q(ZJ Z H (]Z) l)jz‘_ni H Z g_nkSkA(a-s
n =1 k=1 s
We will move the sum over s to the front of the expression to obtain
]Z ji—ng - —niS
y _Z Q) ZH( ) 1 T A?)
n =1 k=1
For all possible values of s = (s1,...,s,), the coefficient of A\(¢®) in the above
expression is equal to the expression in the brackets, which is

o S (4) o[l

n =1
Observing that there are no cross terms, we can combine the two products in this
expression using a single index to get

Q) ZH (2) | yisni g

n =1
Now notice that for all = = 1,...,r each individual term of the product can be
written as a binomial expansions as follows.
pQ2d) ﬁ(é“si —1)%,
i=1
Now since (7% — 1 and ¢ — 1 differ by a unit of Ok, and also p and (¢ — 1)P~*
differ by a unit of Ok, the above expression is equal to (up to units)

(b
(¢ — 1)e-Dazd)

Since (p—1)Q(>_J4) < >_j by construction of ), the above experssion lies in O,

and we have Og ,[N]¢ = Ay, as claimed. O

Since a; € Ogy[N]Y for all j and Og,[N]¢ C Ap,, we have a; - 7; € O, for
all ¢ and j (so we do not need to check this explicitly). Hence Ap, = Ok y(aj) =
OEAJ[N]G but .AHm 7£ Mp - OK7p<€n>.
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We have achieved our aim of proving Theorem 4.4.1, that the ring of integers
Oy, is locally free over Ag in the unique almost classical Hopf-Galois structure.

We need explicit local generators of Ag, over Oy, in order to apply the idelic
theory in the following section. We have shown that for prime ideals p|pOg, a free
generator of Or,, over Ay, is given by z, = I%(1+a1+...—1—0411’_1)...(1—1—%—#...—|—04£*1)
(see Proposition 4.4.3).

Proposition 4.4.4. For prime ideals p { pOy, the element x, = z% > ﬁ 1S a
Tp
free generator of O, over Ap,.

Proof. For prime ideals p 1 pOg, since the associated order coincides with the

maximal order and we have Ay, = Ok p(e;). If we consider summing the basis

. i . .
elements i.e. we take z, = 1% >, —2+ as stated in the proposition, we can use

i rp(a®)
Tp
these orthogonal idempotents to detect each of the terms in the sum and recover

the local integral basis, hence our element z, as given above is a local generator. [

4.5 Using idelic theory to move from local to
global freeness

In the previous sections we have shown that Oy, is locally free over Ay and
given an explicit generator of Oy, , over Ap , for each prime p of Ok. In this section
we determine a criterion for Oy, to be a free Ag-module. Our main tool will be a
theorem of Bley and Johnston, Theorem 2.4.16. Recall from Proposition 3.4.1 that
we have an isomorphism of K-algebras H = KP" arising from the fact that H has
a K-basis of mutually orthogonal idempotents. This isomorphism implies that H

contains a unique maximal order M given by
M = Ok(e]0 <ip <p—1foreach 1 <k <r).

We write MOy for the smallest M-module in L containing Q. Explicitly

M@L:{Zz.myzeM,xeoL}.

finite
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Theorem 2.4.16 implies that Oy, is a free Ag-module if and only if MOy, is a free
M-module with a generator lying in Op. Our strategy will be to determine a
criterion for MOy, to be a free M-module and then a further criterion for it to
have a generator in Op. For the first of these, note that MOy is a locally free
M-module and recall from Section 2.4 that since H is commutative, O, is a free
M-module if and only if it has trivial class in the locally free class group Cl(M).
Also recall from Theorem 2.4.10 that we have an isomorphism

J(H)
H<UM)’

12

CLM)

Proposition 4.5.1. The class of MOy in CI(M) corresponds to the class of the
idéle (hy), where
e
hy = Z W
Proof. Let v = Z(1+ai+... +a M. (1+a,+...4ar™") € Op. Then z generates
L as a free H-module. For each prime p of Ok let z, be the free generator of Or

as an Ay ,-module found in Propositions 4.4.3 and 4.4.4. That is

#(1 +ar4 ..+ N (I +a+...+ar™h) i p[pOk

i .
D ) otherwise
s
p

For each p, we have (MOp), = MO, = M,(Apg, - x,) = M, -z, so the element
z, given above is a free generator of (MOy), as an M,-module. Now, as described
in Section 2.4, the element h, € H, is defined by hy, - © = x,. Recalling (from
Corollary 3.4.2) the formulae for the actions of the orthogonal idempotents on

elements of L, we find

1 if plpOxc
hy =

€; :
> e otherwise
P

Finally note that if p|pOy, then vy(ay) = 0 for all £ and > ,e; = 1 so we may
combine the expressions above into the single expression in the statement of the

proposition. O]
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Since H & K?" as K-algebras we have M (’)i’; as Og-orders and so

J(H) g( J(FK) )
HUM)  \KUOx))

Now
J(K)
KxU(Ok)

the ideal class group of K via (zy), — [], pU (). Thus each element of

~ CI(K)

J(H)
HXUM)

corresponds to a p"-tuple of fractional ideals of K.

Proposition 4.5.2. The idéle (hy), corresponding to the class of MOy, in CL(M)

corresponds to the p"-tuple of classes of ideals a{l where

a; = Hprp(ai).
p

Proof. Recall from Proposition 2.4.14 and Corollary 2.4.15 that to obtain the tuple

of ideal classes corresponding to an idele (z,), we write

Rp = E Cip€i
i

with ¢;, € K, for all i. Then the idele (hy), is mapped to the p"-tuple of classes of

fractional ideals (¢;) where
ci — Hpvp(ci,p).
P

Applying this to the idele (hy), corresponding to the class of MOy in CI(M)

(constructed in the previous proposition) we see that

1

T e
Ty

for all 4 and p. Hence (hy), corresponds to the p"-tuple of ideal classes (a;)~! where

a; = H pTP(ai)
p

for all 2. O]
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Corollary 4.5.3. The M-module MQOy is free if and only if the ideals a; are

principal for all z.

Proposition 4.5.4. The M-module MOy has a free generator lying in Or, if and

only if the ideals a; are principal for all © with generators a; such that
1 ol
—Y — €0,
P G
Proof. By the previous proposition MOy is a free M-module if and only if each

ideal a; is principal. Suppose that this is the case and write a; = ¢;Og for some

¢; € Og. Then a free generator for MO as an M-module is
1 1%
y=—> —.
The set of free generators of MOy, as an M-module is precisely the set {z - y|z €
M*}. Since M = O via orthogonal idempotents and ¢; - af = & ja we see that

an element 3y’ € L is a free generator for MOy as an M-module if and only if it

has the form

1 u;a
/ 2
Yy =—
P ; Ci
for some u; € OF. Therefore MOy, has a free generator lying in O, if and only
if there exist elements u; € O such that the corresponding element /' lies in Op.

Writing a; = u; e; for each 4, this is equivalent to the existence of elements a; as

in the statement of the proposition. O

By combining the results of this section, we obtain a criterion for O to be a

free Ag-module:

Theorem 4.5.5. Let p be an odd prime number, let K be a number field such that
p 1s unramified in K, and let L be a tamely ramified extension of K of degree p" for
some positive integer v having the form L = K(01,...,6,) for some §; € L such that
each 6Y € K. Let H be the Hopf algebra giving the unique almost classical Hopf-
Galois structure on L/K. The ring of algebraic integers Oy, is a free Ay-module

if and only if there exist By, ..., B, € O such that

]. L = K(ﬂla ~-~>B7")
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2. b = 0B € Ok for each i

3. The 1ideals b; = Hp p”’(bi) are principal with generators c¢; such that y =

Furthermore in this case the element y is a free generator of O as an Ag-module.

Proof. If Oy is a free Ag-module then by Theorem 2.4.16 we have MO, = M - x
for some x € Op. Therefore by the previous proposition the ideals Hp pTP(“i) are

principal for all ¢ with generators b; satisfying
1 a
—) €0
P b

Therefore the elements 3; = «; for each i satisfy 1., 2. and 3. To prove the converse,

the same argument used in the proof of Theorem 2.5.25 applies here. O



Chapter 5

A family of non-normal simple
radical extensions of square free
degree - Field theory and

Hopf-(Galois structures

5.1 Setup for an extension of degree m

Let K be a number field and let m be an odd square free positive integer. Let

h

Cm be a primitive m! root of unity. Suppose that all primes p|m are unramified in

K. Note that this implies that (,, ¢ K and that [K((y) : K] = ¢(m). Let d € K

be such that 2™ — d is irreducible over K.

Proposition 5.1.1. The polynomial x™ — d is irreducible over K if and only if

xP — d is irreducible over K for all plm, i.e. d & KP for p|m.
Proof. See Theorem 13.1.5 of [Rom05]. O

Henceforth, we will write m = p;...p, for the prime factorisation of m and we
will write ¢; for a pi* root of unity. Let d be a root of 2™ —d, let L = K(§) and let
F=K((n). Fori=1,...,r, let o = §n (so o € K but o; ¢ K).

Proposition 5.1.2. In this notation, we have L = K(aq, ..., o).

78
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Proof. Tt is clear to see that K(ay,...,a,) C K(9). For the reverse inclusion, write
¢ = ;? for each 7. Then there exist u; € Z such that u;q; + .... + u,.q, = 1. Then

aft.alrgmiatturr — § which completes the proof. O

Let E be the Galois closure of L/K. We will now aim to determine the degree
[E : K]. We show this by writing £ = F(§) = K(()(9). Firstly we aim to show
that the extension E/F has degree m. Note that the minimal polynomial of «;
over K is a?" —d. We can also write £ = F(ay,...,,). Each of the extensions

F(«;)/F has degree dividing p; (i.e. either p; or 1).
Proposition 5.1.3. Fach of the extensions F(a;)/F has degree p;.

Proof. 1f [F(oy) : F] # p; for some i, then 27" — d is not the minimal polymial of
a; over F'. Hence 2P — d is reducible over F'. The polynomial 2P — d is reducible
over F'if and only if it has a root in F. (see Theorem 13.1.5 of [Rom05]). Since
Cp, € I, once 2P — d has a root in F, it splits into linear factors in F. Hence
[F(oi) : F] =1 and K((p,, ;) € F. However F/K is Galois with abelian Galois
group and K((p,,a;)/K is Galois with non-abelian Galois group (see [RomO05]).
Since it is impossible for an abelian group to have a non-abelian quotient, we have

a contradicition. Hence [F(«;) : F] = p; as claimed. O
Proposition 5.1.4. [E : K] = m¢(m).

Proof. By Proposition 5.1.3 we have [E : F] is divisible by py,...,p,, hence is
divisble by m and hence [E : F] = m. We can now apply the tower law to conclude

that [E : K] = m¢(m) as claimed. O

Remark 5.1.5. Note that in the proof of Proposition 5.1.3, we showed that the
polynomials xP* —d are irreducible over F', hence the polynomial x™—d s irreducible

over I
The Galois group of E/K is given by G = Gal(E/K) = (o4, ...,0,,T1, ..., T,) Where
oi(ai) = Goy, oi(a;) = oy for i # j, 0i(¢;) = ¢; for all ¢ and j,
7;(a;) = o for all ¢ and j, 7;(¢;) = Cid'i where d; is a primitive root modulo p;

and Ti(Cj) = gj for 7 7£ j
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E = L(Gm)

5.2 The almost classical Hopf-(Galois structure

Henceforth, we will write S = (071, ...,0,) and T = (71, ..., 7).
Proposition 5.2.1. The extension L/K is almost classically Galois.

Proof. The field L is the fixed field E7 and T has a normal complement in G
(namely 5). O

Hence A(S) C Perm(X) gives an almost classical Hopf-Galois structure on the
extension.

To describe the corresponding embedding, write N = C, X ... x C),, = (m) X
.. X {n,). In this case Aut(N) = O = C)... x C) via the description Aut(N) =
(p1, ..., pr) where ¢;(n;) = n% where d; is a primitive root modulo p; and oi(n;) =n;
for i # j.

The corresponding embedding is given by ((0;) = (n;,id), 5(;) = (e, ¢;).

Proposition 5.2.2. The embedding given above corresponds to the Hopf-Galois
structure given by A(S).

Proof. For 1 <i <rletn; € Perm(X) be defined by n;(c7"...0") = o' ...l ..o

Recall that by construction the map a(n]'...77") is given by b= Ay (7]'...nJ")b. In
this case the map b is given by b(g) = B(g)en. Hence if we consider a typical

element of G ¢%'...0°" we have a(n]'..np7)[o5 .05 ] = b= An(n]'..pJr)b[ot o3| =
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7 AN (o) (i) = b7 (o) = gt (o' 0?). Hence a(N)

r

(M1, s e) = A(S). .

5.3 Unique normal complement

In this section, we will prove that S is the unique normal complement of 7" in

G directly using group theory.

I

Lemma 5.3.1. For i = 1, ..., r, let G; = (o;,7;). Then G; < G and G
G1 X G2 X ... X GT.

Proof. 1t is clear that G; < G for each ¢ and for j # i the elements o; and 7,
commute with all elements of GG;. Hence G; < G and H;l G; < G. We have
G;NG; ={e} fori+#j,s0|[[i-, Gil = 11—, |1Gi| =1I;—, pi(pi — 1) = |G|. Hence
G:H::1GigG1X...XGT. O

Lemma 5.3.2. For each i = 1, ..., r the subgroup (o;) is the unique normal

complement to (;) in G;.

Proof. 1t is clear to see that (o;) is a normal complement to (7;) in G;. If U; is
a normal complement to (7;) in G; then |U;| = p;, but (o;) is the unique Sylow

pi-subgroup of G;, so U; = (0;). ]

Proposition 5.3.3. The subgroup S = (01, ...,0,) is the unique normal comple-

ment to T = (11, ..., 1) in G.

Proof. 1t is clear to see that S is a normal complement to 7" in G. Now suppose
that U is a normal complement 7" in G. Then |U| = p;y...p, = m. By Lemma 5.3.1
we have G = G X ... X GG,.. For each 1, let m; : G — G; be the natural projection.
Then for each ¢ we have m;(T") = (r;) and m;(U) is a normal complement to (7;) in
G;. By Lemma 5.3.2, m;(U) = (0;). For each j the subgroup U contains an element
u; of order p;. Now for each i the order of m;(u;) divides p;. Since m;(u;) € (0;)
for each ¢ we find that m;(u;) = e for i # j and 7;(u;) = O'j»j for some s; =1, ...,

p; — 1. Hence u; = ajj and so o; € U. Since this holds for each j =1, ..., r we
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see that S C U and comparing orders gives S = U. Hence S is the unique normal

complement to 7" in G. [

5.4 Classifying the Hopf-Galois structures on the
extension when r = 2

For this section we will change notation from p; and ps to p and ¢ and assume
that p > ¢. The aim of this section is to classify all Hopf-Galois structures on the

extension of degree pq. More specifically we will prove the following proposition.

Proposition 5.4.1. The unique almost classical Hopf-Galois structure is the only

Hopf-Galois structure on the extension in the case where r = 2.

Since there are only two groups of order pq, there are only two possibilities
for the group N from Greither-Pareigis theory (up to isomorphism). The two
possibilities for N are N = C,,, and N = C}, x ;. Note that the second possibility
can only occur when p =1 (mod ¢). Note that G = S x T = Cp, X Cp_1 X Cy_y.
We will apply Byott’s translation theorem. This tells us that we seek equivalence
classes of embeddings  : G < Hol(N) such that 5(T") = Stab(ey). We firstly show
that all suitable embeddings when N is cyclic fall under one equivalence class. We

then proceed to show that there are no suitable embedding when N is metabelian.

Proposition 5.4.2. There is exactly one equivalence class of embeddings in the

case that N s cyclic.

The proof of this will take the form of a sequence of propositions. We will
write N = Cpy = (i, n|p? = n? = e). (Note that we use two generators for this
cyclic group to simplify the construction of the embeddings later.) In this case
Aut(N) = C¥ = CX x O via the automorphism (¢, 11)[un] = p*n'. A typical
element of Hol(V) is an ordered pair (u'n?, ¢x1h;). Then |Hol(N)| = |[N|| Aut(N)| =
pq(p —1)(¢ — 1) = |G]. In this case since |G| = | Hol(N)|, the embeddings that we
are looking for are actually isomorphisms. Note that we will write o, for o; and

o4 for oy, which emphasises the fact that the automorohisms have orders p and
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q respectively. Recall that we require the embeddings to satisfy S(T') C Aut(N),
f(0,) must have order p, B(o,) must have order ¢, 5(7,) € Aut(N) and must
have order p — 1 and fB(7,) € Aut(N) and must have order ¢ — 1. Recall that
two embeddings 3 and 8’ are equivalent if and only if 3 (g) = v8(g)y~* for all
g € G and some v € Aut(N). A suitable embedding is given by £(o,) = (1, id),
B(og) = (n,id), B(1,) = (e, ¢.) and B(1;) = (e,1q) with ¢ a primitive root modulo

p and d a primitive root modulo g.

Proposition 5.4.3. The embedding given above corresponds to the Hopf-Galois

structure that we have already found.

Proof. Let u € Perm(X) be defined by u(aéag) = cr;';lag and let n € Perm(X) be

defined by n(aéaé) = a;agfl.

Recall that by construction the map a(u‘n’) is given by b= Ay (p‘n?)b. In this
case the map b is given by b(g) = f(g)en. Hence if we consider a typical elenent
of G apoar!, we have a(u'n’)[ogog] = b An ('’ )blogog] = b An(u'n’) (1'n®) =
b () = oy = Ty (0307). Hence a(N) = {1,m) = A(S). =

1
p

We now aim to determine whether there are any inequivalent embeddings. Sup-

pose that ' : G < Hol(N) is another suitable embedding.

Proposition 5.4.4. ('(1,) = B(1,)" for some 1 < u < p—1 such that ged(u,p —
1) =1.

Proof. A priori it is possible that 5(7,) = (e, ¢;1;) for some ¢ and j with ¢;1); having
order p—1, we will show that j = 1 (note that ¢; and 1; are the identity maps). In G
we have 7,0, = 0,7, s0 8'(1,) 3 (0,) = ' (0,) 8 (7). If we write B'(a,) = (uFn', f) €
Hol(N), then the previous equation becomes (e, ¢;10;) (1*n', f) = (u*n', f)(e, diy;).
If we let both sides of this equation act on ey, we get ¢;1;(u*n') = pFn'. This
implies that p*n/' = p*n!, which in turn implies that ik = k (mod p) and jl = I
(mod ¢). We have i =1 (mod p) or k =0 (mod p) and j =1 (mod ¢) or [ =0
(mod ¢). Note that one of the congruences modulo p has to hold and one of the
congruences modulo ¢ has to hold. If i =1 mod p, then since ¢; is the identity

element of Aut({u)), 5'(7,) = (e, ;) but since 9, is an element of a group of order
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g—1and ¢ —1 < p—1, this means that §'(r,) cannot have order p— 1. If k =0
(mod p) and [ = 0 (mod ¢), then §'(o,) = (en, f) which cannot happen because
f'(0,) cannot be trivial in the N-component. Hence the only possibility is that
k=0 (mod p) and j =1 (mod ¢). So far we have shown that §'(7,) = (e, ¢;) for
some i. Now, the fact that 5'(7,) has order p — 1 implies that ¢ = ¢* (mod p) with
ged(u,p — 1) =1, so f'(7,) = (e, p.)* = B(7,)" as claimed. O

Remark 5.4.5. In the above proof, we determined that 3'(a,) = (1, f).
Proposition 5.4.6. The subgroup generated by (p,id) is normal in Hol(N).

Proof. The subgroup {((u,id)) is normal in Hol(N) if and only if g(u,id)g™' =
(", id) for all g € Hol(N) and some 0 < r < p—1. It is sufficient to check this for
g the generators of Hol(N). We have

(i) (p, id) (1, id) ™ = (upp"sid) = (p,id),

(n, id)(p, id)(n, id) ™" = (nun~",id) = (u, id),
(e, de) (1, id) (e, do) ™" = (Pep), dedy ') = (1, id),
(e,9a)(, id) (e, ¥a) ™" = (Yalp), Lap; ") = (u,id).

Since all of these are of the form (u",id), the subgroup generated by (u,id) is

normal in Hol(N) as claimed. O

Corollary 5.4.7. The subgroup generated by (p,id) is the unique Sylow p-subgroup
of Hol(N).

Proposition 5.4.8. Further to Proposition 5.4.4, we have u =1 so B'(7,) = (7).

Proof. Since the subgroup generated by (,id) is the unique Sylow p-subgroup of
Hol(N), this implies that 5'(o,) = (u™,id) = B(0,)™ for some m with gcd(m, p) =
1. Now in G, we have 7,0, = o;7,, which implies that §'(7,)3'(0),) = B'(0,)8' (1),
which implies that 3(7,)"8(0,)™ = B(0,)B(7,)". Now writing these elements as
ordered pairs, we have (e, %) (u™,id) = (¢, id)(e, p*). If we let both sides of this

equation act on ey, we get ¢*u™ = p™° which impies that g™ = ™ which tells

us that v = 1 as claimed. O]



CHAPTER 5. FIELD THEORY AND HOPF-GALOIS STRUCTURES 85

Proposition 5.4.9. In the previous proof, we can take m = 1 (i.e. ['(0,) =
(,id)).

Proof. Let v : N — N be the automorphism defined by (1) = p™ ' (where
the inverse is taken modulo p) and ~(n) = n. Let 8” be the result of conju-
gating the embedding (" by the automorphism 5. Then in particular, 5"(o,) =

(67 0) (ﬂm’ Zd) (67 6)71 = (e(um)7 'Ld) = (N? Zd) O

Remark 5.4.10. Henceforth, we will assume that we have conjugated the embed-

ding to ensure that m =1 so we can write ' (0,) = (p, id).
Proposition 5.4.11. §'(r,) = B(1,)" for some 1 <v <gq—1.

Proof. In G, we have 7,0, = 0,7,, which implies that §'(r,)5 (0,) = B'(0,)5'(14)-
Writing these elements as ordered pairs, we have (e, 24) (1, id) = (i, id)(e, pLaby).
If we let both sides of this equation act on ey, we get ¢¥4 () = p. This implies
that u® = p, which implies that ¢* = 1 (mod p), which tells us that u = 0
(mod p —1) (as a primitive root nmodulo p the element u has order p — 1 modulo
p) hence the ¢ component in 3'(7,) is just the identity. Hence f'(7,) = B(1,)" as

claimed. ]
Proposition 5.4.12. #'(0,) = 8(0,)" for some 0 <1< q—1.

Proof. In the proof of Proposition 5.4.4, we found that 8'(c,) = (1, $%") for some
1 <z,y<p-—1. In G, we have 0,0, = 0,0,, which implies that 5'(c,)5 (0,) =

B'(0,)B (0,). Writing these elements as ordered pairs, we have (n', $Z¢%)(u, id) =

(w,id) (', gZ4bY). Letting both sides of this equation act on ey gives n'¢%(u) = un'.
This implies that u¢ n' = un' which tells us that 2 = p — 1 hence the ¢ component
in B'(o,) is just the identity. Now to prove that there is no ¢ component, note
that 5'(o,) must have order ¢ which is prime. Let 7 : Hol(N) — Aut(N) be the
projection given by m((xz, f)) = f. Since §'(o,) must have order ¢, when we project
it onto the Aut(/N) component we get m(5'(0,))? = 4% which must have order
dividing ¢. Since the element 14 has order ¢ — 1, no power of iy can have an
order which divides ¢ except for the identity. Hence §'(o,) = (1',id) = B(0,)" as

claimed. ]
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Proposition 5.4.13. Further to Proposition 5.4.11, we have v = 1, so f'(1,) =
B(1y)-

d1,, which implies that 8'(7,)3'(0,) = 8'(0,)*8'(7,),

Proof. In G, we have 1,0, = oy

which implies that 3(7,)"8(c,)! = B(0,)B(7,)’. Now writing these elements as
ordered pairs, we have (e,9?)(n',id) = (n'?,id)(e,1q). If we let both sides of this
equation act on ey, we get ¥4n' = n' which impies that n'" = 5/? which tells us

that v = 1 as claimed. O

Proposition 5.4.14. Further to Proposition 5.4.12, we can takel =1 (i.e. f'(0,) =

(n,id)).

Proof. Let v: N — N be the automorphism defined by v(u) = p and v(n) = n=".
Let 8" be the result of conjugating the embedding 5" by the automorphism ~. Then

in particular, 8”(c,) = (e,0)(n',id)(e, 0) = (0(n'), id) = (n,id). O

To conclude, in all of the above we have shown that the embedding 4’ turns out
to be equivalent to the embedding 3. This tells us that there is only one equivalence
class of embeddings and this completes the proof of Proposition 5.4.2.

We will now determine the Hopf-Galois structures admitted by the extension

when N = C, x C,. Now we will suppose that p =1 (mod ¢). Let

M =Cp,xCy= (|’ =n? =e,nun " = p?)

where g has multiplicative order ¢ modulo p. (C) is cyclic of order p — 1. since
qlp — 1, there is an element in C* of order ¢. Concretely, we could take g = T
with ¢ a primitive root modulo p.) We aim to use Greither-Pareigis theory to
determine whether there are any regular G-stable subgroups of Perm(X) that are
isomorphic to M. This is equivalent to seeking regular embeddings o : M —
Perm(X) with a G-stable image. By Byott’s translation theorem, this is equivalent
to finding suitable embeddings 5 : G — Hol(M) with (T") = Stab(ex). Recall

that Hol(M) = M x Aut(M). We now determine what Aut(M) is as a group.

Proposition 5.4.15. Aut(M) has order p(p — 1).
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Proof. We first consider the orders of elements in M. Since p has order p, (i) is the
Sylow p-subgroup of M. It is unique because n,|pg and n, =1 (mod p) so n, =1
(where n, denotes the number of Sylow p-subgroups of M). Since n has order ¢, (1)
is a Sylow g-subgroup of M. This is not unique. Note that all elements of M\ (u)
have order q. There are p Sylow g-subgroups given by (u"n) for 0 < n < p — 1.

The formula for taking powers of elements of M is
i j\r A
(w'n’)" = p "

To see this, we can view M as a semidirect product M = (u) x (n) where 7 acts on
by nxpu = p?. This allows us to write the elements of M as ordered pairs with

multiplication given by

(1) (') = (O 1), ') = (R ).

As a consequence of this, the subgroup generated by a typical element of M uin’
(with j # 0 (mod q)) is the same as that generated by p"n since we can take the
rt" power of the element where r is such that j» = 1 (mod ¢). Now we return
to considering the automorphism group. If ¢ € Aut(M) then ¢(u) has order p
so ¢(u) = p® for some 1 < s < p—1. The map ¢ must send 7 to u'n* with
1<u<qg—1.

Next we show that we have u =1 (so ¢(n) = u'n for some 0 <t <p—1).

In M we have the relation nu = p9n. This implies that ¢(nu) = ¢(ufn). Since
¢ is an automorphism, this implies that ¢(n)¢(u) = ¢(un)?¢(n). Substituting in
the values for ¢, we have p'n“u® = p*pu'n". Rearranging the left hand side of this
using the group relation to move the powers of u to the left gives pu! 59" n¥ = pt+s9nv
which tells us that u = 1 as claimed.

We can now define ¢,; to be a homomorphism that maps p to ¢ and 7 to
p'n. To check that ¢, preserves the group relations, note that ¢, (nun=') =
Gt (M) Dst ()P (™) = prp*n ™ ™" = p*9 = ¢s4(1?). To check that ¢ is surjec-
tive, given a target u*n' we must be able to find i and j such that ¢, (u'n’) = u*n'.
We have ¢ ;(u'n’) = ,usHtggj%llnj hence ¢, (p'n’) = pFnt if and only if j =1 (mod q)
and i = s~} (k — t%) (mod p). This tells us that as a set Aut(M) = {¢ps4]1 <



CHAPTER 5. FIELD THEORY AND HOPF-GALOIS STRUCTURES 88

s <p—1,0 <t <p-—1}, hence we conclude that Aut(M) has order p(p — 1) as

claimed. O

Corollary 5.4.16. There are no suitable embeddings § : G — Hol(M) with M =
Cp, x C.

Proof. Note that since 3 is an embedding its image must be a subgroup of Hol(M)
of order |G|. The group G has order pq(p—1)(¢g—1) and Hol(M) has order p?q(p—1).
Therefore Hol(M) does not have any subgroups of order pg(p — 1)(¢ — 1) and we

conclude that there are no suitable embeddings as claimed. ]

In conclusion, we have now completed the proof of Proposition 5.4.1 having
successfully shown that the unique almost classical Hopf-Galois structure is the

only Hopf-Galois structure on the extension in the case where r = 2.

5.5 Unique Hopf-Galois structure of abelian type

Previously we determined an almost classical Hopf-Galois structure admitted
by the extension. In this section, we will denote the corresponding embedding by
£. We now return to the case in which m is a positive odd square free number and
aim to use Byott’s translation theorem to determine whether there are any other
Hopf-Galois structures of abelian type. Recall that we have G = S x T with S
cyclic of order m and |T'| = ¢(m) with m square free and N is a group of order m.

We seek inequivalent embeddings ' : G < Hol(V) such that Stab(ey) = (7).

Lemma 5.5.1. If §’ : G — Hol(N) is a suitable embedding, then ('(S) is a reqular

subgroup of Hol(N).

Proof. We first observe that |5'(S)| = m. To show that 5'(S) acts transitively,
since 3 is a suitable embedding, we know that Stab(ey) = /(1) so by the Orbit-
Stabiliser theorem | Orb(ey)| = \g;gi: = % = m and since Orb(ey) C N we have
that f'(G) acts transitively on N. For a typical element st € G (where s € S

and t € T), p'(st)lex] = B (s)5'(t)[en] = B'(s)[en] where the last equality holds

because [§'(t) stabilises ey, so in fact 5'(S) acts transitively. ]
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Proposition 5.5.2. If N is cyclic, then Hol(N) contains a unique cyclic reqular
subgroup, which is (N,id).

Proof. See Lemma 5.3 and Example 7.1 of [AB18]. O
Proposition 5.5.3. 3 (0;) = 8(0:)% for all i and some k; depending on i.

Proof. The previous lemma and proposition tell us that if §’ : G < Hol(N) is a
suitable embedding, then #/(S) = (N,id). Hence 8'(c;) = (n",id) for all i and

some k; depending on 1. ]
Proposition 5.5.4. For all i we have B'(1;) = (7).

Proof. Firstly, note that 5'(;) € (en, Aut(N)) for each i (by the stabiliser condtion
in the definition of 5’). Now, suppose that we fix i. For each j # i, we have 7;0, =
o;7; in G, so B'(r;0;) = '(0;7;), which implies that 6’(Ti)(nfj,id) = (nfj,id)ﬁ’(n).
Since the previous equation holds for all j # 4, this tells us that 8'(7;) = (e, ¢%*) for
some l;. Now (for j = i), in G we have 7,0, = o7, hence §'(1;0;) = 8'(c%7;). Writ-
ing these elements as ordered pairs, we have (ey, (bii)(nfi, id) = (nf"di, gzﬁi’) Doing
the multiplication on the left hand side gives (nZk i , gbil) = (nlk i gbﬁz) Comparing
the exponents of 7;, this tells us that [; = 1. O

Finally, we aim to show that 5’ is equivalent to 5. Recall that 5(o;) = (n;,id)
and 3(7;) = (en, ¢;) also recall that 3 and 3’ are equivalent if and only if 3’ = v3~~!
for some v € Aut(N).

Proposition 5.5.5. The embedding 5’ is equivalent to 5.

Proof. Define v € Aut(N) by v = ¢7*...¢" where d;" = k; for all i. For each i, we

have y3(7:)y™" = (en, ¢1'..017 ) (e, &) (en, 61 ™ .07 ") = (e, @) = B'(7i) where
the second equality holds because Aut(/NV) is abelian (since N is cyclic). Also, we

have y3(0:)y ™! = (en, 9101 ) (miy id) (exv, 7™ o0, "7) = (07 (msy id) = ()" id) =

p'(0;). Hence (' is equivalent to 5 as claimed. ]

In conclusion, we have now shown that there is a unique Hopf-Galois structure

of abelian type admitted by the extension.



CHAPTER 5. FIELD THEORY AND HOPF-GALOIS STRUCTURES 90

5.6 Properties of the almost classical Hopf-(Galois
structure

We now return to the case in which L = K(ay, ..., a;.) with o' € Ok for each i
and study the unique almost classical Hopf-Galois structure on L/ K, corresponding

to the regular subgroup N = A(S) of Perm(X).
Proposition 5.6.1. We have H = K™ wvia orthogonal idempotents.

Proof. The orthogonal idempotents are given by

r pp—1

3 DA

=1 n=0
These form an E-basis of E[N]. Since G acts on N by 7*A(c;) = A(o;) for all 7 and
4, TA(0;) = A(o;)% where d; is a primitive root modulo p; and (o) = (o) for
i # 7, we have that each idempotent ¢; is fixed by each element of G and so lies in
E[N]¢ = H. Therefore H has a K-basis of mutually orthogonal idempotents and
so H = K™ as K-algebras. O

Corollary 5.6.2. The Greither-Pareigis theorem implies that the action of H on
L 1s given by

r p—1 r p—1 r p—1
[I> i -2 =TI e [l() = [T oo (2)
n=1 i=0 n=1 i=0 n=1i=0
for all z € L.
Proof. This is a consequence of Theorem 2.6.14. [

Proposition 5.6.3. The orthogonal idempotents detect the elements of L in the

following way.

1 > . .
LTS o ifi=]
m H (*ray O‘k

k=1 n=0 0 otherwise.

Proof. This is a consequence of Proposition 5.6.1 and Corollary 5.6.2. Also note

that the proof of this is similar to the proof of Proposition 2.5.6. ]



Chapter 6

A family of non-normal simple
radical extensions of square free
degree - Ramification and rings of

integers

6.1 Ramification

Recall that m = p;...p, is an odd square free number, K is a number field in
which each p; is unramified, and L is an extension of K of degree m and of the

form L = K(aq, ..., ) with a; := o¥" € K for each i =1, ..., 7.

Proposition 6.1.1. The extension L/K is tame if and only if the elements a; can

be chosen to satisfy a; = 1 (mod p?Ox) for each i.

Proof. To ensure that L/K is tame, applying Proposition 2.1.9 (which states that a
compositum of extensions is tame if and only if each of the subextensions is tame),
then applying Proposition 2.8.2 (which states that K(«;)/K is tame if and only
if a; can be chosen to satisfy a; = 1 (mod p?Of)) we get that it is necessary and

sufficient to assume that a; = 1 (mod p?Of) for all . O

Henceforth we will assume that these congruences hold. A consequence of this

91
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assumption is that we can no longer assume that o = d for each i.

6.2 Local integral bases for p { mOg

Recall Lemma 2.8.3 which states that for each ¢ the prime ideals that do not lie
above p;Of are either unramified or totally ramified in K («;). First we consider
the case where p is totally ramified in K (o) for all i. By Theorem 118 of [HGKS81],

this case occurs if and only if v,(a;) # 0 (mod p;) for all 4.
Proposition 6.2.1. p s totally ramified in L.

Proof. Consider the ideal pOr, = PB'.. B, we know that 327, e;f; = [L : K] = m.
Let ‘B be one of the B; and write e = ¢;. Let B, = PN Ok(a,). Then P is a prime
ideal of Oy, lying above B, and B, is a prime ideal of Ok (q,) lying above p. The
ramification index e(P/p) = e(P/PBa,)e(Pa,/p) and we know that e(P,,/p) = pi
because p is totally ramified in K(a;)/K. Hence e(*3/p) is divisible by p;. Since
this argument is valid for each i in turn, we obtain that e(J3/p) is divisible by all
primes p;. Hence e(P/p) is divisible by m. Since P was an arbitrary 9;, one of
the e; is equal to m. Hence g = 1 and f; = 1. Hence we have pOr =P and p is

totally ramified as claimed. ]

The prevous proposition allows us to apply Theorem 2.2.10. This says that
L/K is totally ramified if and only if O, = Ok y[z] where vgp(x) = 1. In other
words, the elements 1, z, 22, ..., 2™ ! cover all the valuations between 0 and m — 1
(at ). We could try to find such an x or alternatively we can try to find a set of

elements which cover all valuations from 0 to m — 1.

Definition 6.2.2. For 1 <1 < r, we will use q; to denote the integer %. Also let

q denote the collection (qq, ..., qy).

Proposition 6.2.3. The set

o
{ngikgpk—lforeachlgkgr}
Ty

covers all valuations from 0 to m — 1.
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Proof. Let B be the unique prime of L lying above p. Then pOp = P™. For each

0 < j <r we have

muy(a;) = vg(a;) = vp(af’) = pjop(ay),

SO
vp () = qjup(a;) = vp(aj’).

Hence

ai . r iq . .
o (ﬁ) = vp(e) —up(m" ") = (@) — mry(a').
p

As noted above, this is the least positive remainder of v, (a™) modulo m, which
lies between 0 and m — 1. To show that every value in this range is achieved, it
is sufficient to show that the values v,(a) are all distinct modulo m as ¢ varies.
Suppose that v,(a¥4) = v,(a™) for some i and n. Then v,(a?*™) = 0 (mod m)

and expanding the bold notation we have
vp(a‘fl(il_”l)...ag"(i"_"")) =0 (mod m)

= Zkap(&k)(ik —ng) =0 (mod m).

k=1

Recalling that ¢, = pﬂk for each k, we see that for each k& we have

arvp(ar) (i —ng) =0 (pr).

Since py 1 ¢ by definition and py { v,(ax) by assumption, we find that iy —ny =0
(mod pg). Finally, since 0 < iy, ny < pp — 1, we obtain iy = n and so ¢ =n. Thus

vy(a*) covers all residues modulo m as ¢ varies, so vy ( ) covers the values

rp(a?d)
Tp

0, ..., m — 1 exactly once each as ¢ varies. O

Corollary 6.2.4. If p; { vy(a;) for all i then the set

rp (@)

i
{a—|0§ik§pk—1foreach1Skgr}
P

forms an O p-basis of Or,.
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Next we show that this set also forms an Ok ,-basis of O, in the case that

pilvp(a;) for some 7.

Proposition 6.2.5. If p;|vy(a;) for at least one i then an Ok y-basis of Op, is
given by

of

———0<ix <pr—1 foreach 1 <k<rj;.

;p(a"’)
Proof. Relabelling if necessary there exists 1 < s < r such that p; { vy(a;) for
i =1, ..., s and p;|vy(a;) for i = s+ 1, ..., r. Let Ly = K(ov,...,;). Applying
the preceeding proposition and corollary to the extension L;/K, we find that an
Ok p-basis of Oy, is given by

ryp(a*9)

i
{a—|0§ik§pk—1f0reach1§k§s}.
p

Now consider Lgi1 = Lg(asy1). Since p is unramified in K (a1), the extensions
Ly/K and K(os41)/K are arithmetically disjoint at p and so an Ok p-basis of Op,
is given by

iq is419s+1
AP @)y (ai et

0 <ip <pr—1foreach 1 <k<s+1

Since psi1|vp(ast1) we have

i s+1
, (ais+lqs+l) . Up(a‘z:_;illq )
PAMs41 - m ’

so we may combine exponents in the denominator obtaining an O ,-basis of the

form
o
—|0<ip <pp,—1lforeach1 <k<s+1;.
rp(a’)
Tp
Repeating this process yields the result. ]

6.3 Local integral bases for p|mOg

Henceforth we will assume that if p|p;Ok for some p;|m, then p is unramified
in K(a;) for all i # j. This assumption allows us to apply arithmetic disjointness
which will ease obtaining the integral bases. Since we have previously assumed

that each p; is unramified in K, we may choose m, = p; whenever p|p;.
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Proposition 6.3.1. If p|p; for some j = 1, ..., r then an Ok -basis of O is
given by

ai
{Wmﬁiképk—lforlgkgr andij#pj—l}
J
1+Oé‘+...—|—ogl.7j_1 ot
U J j .
bj p;p(a"’)

0<ir<pr—1for1<k<r andij:0},

Proof. Since we have assumed that p is unramified in K(«;) for all i # j, the
extensions K (o) and L; = K(aq, ..., 01,041, ..., @) are arithmetically disjoint

at p. By Proposition 2.8.5, an O p-basis of O q,)p is

J

5 1 _
{1,0@-,...,@?] 2,]7(1+0zj+...+a§7 1)}
j

and by Section 6.2 an Ok y-basis of O, is

o
{m‘ogikﬁpk—lfor1§k§rand@‘j:()}.
pjp

Hence an O p-basis of Op , is the product of these two sets, which gives the set

described in the proposition. ]

6.4 Associated order and local generators

The aim of this section is to prove the following theorem

Theorem 6.4.1. The ring of integers Oy, is locally free over Ay in the unique

almost classical Hopf-Galois structure.

The proof of this theorem will take the form of a sequence of propositions. Recall
the information on orders from the background chapter, in particular Theorem 2.3.7
which gives some properties of maximal orders. We will study the associated order
by relating it to the fixed points of the group ring Og[N]®. In fact, we will show
that Ay = Op[N]“. Recall from Proposition 2.7.3 that Og[N]¢ C Ay.

Proposition 6.4.2. If pt mOg then each e; € Ogy[N], Opp[N]¢ = Agp = M,

and Or, is a free Ag,-module.
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Proof. See Proposition 5.7 of [Trull]. O

To determine the associated order for prime ideals p|mQOp, we will use the “all

in one” approach (recall Theorem 2.7.5).

Proposition 6.4.3. Suppose that plmQOyx. Then Ap, = Opy[N]9 and O, is a

free A p-module.

Proof. Since p|mQOy we have p|p;Ok for exactly one j =1, ..., r. Now fix j to be
the unique value such that p|p;Ok. For each vector ¢ with 0 < i), < p, — 1 for each
k, let

Lif k= j
i = (igl), .., i) where i,(cl) =

1 otherwise.
(Thus i) agrees with i in all but possibly the j* position where it is equal to
[.) Note that 0 < [ < p, — 1. Label the Ok y-basis elements of O, found in
Proposition 6.4.2 as follows:

o ep
T ifi; #p;j—1
I)v

J

Ty = 1+aj+.‘.+a;;j71 ai(O) T P
7 (e Tl =i =1
Pj
Now let
pj—1 5(0)
1—i—ozj+...+ocj o co

fL' =

P m rp(ai¥a) Lop
i Py

This element generates L, as an Hy,-module: for each ¢ we have ¢; - x, = ol for
some nonzero ¢; € K,. Therefore, following the method of Theorem 2.7.5, for each
© there is a unique element a; € H, such that a; - x, = x;. We can determine the a;

explicitly. We have

i

«a
€ Ty = ——.
PP (@)
J
Hence

a; —
Zl €;(») if ij =Pj— 1.
To complete the proof we must show that a; € Ag, for all 2. In fact we show that

a; € Opy[N]% C Ag,, for all i. Recall that ¢; = L [[,_, SP P CT#n A (o). Tt is

n=0



CHAPTER 6. RAMIFICATION AND RINGS OF INTEGERS 97

clear that me; € Opy[N]9 and so a; € Op,[N]% for i; # p; — 1. If i; = p; — 1 then
we have
a; = Z (SHO)

l
r pp—1

SO | D ISP CAE

l k=1 n=0
r pr—1

T D¢ Aew)r

k=1,k#j n=0

€ Op,[N]C.

Hence a; € Op,y[N|% C Ap, for each i, so the a; form an O y-basis of O ,[N]¢ =

A, and Op, is a free Ay y-module with generator z,. O

We have achieved our aim of proving Theorem 6.4.1, that the ring of integers

Oy, is locally free over Apy in the unique almost classical Hopf-Galois structure.

Proposition 6.4.4. For prime ideals p 1 mOg, the element

1 o’
T, = — -
p Z 2
m - ﬂ;p(a )

is a free generator of O, over Ap,.

Proof. For prime ideals p { mOf we have
Ay =M, = Ok p(ei|0 < i, <p,—1foreach 1 <k <r)

Now
o

1
€; Ty = ———
e mﬂrp(a’)
p

for each 2. Refering to the Ok p-basis of Oy, constructed in Section 6.2 and noting

that L € Of pin this case, we see that the set
{ei 2,0 <ip <py—1lforl <k<r}

forms an Op p-basis of Or,. Hence z, is a free generator of O, as an Ap -

module. ]
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6.5 Using idelic theory to move from local to
global freeness

In the previous sections, we have shown that Oy, is locally free over Ay and
given an explicit generator of Oy, , over Ap, for each prime p of Ok. In this section
we determine a criterion for Op to be a free Ag-module. Our strategy will be the
same as in Section 4.5. By Theorem 2.4.16 Oy, is a free Ay-module if and only if
MOy is a free M-module with a generator in Op. (Here as before M denotes the

unique maximal order in H.) In this case we have
M=0k(60<ip<p—1for1 <k<r)=0O%.

As noted in Section 4.5, MOy, is certainly a locally free M-module and it is a free
M-module if and only if it has trivial class in the locally free class group CI(M).

As before there are isomorphisms

CL(M) = % ~ CI(K)™.

We use these to determine a criterion for MOy, to be a free M-module and then

obtain a further criterion for it to have a generator in Op.

Proposition 6.5.1. The class of MOy in CI(M) corresponds to the class of the
idéle (hy),, where

€;
hP = i
; 7T;J"p(ﬂb)
for all p.

Proof. Let x = %(14—&1+...+af’fl_1)...(1—|—ar+...+a§3T’1) € Or. Then x generates
L as a free H-module. For each prime p of Ok let z, be the free generator of Or,

as an Apy,-module found in Propositions 6.4.3 and 6.4.4. That is

pj—1
1+oy+..+a )’ oD .
o) Ty if p|p,;Ok for some j
p.

ij = J
1 ot :
= otherwise.

rp (a?)
Tp

m
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Noting that v,(a;) = 0 for p|p;Ok, we may rewrite this as

1
xP:EZ
%

for all p. Then z, is also a free generator of (MOy), as an M,-module. For each

ai
Tp (aiq)
Ty

p the element h, € H, is defined by h, - x = z,. We find
€i
=2
i T

for all p. this gives the idele (hy), in the statement of the proposition. O

Now we use the isomorphism

J(H)

U = "

to interpret the class of (hy), as an m-tuple of classes of fractional ideals of K.

Proposition 6.5.2. The idéle (hy), corresponding to the class of MOy in M

corresponds to the m-tuple of classes of ideals ai_1 where

a; = Hprp(ai)‘
p

Proof. Recall from Proposition 2.4.14 and Corollary 2.4.15 that to obtain the tuple

of ideal classes corresponding to an idele (z,), we write

Pp = E Cip€i
i

with ¢, € K, for all 2. Then the idele (hy), is mapped to the m-tuple of classes of

fractional ideals (¢;), where
G = Hp”b(ci,p)‘
P

Applying this to the idele (hy), corresponding to the class of MOy in CI(M)
(constructed in the previous proposition) we see that

1

Tp (aiq )
p

Gip =

for all i and p. Hence (hy), corresponds to the m-tuple of ideal classes (a;') where

iq
a’l:q = Hpr(aiq)
p
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for all 2. Finally, since q is fixed, all of these ideals are principal if and only if the

ideals
ai — Hprp(ai)
p

are principal for all ¢ with 0 < i, <pp—1for 1 <k <r. O

Corollary 6.5.3. The M-module MQOy s free if and only if the ideals a; are

principal for all ©.

Proposition 6.5.4. The M-module MOy has a free generator lying in Of, if and

only if the ideals a; are principal for all © with generators a; such that
1 ot
— 5 — e Oyr.
m == a;
(3
Proof. By the previous proposition MOy is a free M-module if and only if each

ideal a; is principal. Suppose that this is the case and write a; = ¢;Og for some

¢; € Ogk. Then a free generator for MOy, as an M-module is
1 ot
(T
The set of free generators of MOy, as an M-module is precisely the set {z - y|z €
M}, Since M = O via orthogonal idempotents and e; - @ = §; ja? we see that

an element ¢y’ € L is a free generator for MOy, as an M-module if and only if it

has the form

i

C
for some u; € Of. Therefore MOy, has a free generator lying in O, if and only
if there exist elements u; € O such that the corresponding element 3/ lies in Op.
Writing a; = u; e; for each 4, this is equivalent to the existence of elements a; as

in the statement of the proposition. [

By combining the results of this section, we obtain a criterion for Oy to be a

free Ag-module:

Theorem 6.5.5. The ring of algebraic integers Oy, is a free Ag-module if and only

if the ideals b; are principal for all © with generators b; such that

1 ot
Ezz:b—zeol/



CHAPTER 6. RAMIFICATION AND RINGS OF INTEGERS 101

Proof. This follows immediately from the previous proposition. O

6.6 Obtaining conditions for freeness that are in-
dependent of the choice of generators

The conditions for freeness from the paper of Del Corso and Rossi are indepen-
dent of the choice of Kummer generators. Currently our conditions for freeness in
the non-normal case are dependent on our specific initial choice of radical genera-
tors. We can resolve this by rewriting the extension using a single radical generator.
It would be more natural to view the extension as L = K(J) with the minimum
polynomial of § being 2™ — d (where m is odd and square free). This would be
more like the Del Corso and Rossi “cyclic” paper [DCR10] where they study a
cyclic Kummer extension using a single Kummer generator. In order to rewrite the
extension using a single generator, we will first link o, ..., a, to a specific §, then
afterwards we will vary 4.

To link ay, ..., a, to a specific 6 we first let s; be the inverse of ¢; modulo p;.

Then we choose 0 = [[;_; .

Proposition 6.6.1. L = K(J).

Proof. To prove this we will show that K (ay, ...,a,) € K(6) and K(0) C K(aq, ..., ;).
It follows from the construction of § that K(§) C K(«y,...,q,). For the reverse
inclusion we will take specific powers of § to show that aq, ..., ;. are in K(§). We

have 0% = a; " "], ;" a; which shows that a; € K(d). Since this holds for all
i, we have shown that K(«q, ..., ) C K(J) which completes the proof. ]

Proposition 6.6.2. Let
vp (dF)
@k — Hp\_ pm J
p

be the ideals associated to d. These ideals are principal if and only if the ideals b;

assoctated to b are principal.

Proof. Given 1 < k < m, write k = >_7_, g;i;, then o = [[— 0% = c[];, a

for some ¢ € Ok. In particular we have d = ™ = []_, a;j ¥ Similarly writing k =
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qﬂJ
Jj=1 a;

qﬂ]
Jj=1 a;

i1 4;1; again, we can take powers of d and write d* in the form d* = ¢ [T’

for some ¢ € Ok. Henceforth, we will use the bold notation and denote [

'Up( )J

by a?. Now the ideals associated to d are D) = Hp To connect these to

the ideals b; associated to aq, ..., a,, we examine the exponents. We have

'Up(dk) vp(c™ am) muy(c) +vp(a‘qi)J = vp(c) + [ —L

m m

e

I=1

so for 0 < k <m — 1 we have

e (e vp (a9%) e (e vp (a%%)
@k:Hpr( )+ :Hp p()HpLim J:<C>biq.
p p p

Hence the ideals ®, are all principal if and only if the ideals b; are all principal. [

Proposition 6.6.3. The ideals Dy, are principal with generators dy satisfying

_Z_EOL

if and only if the ideals b; are principal for all © with generators b; such that

Furthermore in this case the element y is a free generator of O as an Ag-module.

Proof. If b; = (b;) then ©; = (cb;). (Recall that k is connected to iy, ..., i,

. . . . i — k
via k = 370, q5i;.) Hence if the b; satisfy -3~ 5, € O, then %Z;”:Ol 'f_bi =

L i‘l’)’: = Lyvm el ¢ Op and the converse also holds. O

Del Corso and Rossi address the issue of varying the generator in Remark 1
of their “cyclic” paper [DCR10]. Their result will also turn out to be valid in our
case. Here we expand on Del Corso and Rossi’s remark and provde full detail in
the calculations. Suppose there exists 6 € O such that L = K(J) and 0™ € Ok
i.e. the minimum polynomial of § over K is ™ — d (where d = §™) and the ideals

UP(d")J

assocated to d (given by ©; = prL ) are prinicipal with generators x; such

that % S 18 ¢ ;. Now suppose that 8 is another integral radical generator

i=0 xz;

(ie. b=p" € Ok and L = K(f3)).

Proposition 6.6.4. The ideals associated to b are all principal.
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Proof. Following the remark from Del Corso and Rossi, we write § = Alc with
ged(ly;m) = 1 and ¢ € K. Let t be the inverse of [ modulo m. For each 0 <
Jj < m — 1, write k; for the class of jt modulo m. Let y; = xkjc_kfb’tl%”. Then
we claim that for each j, y; generates b;. We first study /. We have § = flc
which implies that d = b'¢™ which implies that ' = ¢ ™d which implies that
b = ¢™™d'. Recalling that [t = 1 (mod m) we can write It = m[X£] + 1. This
allows us to write the previous expression as b™lml*1 = ¢=™dt which implies that
b = b™lwmle™d" and hence b/ = b™ilmlc=mitdit. Now we write jt = m| 2] +k; and
use this expression to remove as many powers of m as we can from the previous
expression to obtain b = bmililemitgmli gk Now we use d = ble™ to replace

the first d in the previous expression to obtain

b= il ] mmitgim 2] mP U] gk pmL2 =) cm(ml 3 =it) gk

Since jt = mb%j + k; the bracket in the exponent of ¢ in the previous expression
is equal to —k;. Hence the previous expression becomes L) =iLis D) =mks ghs
To simplify the bracket in the exponent of the b term, we first note that It = 1
(mod m), so It = um + 1, so jlt = jum + j, since 0 < j < m — 1, we get
| 2] = ju=j|L]. Since It =1 (mod m), this allows us to bring the j inside the
floor function without introduing “carries”. Hence we obtain UL =L D) c=mks ks
Now write jt = m|Z] + k;, which implies that jlt = ml|L] + lk;, which imples
that 2] = 1| £+ L%j Hence the bracket in the exponent of the b term becomes

lk;
— L%J and we obtain b=l I~k dki | Hence taking valuations, we have

T vy (d¥)
| = wpl(p L) + (25,

)

hence
lk

vp (b)) LN
[Tt = ot ebm) = ).
p
0

m—1 pJ

Proposition 6.6.5. The generators of the ideals associated to b satisfy % Zj:() "
J

Or.

€
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Proof. Following Del Corso and Rossi, we prove this by showing that there is an
equality of sets: {i—i} = {%} Fix j and consider % We have

B pillematsit

y_j - b’L”c?ch*ijkj'
Since jt = mL%J + k; we can rewrite the exponent of § to obtain

pil] c—itgml L] gki

Lk
| =L .
b L JC_k]l'k.
J

Since 0™ = d = b'¢™ we can rewrite the first § in the previous expression to obtain

bl ] gyl LE ) gmlLE ) 5k

it k- .
L . Now we collect powers of b and c¢. We have plml+lst =il
b=l mile iy
Since It = 1 (mod m) we can move the j inside the floor function to obtain
LT -12]  Farl; My = g3t 4 | %) which impli
ml Ll =lwd . Barlier we showed that |2-| = [| 2] 4 [ 2], which implies that

the exponent of the b term is equal to zero. Also we have el +ki=it and since

gt = mufj + k;, the exponent of the ¢ term is also equal to zero. Hence % = i—;

which implies that {2—:} = {g—j} which implies that L Z;’:Ol 5—; € Or, which com-

pletes the proof. ]
Applying the argument used in the proof of Theorem 2.5.25 we obtain:

Theorem 6.6.6. Let m be an odd square free number, let K be a number field
such that each prime number dividing m is unramified in K, and let L be a tamely
ramified extension of K of degree m having the form L = K (0) for some 6 € L such
that 6™ € K. Let H be the Hopf algebra giving the unique almost classical Hopf-
Galois structure on L/K. The ring of algebraic integers Op is a free Ag-module

if and only if there exists B € O such that

L L=K(B)

3. The ideals Hp p“’(bk) associated to b are principal with generators ¢y, such that

1m71 k
-— Y Zco
Yy mkzz()ck L

Furthermore in this case the element y is a free generator of O as an Ag-module.
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